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ABSTRACT

Pilling, Terry Glenn, Ph.D., Department of Physics, College of Science and Mathemat-
ics, North Dakota State University, April 2002. Gauge Torsion Gravity, String Theory,
and Antisymmetric Tensor Interactions. Major Professor: Dr. Patrick F. Kelly.

The antisymmetric tensor field is derived in the context of general relativity with
torsion as well as the context of string theory. The interaction between antisymmetric
tensor fields and fermion fields is examined. The tree level scattering amplitude and
the differential and total cross section for massless fermions are derived. The one-loop
contribution of torsion exchange to the fermion anomalous magnetic moment is shown
to present a solution to a recent problem with the standard model of particle physics.

The experimental discrepancy is used to place an upper bound on the torsion coupling

to matter.
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CHAPTER 1

INTRODUCTION

To verify a theory of gravity or particle physics experimentally, one must make
physical observations. These observations are made using photons of light or some
other intermediate particle quanta. We detect photons or other particle quanta from
stars, galaxies, supernovae, and particle physics experiments. From these observations,
we are able to test the predictions of candidate theories.

In order for a theory of gravity be tested, one actually needs a theory of gravity cou-
pled to electromagnetism [1]. The coupled Einstein-Maxwell system correctly describes
a wealth of experiments, such as the gravitational bending of light, the gravitational
red shift, the time delay of radar pulses in the gravitational field of the sun, and the
lensing and microlensing of starlight in the gravitational field of galaxies. In all of
these experiments, we are studying the propagation of light along null-geodesics in a
gravitational field which is the solution of Einstein’s vacuum field equations, not the
electro-vacuum equations. In other words, we are treatiﬁg gravity as a background
metric with the motion of a photon described by a null-geodesic on this background.
A truly novel effect of the Einstein-Maxwell theory would be, for example, the gen-
eration of electromagnetic waves by gravitational waves. Because of their smallness,
such effects have never been observed. We would need very high energy particles or

gravitational fields before this aspect of the Einstein-Maxwell theory could be tested
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directly.

When we test theories of gravity, we are testing theéries of particles traveling in a
fixed gravitational background, thus any theory of gravity which reduces to the same
background theory at low energy must also be considered as a viable candidate theory
of nature. In particular, Einstein-Cartan (EC) gravity (2, 3, 4], metric affine (MA)
gravity [5], superstring theory [6] and 11-dimensional supergravity-and M-theory [7]
have this property. In order to decide whether one of these theories is the correct
theory of nature, we must find predictions of the theory which differ from predictions
of competing theories. If these predictions turn out to be verified experimentally, we
would be able to discard the non-complying theories.

Ih this dissertation, we discuss the existence and interactions of a particle called by
various sources the Kalb-Ramond anti;ymmetric tensor field, the axion, or the torsion
tensor. Theorieé such as EC-gravity, MA-gravity, superstijing theory, and supergravity
predict the existencé of such a particle and propose interactions between it and other
particles of nature. It is interesting that the conventi;)nal Einstein gravity theory,
general relativity, does not naturally allow for this type of particle interaction, thus it
is important to test the predictions of this possibility.

In Chapter 2, we introduce the férmalism of Einstein-Cartan gravity which is a

generalization of Einstein gravity to allow a connection which is not symmetric. We will
see that Einstein-Cartan gravity contains a gravitational “torsion” interaction between

particles with spin.
In Chapter 3, we derive the interaction of torsion with spinning particles from the

gauge principle in analogy to the derivation of the gauge fields mediating the strong
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and electroweak theories of particle physics.

Chapte; 4 details how the antisymmetric tensor field and its interactions arise in
superstring theory and supergravity theorigs. Many theoretical physicists around the
world hope that a theory of this type turns out to be the correct theory‘ of nature, hence
it is important to find predictions of the theory that can be tested in the laboratory.

We examine the interactions between antisymmetric tensor ﬁeids and fermion fields
in Chapter 5. We calculate scattering amplitudes and use.a éurrent high-precision
problem with the standard model as an example of where this type of interaction may
be evident. We use the experimental and theoretical discrepancy for the anomalous
magnetic moment of the muon to set a bound on the antisymmetric tensdr coupling to
fermions.

Finally, we summarize our findings in Chapter 6 and propose future work. In order
to keep the main text of this dissertation briéf and concise, we have moved many of th_e
details and much of the background material to Appendices. This material is included
for completeness and to set our notation conventions, and may be necessary to t1.1e

reader who finds any of the material in the main body of the dissertation unfamiliar.
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CHAPTER 2

EINSTEIN-CARTAN GRAVITY

We begin this chapter with a discussion of differential geometry [5, 8, 9] and the
general theory of relativity, and show how non-zero spacetime torsion in Einstein-Cartan

gravity can give rise to an antisymmetric tensor field.

2.1. Riemannian manifolds and Cartan’s equations

Suppose we are given a 4-manifold, M, and a metric, g,.(z), on M in local coordi-
nates z#. The distance, ds, between two infinitesimally near points, z* and z* 4 dz*,
is given by

ds? = g, (z)dz*dz”. | - (21)

We decompose the metric into vierbeins or tetrads,! e,%(z), as
(2.2).

where 7, is a flat metric (such as §,;, in Euclidean space). In this fashion, we can isolate

the information about the curvature of space into the tetrad.

We raise and lower Greek indices with g, or its inverse, g*¥, and Latin indices with

1We will use the terms “vierbein” and “tetrad” interchangeably throughout this dissertation.
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Nas or 7°°. We define the inverse of e,® by

b

e“a = nabg“"eu (23)
which obeys
e“ae“b =§
(2.4)

n%e* €’y = g* etc.

In this fashion, we can use ¢,* and e, to convert between Greek and Latin indices on

tensorial quantities.
The tetrad, e*;, is a transformation from the basis, 3/0z*, of the tangent space,

T M, of a manifold M to an orthonormal basis of T, M,

Similarly, e,* is the matrix which transforms the coordinate basis, dz*, of the cotangent

space T; M to an orthonormal basis of T; M,

a __ a . .
e —euda:.

While the coordinate basis, dz*, is always an exact differential, e® is not necessarily

an exact 1-form, and while 0/0z* and 0/0z” commute, e, and e, do not necessarily
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commute

[€a, €] = €*, (9,e) — €%, (Ovea) - (2.5)

The object e,, with lowered index, is called a frame. The object e, with raised index,
is called a coframe. Latin indices, a, b, ..., are called anholonomic or frame indices while
the Greek indices, y, v, ..., are called holonomic or coordinate indices.

Define the torsion 2-form 7 and the curvature 2-form R,* of the manifold in terms

of the spin connection 1-form w,* as follows:

. 1
T®=De® =de®* +w," N’ =’ ANK,* = §Tbc"eb A €° (2.6)
and
1
Rb=Duwl =dw?b~wrAwp = ERcdabe‘ A€l (2.7)

where de® is sometimes called the anholonomaty 2-form. We have implicitly defined the
contortion 1-form K,® = —K?°, and the covariant derivative of a 1-form De®. Equations
(2.6) and (2.7) are called Cartan’s structure equations. Taking the exterior derivative

of each of these equations gives the consistency conditions and the Bianchi identities,
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respectively, as

dT® = d (de® + w,® A €?) = dw,® A e’ — w,® A de’
=dw," Ae® —w,* A (TP —w.b Aef)
=dw A — W AT + W, Aw, P Aef (2.8)

dT° + W AT = dw,® Ae® +w ® Aw,° A e’

DTG=D2 azﬂ-‘a'f'wbaATb:Rba/\eb

and

dea = d(dwba - (Jch N (J.)ca)
= Wy A dw,® — dw,® Aw,®
= (W AR+ W  Aw A w®) — (RS Aw,® +w, Awy® Aw,®) (2.9)

dea = wbc A Rca - Rbc A (A)ca

dea + Rbc A U)ca - wbc A Rca = 0

Define the covariant derivative of a p-form V} ¢ as

DV, =dV,® +w AV, = (—1)PV,° Aw,* (2.10)

which allows us to write our Bianchi identity (2.9) as

DR,* =0. (2.11)

-1
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In other words, the Bianchi identity says that the covariant derivative of the curvature
2-form vanishes.

Consider on orthogonal rotation of the orthonormal frame (or gauge transformation)
ea — ela - @baeb,

‘where

N6@.° D" = Nea-

We can use the fact that (d®),%(®7!),% = —®,2(d®™!),° to find the transformation law

for the torsion

T = ,°T" = ,*(de’) + &,*(w.’ A e),
= 3,°d ((271)."€") + ®° (we” A (271)5e'?)
=,% ((d271) e + (@71), de") + @,°w . A (7)€",
= 3,%(dd 1) e + 8,°(®7Y) bde” + ®,%w, b A (371 e, ' (2.12)
= $,%(dD1) P’ + §°de’ + B,°w (1), A e,
= de' + (D,°w,*(@71)° + B,°(d® 7)) A €,

T" = de'* + wj® A e,

where we have written

wy® = 0,%w (@) + 8, (d2 ), (2.13)
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as our new connection. Notice that, given two different connections, w, * and w, ¢, their

difference transforms as

Wi = T = 0w @) £~ BT (87, + 8,707, - @, 2(d0),

c

(2.14)

which is the transformation law for a tensor in the case that the transformation is simply
a coordinate transformation. The difference between two connections is, therefore, a

tensor. This fact will be useful when we derive Einstein’s equations in Section 2.2. The

transformation law for the curvature 2-form is

10 = dwp® — W AWl = B LCRS(D7Y),C (2.15)

The covariant derivative transforms covariantly

(DV),® = @.%(DV), (27, " (2.16)

2.1.1. The Yang-Mills equations

It is instructive at this point to show the utility of differential geometric formalism

in gauge theories to prepare us for the next chapter where we will formulate gravity as
a gauge theory. (See Section E.5. for more a detailed treatment.)

Maxwell’s theory of electromagnetism is described by the U(1) gauge group. U(1)
is one dimensional and abelian. (The structure constants are zero.) We can use the

language of fibre bundles (Appendix E) to view the gauge group as a principal bundle
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over M.

Suppose the base space M is a four-dimensional Minkowski spacetime. The U(1)
bundle is then trivial, P = R* x U(1). A single local trivialization over M is all that is
required to cover the entire manifold with a coordinate chart. The gauge potential is a

1-form connection on this principal bundle
A= A,dz#, (2.17)

where A, is the usual four-vector potential. Exponentiation of A yields a map to the

Lie group U(1). The field strength, or curvature, in this abelian case, is given by
F =dA, (2.18)

where d is the exterior derivative. Equation (2.18) is of the same form as equation (2.7)

where A A A =0 in this abelian case. In components, we have

1 1
5Fwds A" = d(A,de*) = 2 (9,A,dz* N dz* +8,A,da” A da*)

) (2.19)
=3 (OuAy — 0,A,) dz¥ A dz.
F satisfies the Bianchi identity,
dF =FAA—-AAF=0, (2.20)

10
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which is merely geometrical since F is exact, F = dA and d? = 0. In components,
3,\F,w + a,,F)\# + auF,,,\ =0. (2.21)

If we identify components F,, with the electric and magnetic fields as

1
E;=Fy, B;i= §5iijjk> (2.22)

the Bianchi identity reduces to two of Maxwell’s equations

VXE+%B=0'and V-B=0. (2.23)

These two equations are geometrical rather than dynamical since they arise from the

properties of the bundle, not the equations of motion. The free photon action is

1 1
S =/ Lieediz = -/ F,,,,F“"d“x = ———/ F“VF“"d41:, (2.24)
M 4 R4 4 R4

and, if we denote the Hodge dual of F by F = $F®P¢,4,,, we can write the action as

S = —1/ FA+F = —1/ F, F*d'z. (2.25)
4 Jga 4 Jra

We have

—-ZII-FWF“" =-(E*-B? andF, *F* =B.E. (2.26)

1
2

11
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Variation of the action with respect to A, gives
dxF =8,F* =0, (2.27)

which is the second set of vacuum Maxwell’s equations (this time coming from dynam-

ics)

V-E=0 and VxB—(%E-zo. (2.28)

We see that Maxwell’s equations in vacuum follow from the Bianchi identity, dF = 0,
and the Yang-Mills equations, d x F' = 0.
The generalization of this process to non-abelian gauge groups is straightforward.

The gauge potential then takes values in a non-abelian Lie algebra. In the non-abelian

case, the field strength generalizes, as in (2.7), to
F=dA+AANA ' (2.29)

and is non-linear in the connection. This non-linearity is typical of non-abelian theories

and gives rise to self interactions of the gauge field as can be seen by computing the

free lagrangian

1
Liree = & / Te (F A +F), (2.30)
2 /m

and noticing the interaction terms. The equations of motion are still given by the

Bianchi identity and the Yang-Mills equations.

12
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2.1.2. Tensor formulation

There is a tensor formulation of differential geometry which is equivalent to the

differential form version that we have used. Define the covariant derivative by

Vxf=X*d,f | (2.31)

so that it becomes a directional derivative when acting on scalar functions, f. The

covariant derivative acts on basis vectors, e, = J,, and basis one-forms, e* = dz*, as

Vxe,, = X‘“Vue,, = X”BAFV“A
(2.32)
Vxe" = X“V,,e” = —-X“CAF“AV,

respectively. We can use this process to calculate the covariant derivative of an arbitrary

tensor. For example,

VxA§ ea ® €f = XtV (AZe, ® €°)
= X* [(V,A3) ea ® & + A (Viea) ® ¢ + AJeq ® (V,ef)]  (2:33)

= X+ [(8,43) + A3T,,° — AT, "] 0 © .

We will henceforth use the standard notation wherein we denote a tensor by its com-

ponents and write the covariant derivative as

V.A3 = 8,45 +T,,%A5 —T P AC. (2.34)

13

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The various tensors with flat indices are related to the ones with curved indices
by factors of the vierbeins, €%, and e *. We can rewrite the curvature 2-form and the

torsion 2-form in curved indices as

1 a 1 a 14
RS = §R,,cdec Ael = §R uydz* A dz (2.35)
and
T“—lT“b/\ C—IT“d“/\d” 2.36
_~2— bCe € ——5 uv I T . ( ° )

The Riemann tensor and the torsion tensor are then

R%,, = ¢, "' gR%,, (2.37)
and
T,*=¢°T,* (2.38)
We define the non-metricity
Quua = Vagpu = Guvia- (239)

Requiring that the metric be covariantly constant and that there be no torsion yields

thie conditions

Guvia = Qa;w = Oa9uv — PapAgAV - FauAgp)\ = (2'40)

14
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and

T,5" = (Do — Tga*) =0. (2.41)

We can solve these equations for the Levi-Civita connection (Christoffel symbol)

1 v
Faﬂu = 59” (0ag8y + 08Gva — Ovgap) - (2.42)
The analogous expressions in terms of the spin connection, wgy, are given by
metricity: wep = —Wha (2.43)

and

no torsion: T° = de® + w,® A e’ = 0. (2.44)

The covariant derivative in holonomic coordinates defined by equation (2.34) leads
to an expression for the non-holonomic connection, w, ¢, by looking at the covariant

derivative in a non-holonomic basis. Since the covariant derivative is a tensor, we have

= 6,0 Al
G+ w A =¢ e, (A% + T, »AP)
€%0a (e5°A%) + w, 2A° = e, 'e"yAL +e e I AP (2.45)
€% (8ae,’) AP + €,5w 2A? =¢,%e" T, »AP

a __ _p a6 p , GV B _p a0
Wy = —€°.€ bep,u+ecepebrvp = —€ € bep;a'

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We can, therefore, write the torsion as

1
T =

'Q'Tuv “dz* Adz? = de® +w,® A e’
(2.46)
1
=3 [6,,6,," —0ve,’ +wy 2 b —w, “e#b] dz* A dz¥.
Thus,
b b
T,%=¢f—es+ (—e%ear) e’ — (—e%eat) e,
A b A b
=€, ~ €y €%, (ea"# T eA“) e, +€% (e av ~ Lva e,\“) e,
: A A
= evi - epl,lu - gg (ea‘,‘u - Fua e/\a) + gﬁ( (ea?u - Fua e)‘a) (247)
—p8 _ oG _ 0 a r A, a6 _ r A, a
eu,p ep,u +e v + N € v €
A A
= (F;w - Puu )e)\a
If the torsion is zero, we have
A A
r,*=T, (2.48)

so that the symmetry of the Christoffel connection comes from the torsion-free condi-

tion.

Cartan’s structure equation for the curvature (2.7) gives

1
R, = §Rcdb % Aet = dw,® — w," Aw,®
1 “e"dz“/\eddx"=l[6w - Jw °]d1:“/\dm"—w°/\w“
9 cddb “u v 2 [13ad 7] vub b c

1 , 1
§wa“dg;“ Adz” = 3 [aﬂwub = 0wyt — Wy Wt Wy Wy, °] dr* A dz”

(2.49)

16
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so that

R

a __ a a c,, a c a -
uvb —aﬂwvb _anub Wy Wy T Wy wuc . (230)

Using equation (2.45), (2.50) becomes

Ruuﬁa - Fuﬂ,z - F#ﬁ,?' + Fpp °Fpr - Fup arﬂﬁp. (2.51)

The Ricci tensor and the scalar curvature are defined by R, = Rmﬁ“ and R = R, ¢*,
respectively.
FEzample: The 2-sphere

It is instructive to see how the tetrads can be used to find the spin connection
1-form, the curvature 2-form, and the Gaussian curvature (the scalar curvature) in a

physical example. Consider the following metric on S2:

ds? = r2d§? + r2sin? 0d? = () + (e2)2. (2.52)

We choose
el =rdf, e*=rsinfdo (2.53)
17
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and use Cartan’s structure equation, 0 = de® + w,® A €’, to get

1 1
0=de' +w,’ net = a—;{;—de A df + a—(,%—dd) A df + w,' A (rsin 8d¢)
=0+ w," A (rsin 6dg) (2.54)
0=w'Adp
2 2, 1 O&° 2
O=de*+w*Ae = —69—d9/\dd3+<,u1 A (rdf)
d(rsin#) o
————5-9—'(19 A d(ﬁ =Tw, A df
—rcos df A dp = rw, > A db (2.55)

cos6dp A df = w,® A d
cos fd¢ = w,%and — cos fd¢ = w,’.

The curvature is given by the other structure equation: R’ = dw,® — w, ¢ Aw,>b.

Rl=dul+wlAw!+wlAw?=dw+0 ,
(2.56)
R, =duw,' = —R,* = dw,' = d(cos8d¢) = sin8 df A dop |
so that
Ri50'e' Ae? = sin0df A do
R,y 'r?sin0d0 A d¢ = sin 6d6 A d¢ (2.57)

1
1 2
Ry = 2 Ry

18
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The scalar curvature is then

Ry = Ry =Ry, » + Ry ¥
(2.58)

which is constant on S? and positive definite.

2.2. General relativity

The Einstein-Hilbert action with cosmological constant and matter lagrangian is
given by

Spy = —*16;61 /d‘*z (V=gR — /=gA + 167G L), (2.59)

where G is the gravitational constant, R is the scalar curvature, A is a cosmological
constant, and £ is a possible matter lagrangian.? In general relativity, it is assumed
that the non-metricity and the torsion are both zero.

We vary the action with respect to the metric as foliows:

6Len = (6v/=9) [R— Al + /=g (6R — 6A) + 167G 6L
(2.60)

= (6v/=9) [R — Al + V=9 (69" Ry + ¢"*6R,,) + 167G L.

We now need the results of the following derivations:

d (Indet gu) =0 (Tring,,) = éég =Tr(0Ingu) = ¢"*6gn = 09 = g9"*6g,, (2.61)

2The matter lagrangian in curved space will contain factors of the metric and the overall /=g
factor.
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and
0=36(9wg”) = (6g) 8 + gu (59"%) = —g"*¢" 89, = 69°¢, (2.62)
The variation of the Ricci tensor is a bit more tricky.
0R,p =0T 55 — 005 +0T,,°T,3° +T,,%T, 37 —0T,,°T 5" —T,, %65, (2.63)
We choose a coordinate system where I' = 0 so that
§Rup =06 (Val' 5% = V,To5%). (2.64)

The covariant derivative of a connection is another connection. We have shown in
equation (2.14) that the difference of two connections is a tensor, so the expression for
0R,p is valid in any coordinate system.

We have
1
SLey = <§,f‘_gg”u5gm,) [R— Al + /=g (—9"*9" 6gapRu) + 167G 6L.  (2.65)

We have dropped the §R,, term since, in Einstein gravity, the metric is covariantly
constant and, thus, this term is a total divergence and drops out of the variation. We

have

1 167G 0L
0Ly = v—4g (ggo‘ﬂ [R - A] - g“o‘gﬁ"R#V + ﬁ b}*;) 5gag (266)
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and the Einstein-Hilbert action becomes

1 [ 1 5 1 a5, 167G L
— = s — RYB _ %P\ ] ]
Sen ——IGWG/d rV/~g (29 R—R% - 5g®A+ =% B9us 09ap (2.67)

Under an arbitrary variation dg,s we have

1 1 2 9oL
R* — Zg®R = Z¢°PA\ + 827G [———— ] . 2.68
Defining
G = Ry~ 56" R (2.69)
along with
2 oL
T = ————, 2.70
w /_g agyu ( )
we arrive at
1
Gu = 9w +87GT,,, (2.711)

2

which is Einstein’s equation with a source term and cosmological constant.

2.3. Torsion

In this section, we want to describe the well-known extension of Einstein’s theory

of gravity which includes non-zero spacetime torsion [4, 10, 11, 12]. This extension is

called Einstein-Cartan gravity.
Elementary particles are classified by irreducible unitary representations of the

Poincaré group. They can be labeled by mass and spin. Mass arises from the trans-
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lational part of the Poincaré group and spin from the rotational part. Distributing
mass-energy and spin over spacetime leads to the energy-momentum tensor as well as
the spin angular momentum tensor of matter. Energy-momentum adds up in the clas-
sical regime due to its monopole character, whereas spin usually averages out due to
its multipole character. The dynamical characterization of a continuous distribution of
macroscopic matter can usually be achieved by energy-momentum alone. In Einstein’s
theory of gravity, we see from equation (2.71) that energy-momentum is the source
of the gravitational field since the energy-momentum tensor is coupled to the metric
tensor of spacetime.

When we descend to the microscopic regime, spin angular momentum is needed to
characterize matter dynamically. In other words, spin angular momentum may also be a
source of a “gravitational” field which is directly COuplled to the geometry of spacetime.
This field is called the spacetime torsion. Spin angular momentum coupliﬁg to torsion
is the rotational analogue to energy-momentum coupling to the metric.

To describe spacetime with non-zero torsion, we need to generalize the 4-dimensional
spacetime of general relativity to the 4-dimensional spacetime known as Riemann-
Cartan spacetime, sometimes called Uy or Einstein-Cartan-Sciama-Kibble spacetime
[4]. Let us go back to equation (2.47) and define

[+
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where we are now following the notation of [12] in writing

Sas” =Tiag" (2.73)

The tilde above quantities indicates that they are defined in a space with non-zero
torsion so that writing I'5,* without the tilde indicates that we refer to the torsion-free

Christoffel connection.

In terms of the contortion tensor,> where K w & and the non-metricity, Q% the
affine connection can be written
r,®= F”u"‘+Kﬂ,,°‘ +Q#,“, (2.74)
1 .
K,°%= 5 (T, *+T%,+T5%,)=(S,,*+5%, +5%,) (2.75)
and
A a _ 1 @ a a =(N ®+N @_N¢©
qu - 5 (qu + Qvu - uV) = ( wo TNV = uV) : (2'76)

The metricity condition (2.40) results in @, = 0. Since the torsion is antisymmetric
in the first two indices, we see that the contortion tensor is antisymmetric in the last
two indices. When the contortion tensor and the non-metricity are zero, equation (2.74)
reduces to the usual Christoffel connection given by expression (2.42).

We can now find the Riemann curvature tensor from (2.51) with the general affine

$Note that our convention differs by a minus sign from that of many authors.
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connection replacing the Christoffel connection

o~ -~ —~ -~

Ruuﬂa = Fuﬂ,z - f‘uﬁ,?/ + fupmfyﬁp - Pup al-\uﬂp. (277)
Using equation (2.74) in the above expression and

K, =K,2+T,,°K,,*~T

u uv,o aupru * - qu pKup a, (2'78)

where we have denoted with a vertical bar, |, the covariant derivative with respect to

the Christoffel connection, we have

R;u/aa = R;.wcra + uu!g - Ka st Kap aKpu - K,°K,,°*

v|p up “tov
+ Qyult; - Qa'uho.: + Qap aijp - Qp.p aQU”p (279)
+'Kvp aQ;wp - Kup Qo ’ + Qdﬂ aKtw ’ - Q#p K, f

Let us keep in mind the symmetry @W” = éw” following from the property
Q. ° = Q,°, of the non-metricity, and the symmetry K, * = —K, *, following from
the property S,, 7 = —S,, 7 of the torsion. These symmetries are useful in the calcu-

lation of the contracted curvature

R, =Ru + wie = Koo + K,y °K,,* - K, °K,,*

vl pe Trav

+ Quia ~ Qaviu + Qap "’ = Q" Qs (2.80)

+ Kap aqup - Kup Qo’ + QapaKtw f - QupaKavp
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which allows us to form the scalar curvature

~

R=R*, =R+2K%, - K,K* — K K

-~

+ #uﬁ! _ Qa#ﬁ; + éapaQu B0 QpaQ (2.81)

an“ e _ KupaQaup + Qap ape Q“pa ) G

We have defined the torsion vector, K, = K, ¢, = 25,,% = 25,. The last term in

equation (2.81) is zero by symmetry. Using

~ 1 —a 1@ ~a
G =Qur -3 =Q —3Q =2N -N
(2.82)

1 <x 4—-—#

é -—iQ”a'—‘—Q

we can write equation (2.81) as

R=R+2K°, — K,K* + Kupa K" — QupaQ°
(2.83)

1< =22 1 «»

+5,,K”—Q,,KP+Q|., Q|a+ 5@,0 - 70,0

Writing this equation in terms of the torsion and non-metricity gives

R=R+45%, — 48,5 + SapyS®" + 250575 + Nup, NP7 -
7Ba by P o o —a —a — —p —~ «p ( ) )
— 2Noapy N + 4N ,S° — AN,S” + 2N |, — 2N |, +2N,N — N,N .
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2.3.1. Non-propagating torsion

The Einstein-Hilbert action can now be generalized to spacetimes with non-zero

torsion and non-metricity:

16 G/d4$\/ R Sgn + St (2.85)

which is the usual Einstein-Hilbert action, Sgg, plus a new piece depending on the
torsion and non-metricity. Now arises the possibility of observing torsion and non-

metricity as new particle fields.

If the non-metricity is zero, this action reduces to the Einstein-Cartan action
R = R+45%, — 45,5° + Sa8,S°P" + 28,4,57%*. (2.86)

In the case that the torsion is completely antisymmetric, the torsion trace* will vanish,

leaving

R=R— Hyp,H*® (2.87)

which we will find of interest later when comparing to similar actions arising in string
theory.

The first thing that one notices about the action (2.85) with equation (2.84) is that
there are no second derivative terms in the torsion or the non-metricity. Hence, these

fields do not propagate in the theory as we have constructed it. This fact has caused

Tt is interesting that the torsion trace has a linear derivative term in the kinetic part (2.86) of the
action. This term may result in some topological instanton-like effects arising from this field.
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many authors to propose modified theories which do allow propagating torsion. (See
[4] and references therein.)

Even with non-propagation torsion, we can have torsion effects propagate through
some other method. If the region of space had a non-zero spin density, then the effects
of torsion would still propagate. For example, we could have the torsion coupling to

photons via vacuum polarization [13].

2.3.2. Propagating torsion

There are many ways to extend Einstein-Cartan gravity to give a theory with prop-
agating torsion. One way which we will mention at the end of the next chapter is to
give up the notion of the metric being the fundamental field of gravity. We must then
look beyond the scalar curvature as the lagrangian governing the gravitational force in
order to arrive at a theory with propagating torsion.

For the time being, we take the much less drastic step proposed by several authors
[4, 12] which is to assume that the torsion can be derived from a potential. The
argument is that, since the metric is a potential and the torsion is a force, one should
not regard the metric and the torsion as independent quantities and vary the action
with respect to each of them independently. Instead, we need to put them on equal

footing by finding a potential for the torsion. We, therefore, assume that the torsion

vector can be written as

Sa = 8,0, (2.88)

where © is called the torsion-dilaton field [14]. Then, we can see by the form of equation
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(2.86) that we have quadratic terms in our action leading to a propagating torsion-
dilaton field. Notice that we could have just as easily kept the torsion as a fundamental
field and discarded the metric as one. We could then consider the symmetric and the
antisymmetric parts of the connection as the fundamental entities, the antisymmetric
part being the torsion and the symmetric part being a new field. This approach is more
closely related to the methods used in quantum field theory, so we will look at it again
in the next chapter.

Another option is to treat the vierbein field as a physical field and assume that it

can be written as [15]

e, = 6,9. (2.89)

Putting this Ansatz into the scalar curvature, one gets the lagrangian for a gravitational
field coupled to a massless scalar field, ¢. If we write ¢' = In ¢, this interaction term
becomes a normal kinetic energy term for ¢’. Another interesting facet of this model
is seen when one rescales the metric so that §,, = ¢2g,,. In that case, the lagrangian

becomes exactly the one for dilaton gravity

1

We will look at a particular example from [12] in which the trace and symmetric
parts of the torsion are zero and the totally antisymmetric part is derivable from a

tensor potential

Hyua’ = Buu,tr + Bap,u + Bua,;n (291)
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where By, is the antisymmetric potential.’

Inserting the expression (2.91) into the action (2.85) we have

1 Q
S=—% / '2\/=5 (R — Hop, H®") (2.92)

We see that the kinetic energy term for the torsion field will now contain second-
order derivatives of the torsion potential B,, which means that we now have a theory
where torsion propagates. The antisymmetric tensor field arising here, when the po-
tential given in equation (2.91) is assumed, is identical to the so-called Kalb-Ramond
antisymmetric tensor field found in the spectrum of string theory and M-theory (Chap-
ter 4).

Notice that, in postulating a potential from which the torsion can be derived, we
are saying that the antisymmetric part of the torsion is an exact 3-form, H = dB. This
3-form is invariant under B — B + dA for some function A, thus the action (2.85) is
also invariant under such a gauge transformation.

At this point, we have propagating torsion without matter interactions. In the next
chapter, we will derive an interaction between the torsion field and spin-i particles.
The interaction so derived will then bé used in Chapter 5 to compute some relevant

scattering amplitudes.

5Qur notation differs from [12] in using the symbol By, for the tensor potential rather than v,,.
We do this to more easily facilitate comparison to field theory in the next chapter.
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CHAPTER 3

GAUGE TORSION GRAVITY

Our goal in this chapter is to derive a theory of propagating torsion interacting with
matter as a gauge field [16].

We first show how invariances of the Dirac action under various compact gauge
groups give rise to the usual interacting theories of particle physics. We next follow the
lead of Sciama {2, 17] and Kibble [3] who, in the early 1960s, investigated gravity as
resulting from gauge invariance of the Dirac action under local Poincaré transforma-

tions.

3.1. Gauge theories in particle physics

The techniques of variational calculus that we will use for the gravitational field
with local Poincaré invariance are the same as those used in quantum field theory. To
see the analogy to quantum field theory more easily, we will look at first at how the
process works in quantum electrodynarhics with local U(1) invariance and in low-energy
nuclear physics with local SU(2) invariance. The same technique also works for the
strong interactions with local SU(3) invariance, but in the interest of brevity, we will

simply refer the interested reader to modern field theory textbooks [18, 19] for more

information.
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3.1.1. Electrodynamic gauge theory

If transformations leaving a physical system invariant form a group, then the con-
sequences of the symmetry can be deduced through a group theoretical analysis. For
example, if a quantum mechanical system has no preferred direction in space, then the

Hamiltonian which governs the system will be invariant under the rotation group, i.e.,

R(6)H(r)R™Y(8) = H(r) (3.1)

In terms of the generators of the rotation, R(f) = €/, equation (3.1) gives

[H,J]=0. (3.2)

The consequence of this symmetry is that

H (Ji|n)) = En (Ji|n)) (3.3)

if H |n) = E,|n). Thus, all states that are connected by a rotation transformation are
degenerate in energy. These states form the basis vectors for irreducible representations
(4) of the group. Since the rotation group, SO(3), has (2j + 1) dimensional irreducible
representations, we have that the energy levels of the system have a (2j + 1)-fold
degeneracy. In other words, the hamiltonian is only sensitive to the equivalence classes

of particles under rotations.

When we look at internal symmetries, the states are identified with various particles.
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Such symmetry transformations change the particle labels, not the coordinate system,
and irreducible representations of the group manifest themselves as degenerate particle

multiplets.

Consider the electron, for example. The theory of the electron is governed by the

Dirac lagrangian:
(i e

The wave function, 1, of the free electron is represented as a plane wave proportional to
exp (ip - ). We see from the form of the lagrangian that the theory is invariant under
a global (constant) phase transformation, ¢ — 1. What would happen if we allowed
the phase change to depend on the point, z#, of spacetime? In that case, the phase is
transformed by a different amount depending on the position in spacetime. The phase
angle, 8, becomes 6(z). The transformation becomes an element of the Lie group U(1).
We are giving the particle an extra degree of freedom. Simply specifying the global
wave function is not enough. To describe the particle fully, we must also know the
value of the phase 6(z) at each spacetime point. We are constructing a circle, S!, at
each point in spacetime and specifying not only the wave as a function on spacetime,
but also its position on this circle. Placing a copy of S! at each point in spacetime

means that we are constructing a U(1) bundle over spacetime. The wave function is a

section of the U(1) bundle.
In Appendix E, we have given a brief explanation of the mathematical theory of

fibre bundles. We encourage readers to refer to this appendix as well as references
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(20, 21, 22] if they are unfamiliar with this material.!
If the phase change is constant throughout space time (as in the case of a global
gauge transformation), then the section of the U(1) bundle is equivalent to the zero

section. The U(1) bundle is then unnecessary since the zero section is just a curve in

spacetime itself.

Let us examine the abelian gauge transformations defined by the generators of the

Lie group U(1),

Y (z) = e 4@y ()
(3.4)

V(@) = Blz)ent.

The infinitesimal parameter, A, is real and depends on z*. It is, therefore, a local gauge

transformation. The infinitesimal (and therefore linear) form of equation (3.4) is given

by
V' (z) = (1 - igA(z))y(z) (3.5)

and

¥ (z) = P(z)(1 + igA())- (3.6)

1Later, we will be looking at frame bundles over spacetime where one must not blur the distinction
between the bundle coordinates and the spacetime coordinates. A three index object may not be a
tensor if all three indices are viewed as spacetime indices, but when two of them are frame bundle
indices and the remaining index is a spacetime index, the object may be tensorial in the spacetime
index; e.g., it may transform as a vector. It is, therefore, necessary to remember that the bundle over
spacetime is a distinct space attached to each point in spacetime.
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We have %%’ = —1q1, so the Noether current (3.22) is given by

— 0L
1 W »

For a free spinor theory (Dirac lagrangian) where
(i &
Lo=7 (§7ua,, - m) " (3.8)

we have J* = qyPep.
What is the effect of this U(1) degree of freedom on the particle? We know that

the lagrangian of the particle is no longer invariant under this transformation.

— (1 O
L=V (Srh-m) v
= Peldr@ (_;.7;:5; - m) e~i9A @)y
=pg7* (8,A) ¥ + Lo

= J* 9,A + Lo.

Since Ly # Lo, we define a new lagrangian, £, containing an interaction term with the
hope that we will then have enough freedom to make £ gauge invariant. We add an
interaction term to the original lagraﬁgian containing a new field which couples to the
current with strength, e, responsible for the loss or gain of energy. In this way, the

entire lagrangian can be made invariant.

c;&-%w&l (3.9)
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so that (using the fact that J* is invariant)

L=Lh—2JHAL
q
= Lo+ JHO,A — SJFA, (3.10)
q

e e .,
=L+ J* (EA#+B,‘A— EA“).

Hence, if £L' = L, we must have A+ O, — gAL = 0, or if, for simplicity, we set ¢ = e,
we have finally

Al = A, +8,A. (3.11)

Our general lagrangian, including a free part for the A, field, is now

E:E(%q“é;—m) ’tl)— J“A,_,'*‘Lfree

(3.12)
where we have simplified matters on the second line by having the derivative operate to
the right only and inserting a factor of 2. We have discarded the total derivative term
which would not contribute to the action.? Defining D, = 9, + ieA, as the covariant

derivative,

L =9y D, —m) Y + Lee- (3.13)

We would next like to find the form of the free lagrangian for the fields A*. We

2Here we are using the fact that the fields are localized and vanish asymptotically.
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begin with the most general allowed form of the lagrangian given by
Liee = AF,, F* + BG,,G* + M?*A*A,, (3.14)

where M? is a possible mass term, and F,, and G, are the general antisymmetric and

symmetric combinations of the gauge fields and their derivatives
F,, =0,A, - 0,A, (3.15)

and

G = 0,4, + 0,A,. (3.16)

We see from equation (3.11) that a gauge transformation leaves F),, invariant, but
Gy — G +20,0,A (3.17)

and the mass term

APA, —> APA, + 240, A + B,A8"A. (3.18)

Since neither of these terms is gauge invariant and our lagrangian is required to be, the
simplest choice is B = M? = 0. Therefore, the gauge field, A*, is a massless vector field

with a free lagrangian given by AF,, F*”. We will choose the standard normalization

and write A = -—% so that

_ 1
L=y (@y*Dy,—-m)y — ZF,,,,F“" (3.19)
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is our full QED lagrangian. Notice that we can write F,, as an exact two form, F' = dA4,
which means that F is closed and thus obeys the Bianchi identity, dF' = 0, and also
that F is only sensitive to the d’'Rham cohomology eéuivalence classes on the gauge
group manifold [G] = {A/dA}. The interested reader is referred to Appendix D for a
more detailed discussion of the homology and cohomology of manifolds.

We now state several interesting results. F),,, given in equation (3.15), is antisym-

metric. Writing the Euler-Lagrange equations in the region of a source,
O, F*" = J*, (3.20)

we can see that

8,J* = 8,8, =0, (3.21)

thus J¥ is conserved. Recognizing that equation (3.20) comprises two of Maxwell’s
equations (the other two following from dF = 0), we have electromagnetism coming
from local abelian gauge invariance of a Dirac lagrangian.

According to Noether’s theorem, symmetries of the action lead to conserved cur-
rents. Let us find the conserved current associated with global phase invariance. Given

the global infinitesimal gauge transformation,

W =e VY= (1 -0 = + 5, (3.22)
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we can vary the Dirac action as follows

— 4, — = §£ u}4
S——/MLd:r-—/l;l{ 5 + Jaﬂw(aw) 0zt o d'z

g oL L ] e
= /M {w 3“68“«#} s+ /M On [6apw5’”} e

where we have dropped the term that depends on z* since there is no explicit spacetime

(3.23)

dependence in L. The variation of the action must vanish. The first term vanishes,

producing the Euler-Lagrange equations. The surface term is
/6 [égfw 1/)]dm=/8 [5gf¢( zﬁd;]d“z_/aJ“Od" (3.24)
For this integral to vanish, we must have
8,J* =0 (3.25)
as our conserved Noether current where
JH = &Wzb Py

We can find the conserved charge associated with this current by integrating the charge

density over all space. The charge density is defined as the time component of J#. We
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get

N = / Jod3z = / Py ydiz
M M

(3.26)
=/ w17070¢d3x=/ (wﬁj;) dz.
M M

We recognize the quantity in the integral as the quantum mechanical “number op-

erator,” thus we see that the net number of particles in space, N, is the conserved

charge.

3.1.2. Yang-Mills gauge theory

In 1932, Heisenberg introduced the idea of isotopic spin (or isospin) as a way to
distinguish the two charge states of the nucleon. It was found around that time, and
confirmed experimentally many times since, that the neutron and the proton have
nearly identical mass® and interact in the same way via the strong force. This ob-
servation indicated that the strong force treats the proton and the neutron like the
same particle. Put another way, the strong force is only sensitive to isospin equivalence
classes. The electromagnetic force, however, breaks this symmetry since the proton
is electrically charged and the neutron is not, causing an isospin splitting. Thus, the
proton and neutron can be distinguished from one another. However, at high enough
energies where the strong force dominates the electromagnetic force, the approximation
of treating them as two states of a single particle remains a good one.

Yang and Mills [24, 25] proposed, in analogy with quantum electrodynamics (QED),

3 According to [23], the proton mass is m, = 938.27200 + 0.00004 MeV ~ 1.672 x 1027 kg, and the
neutron mass is m, = 939.56533 £ 0.00004 MeV =~ 1.675 x 10~%7 kg.
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that perhaps there is a group of local transformations, a rotation in “isospin space,”
under which the QED lagrangian should be invariant. If we require our lagrangian to be
invariant under independent rotations of the isospin vector (protons into neutrons and
vice versa) at each point in spacetime, we are forcing the theory to describe interactions
that are insensitive to isospin. Any isospin changes that occur in the lagrangian will be
compensated by terms that absorb the change, leaving the lagrangian invariant. What
we are essentially doing is asking, “What fields are necessary to compensate for any
possible isospin change at any point in space time?” In another way, “What type of
fields are required to interact with our particles to change their isospin?”

Such a group would have to rotate protons into neutrons and vice versa. Since
we are thinking of protons and neutrons as vectors in two-dimensional isospin space,
the transformations must be 2 x 2 matrices. A convenient set of matrices, used by
Heisenberg in the quantum mechanics of isospin, is the set of Pauli matrices. Raising
and lowering operators can be constructed which can then be used to increase and
decrease the isospin quantum number of the nucleon.

The Pauli matrices form a Lie algebra. By exponentiation we can form a Lie group
and use group elements as local transformations on quantum fields. A Lie group is just
the type of transformation that will work in the technique that we introduced for U(1)

gauge invariance. Yang and Mills [24, 25] postulated that the fields representing the

nucleons should take values in an SU(2) bundle over spacetime.

P
Let ¢ = be a two-component wave function describing a field with isospin

Yn
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5 like the nucleon. We transform the nucleon, 1, as
Y = g7y = o190 (@) (3.27)

where 7, = 0, is a Pauli matrix, a takes values in {1, 2,3}, and g is a coupling strength
parameter (not to be confused with the determinant of the metric). The Dirac la-

grangian now becomes

Ly=9 (i - m) =P (i § — m) e™="y
=P (i P+ g7a PO(z) —m) Y =P (i P —m) ¢+ g1, PO°(z)9 (3.28)

= Lo + g¥ray*8,0°% = Lo + J#3,6°,

where the current, J¥ = gTaY*1p, is now an Lorentz vector and an isovector carrying
a representation of the su(2) algebra.

As we did in the U(1) case, we introduce a new field, B,, which will make this
lagrangian invariant. This time, however, we can see by the form of the current that
B, will have to be a Lorentz vector and it must also carry a representation of the Lie

algebra. Anticipating this difference, we define

B“ = ’iTaﬂ"Z, (3.29)

and we will insert the covariant derivative, D, = 0, + ¢gB,, into our lagrangian. Invari-

ance is achieved if our covariant derivative is actually covariant (since the mass term is
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already invariant). Denoting e~%9™¢" = U/, we have
(D,) =UD, U™
Expanding both sides gives
8y + 9B, =08, +U (8,U") + gUB,U™".

Therefore, we must have

B, = éUB,,U‘I +UBLU™ = ind 8 +iUramiU™!

= inB,ﬂb + iTaTy, + 19 [Ta, T) Obﬂ:

and

; b __ b by _ ach
imymy = ity (80" + mp) — 29€°°T0:Mpa

Ab
7rf" = 7rz + 0,0 + 2ig (7?,‘ X 6) .

The current transforms, for small g, as

(J8) = gU Ty = gpein roqte iy
~ gy (1+1g7°0) T9* (1 — ig7°0c) ¥

= J¥ — 26%P7* (T x )2
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(3.31)

(3.32)

(3.33)

(3.34)



Our total lagrangian for this theory can then be written as

s . a 1 a v
L=9( #-m)y - ghrar*m - 7Fo,F
. (3.35)
=96 p-m)y— FLF
The field strength can be derived as follows:
F =igr, Fj dz* A dz” = [D,, D,}dz* A dz* (3.36)
which gives
7. Fy, = —i(0,B, — 0,B,) — ig[B,, B,
(3.37)
=T, (au”: - 8,,71':) + 19 [T, 7e) 7rZ7rf,
so that
F, = (Ouns — 8,ml) — 29 (Ry x 7,)° = f3, — 2g (R x 7,)°. (3.38)
Finally, we can write our lagrangian,
(s 1 a puv
L=¢(2 fz-m)iﬁ— Z uvda
(3.39)

— gYT YT + g fp, (Ry X ), — 2 (7* x @) (Ry X /), -

We immediately see that the first two terms are the propagation of the free nucleon
and the free 7 field, the third term is an interaction vertex with two nucleons and

a 7 interacting at a point, and the last two terms represent three and four 7 fields,
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respectively, interacting with each other at a point.*

The equations of motion are

(i @—m)y —groyiagy=(i D—m)yp=0
81 + 29 (7 flﬁ)b - gUT Y =0 (340)

= 0o f* - 2g (ﬁ,‘ X F‘ﬂ)b - J¥=0

The last equation is called the Yang-Mills equation and can be written

aaf'aﬂ = j‘a’ (341)

where the conserved current is
ﬁ=ﬁ+%ﬁﬂﬁ). (3.42)

We notice that isospin gives rise to the 7. Integrating the zeroth component of the
conserved current shows us that the 7 field also contributes to the total isospin, resulting
in non-linear field equations for the 7 field. Non-linear equations are common in non-
abelian theories, resulting in self-interactions among the gauge fields.

Let us pause for a moment and discuss this theory in its historical context. It is a
theory describing the interactions of massless vector particles. In the particle spectrum

of the 1940s, there were none other than the photon. The photon has no isotopic spin

and is already described nicely by the formalism of QED. This massless vector would,

4Technically, we should also include ghost interactions coming from the Fadeev-Popov determinant
which is included in the path integral during quantization to fix the gauge.
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therefore, have to represent a new particle. The fact that the theory predicted a new
massless particle was considered a problem® by Yang and Mills [24, 25] since they could
not verify the theory experimentally. Another problem mentioned in the original paper
by Yang and Mills {24, 25] was that the theory is beset by divergences like the ones
that, at that time, plagued all field theories, including QED.

We could perhaps add a mass term to the lagrangian (3.39) of the form m;",nzw"“
which would then imply that 7 is an isospin-1, spin-1 field. We could identify it with
a vector meson. Unfortunately, such a mass term would no longer be invariant to our
transformations. We would have to add more terms containing yet another new field
to cancel the new changes.

Yang and Mills [24, 25] had a theory describing vector mesons interacting with
nucleons. The theory could possibly be modified to describe scalar or pseudo-scalar
mesons like the pion. It seemed unfortunate to have U(1) gauge invariance giving QED
immediately and fitting so well with experiment, but having to make major modifi-
cations to SU(2) gauge invariance before it describes anything in reality. Therefore,
the problem of pions and nucleons which forms the observational basis of low energy
nuclear physics was not immediately solved by their work.

The SU(2) gauge theory of the nucieon is obsolete now since it is known that the
nucleons and mesons are composites éontaining quarks. This formulation of nuclear
physics is fruitful and has led to effective theories that are still used extensively in nu-

clear physics research. At energies which are low enough so that the quark substructure

5This prediction would certainly not constitute a problem today. The prediction of new particles
is a welcome, testable part of any modern particie theory.
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of these particles remains hidden (i.e., A probe with wavelength much larger than the
dimensions of the quarks is used.) The “effective” theory given here is useful.
Goldstone, Weinberg, and Salam [26] showed that if the lagrangian of a theory is
invariant to a symmetry but the vacuum state is not invariant, some of the aforemen-
tioned problems are solved. In fact, forgetting about nucleons altogether, it has been
shown that the theory governing the weak force, the Glashow-Weinberg-Salam model,

is based, in part, on SU(2) gauge invariance.

3.2. Gauge theory of gravity

We have seen in the previous section that an effective theory of nuclear physics
incorporating SU(2) invariance of the Dirac lagrangian results in a physical spectrum
and interactions that look identical to those found in the laboratory at low energies
(mesons). It is then interesting to wonder whether other theories that we believe to
be true based on observation may also be merely a low energy limit of some more
fundamental theory.

String theorists believe that gravitation and particle physics have, as their funda-
mental entities, strings rather than par_ﬁcles. The spectrum of the standard model is
thought to be merely the low energy manifestation of the interactions among open and

closed strings. Thus, it is possible that general relativity is merely a limit of a more

fundamental quantum theory of gravity, such as string theory.
We know from experience that the theories of conventional particle physics in flat

spacetime are derived in accordance with special relativity and are, therefore, Poincaré
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invariant. When we formulate these theories in curved spacetime, this Poincaré invari-
ance must be a local, rather than a global, symmetry. Since gravity is thought to be
a manifestation of a curved spacetime, we should learn something about gravitational
interactions by insisting that the Dirac lagrangian be locally Poincaré invariant and
finding the gauge fields necessary to preserve this invariance.

In this section, we will apply the same analysis to Poincaré invariance that we have
used above with U(1) and SU(2) gauge invariance [3]. In order to facilitate our analysis,
we need to construct an orthonormal frame bundle over spacetime. A frame bundle
assigns a tetrad basis to each point in spacetime just as we assigned a Lie group to each
point in spacetime in our analysis of U(1) and SU(2) gauge invariance. One difference
is that the transformations in the fibre for the case of the Lie group were given by
the actual Lie group elements themselves, whereas in the case of a frame bundle, our
transformations in the fibre will be the Poincaré group acting on the tetrads. Another
difference is that the gauge groups used before formed a compact fibre space, whereas
the gauge group used here is non-compact.

Let us explain these points more clearly. Recall that, in the case of U'(1) theory, each
particle wave function had a phase associated with it. At each point of spacetime, the
wave function described a point on the circle S! which is the fibre of the U(1) bundle.
Gauge transformations (phases) which moved this point in the fibre were themselves
elements of the group, i.e., points in the group manifold. In the case of a local frame
bundle, the transformations which translate or rotate the frame at each point (move
points within the fibre) are not themselves elements of the fibre. They are elements of

the Poincaré group. In this case, our connection will not be “so(3, 1)-valued” in the
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same way that the connection was “u(1)-valued” or “su(2)-valued” in previous cases.
Instead, it will take values in the Poincaré group (in a spinor representation). On the
other hand, the particle wave functions themselves will be tetrad-valued in that their
components will be given with respect to the local tetrad basis. Gauge transformations
will rotate this basis and gauge fields must be introduced to compensate for the changes
to the action.

Postulating that spacetime is curved, with the fields defined locally as functions
in the frame bundle, we must eventually re-investigate gauge invariance for electrody-
namics to see that it still holds. If it no longer holds, we may have to find further

compensating fields (interactions with gauge fields) to fix the situation [27].

3.2.1. Poincaré transformations

Consider a Dirac spinor, 1, in four-dimensional curved spacetime.® The Dirac

matrices in flat spacetime satisfy the usual Clifford algebra relation

{+*,7"} =20, (3.43)

Under a local Lorentz transformation, A,%(z), the spinor transforms as

¥(z) = p(A)Y(z), ¥(z) = v(z)e(A)7, (3.44)

8See [28] to review the techniques of quantum field theory in curved spacetime.
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where p(A) is the spinor representation of A. The massless Dirac lagrangian is

L = det (e*)) ¢ (Pye” 0u — et 3, 07%Y) (3.45)

o |

where det (e#,) = /—g.

We want a derivative which is covariant under local Lorentz transformations,

Ve = p(8) (A7), Vi, (3.46)

so we postulate one of the form
Vot = e [0, + Q] ¥. (3.47)

The gauge field {2, must act like a derivation and obey the Leibnitz rule when acting
on products so that the entire covariant derivative is both covariant and a derivative.
Therefore, since 1, is a matrix valued operator, its action must be the commutator.

Under a local Lorentz transformation, the mass term of the Dirac lagrangian is invariant

while the kinetic term transforms as

DY Vath = B Vot = (@) 7 (A7), €%, (9, + ) (o9)
ST () 57 (67,5 (0, ) (o)
(3.48)
= PrAS (M), 0" (3, + ) (o¥)

= Pylet, (p—l (Bup) + 04 + pt [Q;_n P] + Q:‘) Y.
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If

QO = pQup™t = Bup)p™, (3.49.

then

W V) = 1hy’el (9, + Q) ¥ (3.50)

is invariant.

), is the compensating gauge field to keep the Dirac lagrangian invariant under a
local Lorentz transformation in curved spacetime. To find an explicit form for ), we
perform an infinitesimal transformation. Under an infinitesimal Poincaré transforma-
tion,

zt =zt + e 1 + €, (3.51)
a Dirac spinor, transforms as
1) — exp {%e"baab - z'e“ay} P~ [1 — 1", + -;-e“baab] P
— L ab o (3 32
= exp { 7€"0ap ¢ €Xp {—ie*8,} ¢, 52)

= exp {%e“baab} exp {—€p,} V.

Here, 0q = ;‘;—[fya,'yb] is the spinor representation of the Lorentz generators satisfying

the Lie algebra

[0051 UCd] =1 (McOad — MacObd — MbdCac + MNadTbc) - (3.53)

A word or two about the form of the transformation is now in order. We would like

a covariant derivative to make the lagrangian invariant under Poincaré transformations.
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The traditional rule in curved space physics has been “comma goes to semicolon” in
which we replace all derivatives by covariant derivatives when we go from flat space to
curved space. According to this rule, we should, in fact, replace the derivative which
appears in the Poincaré infinitesimal transformation by a covariant derivative.

There are two reasons why we are not going to make this replacement, although
it is standard practice in the gravitational literature. The first reason is to preserve
the analogy with gauge theory in which the connection is placed in the action in order
to compensate for the effect of the gauge transformation. It is only combined into a
covariant derivative after the fact. If we include it in the gauge transformation, then
we are, in fact, introducing a non-linearity in that we will now have to compensate for
the compensating field itself. The second reason is because the “comma goes to semi-
colon” rule is applied in the lagrangian; therefore, if one writes down the transformed
lagrangian, there will be terms proportional to the second derivative of the fields. One
of the derivatives coming from the lagrangian itself and the other from the infinitesimal
translation transformation. Now if we were to follow the rule and replace derivatives by
covariant ones, we would be replacing second-order derivatives with covariant deriva-
tives. The rule does not apply to second-order derivatives. It only applies to first-order
differential equations. (See [1] for a diséussion of the applicability of the “comma goes
to semicolon” rule.) For these reasons, we shall keep the ordinary derivative in the

transformation and find the gauge compensating field accordingly.

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



As in equation (3.49) the gauge field, Q,, transforms as

Q,— [1 —€*pl + %e“baab} Q, [1 + e’gpg - %ec‘iocd]
(3.54)

- [—- (8,€%) P, + %B#E“bcrab + %e“baaba,,] [1 + iePpg — %ec‘iocd} ,

where p/, is the final fermion momentum and pg is the initial fermion momentum. Thus,
i 1
Q=0+ 56“" (006, ] — 56,,#"0“,, - -p), % (3.55)

We see that the gauge field transforms under translations like a field of momentum,
g = p' —p. Using equation (3.51) with equation (2.13), we find that the field transforms
like a connection 1-form under the Lorentz part of the transformation. Keeping linear
terms in €, we have

wy? = wy® + €. %w,® — w,%,° — de,® (3.56)

which, in components, becomes

Pub a ‘—) F[lb e + fcarub ¢ - F[JC aébc - al_‘fba- (3-57)
The combination
Q, = ir‘ ab 3.58
[T 9 I Oab ( : )
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transforms under Lorentz transformations as

]
Q” — 5 (F#ab + chrpuc -T . beac _ aueab) Gab

n
— i b1 ac b ac U ab (3 59)
=Q, + 5 (ec L%—T, "€ )oab - 53#6 Oab .
) i
=Q,+ 3 (I‘“”c - F‘f") €O — —2-8,,6“"0,,1,,

where we have used the antisymmetry of o,,. Notice that

1 1
§€ab [Uab, Q”] = —Ze"”I‘ﬁd [Uab: Ucd]
1
= Zfabrﬁd (TbcTad — TacTbd — MbdTac + MadTbe) (3.60)

1
. a ch a be
= —5 (6 cl“u - € cFu )Ua.b-

Thus equation (3.59) becomes
l ab L ab
Qu = Qu+ 3¢ [Gab, ] — -2-8“6 Oab (3.61)

which, according to equation (3.55), is the proper transformation under Lorentz trans-

formations. {2, must also transform under translations as
Qu = Q — €%¢a8y, (3.62)

where ¢, is the momentum transfer.

Now, we can write down the kinetic term which is a scalar under both coordinate
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changes and Lorentz rotations,

£ = det (e“a)% [97%€", (B, + Q) ¥ — (8,8 — BE,) €#,7°¥)]

= det (e“a)é— Py%ek 0,0 — O, et Yo + %@e“al“pcd (Y*0eq + oY) Y| - (469
Using the identity
AP = e — Ppie 4 ACpab | jeabed S (3.64)
equation (3.63) becomes
L =det (e“a)% [W‘e*‘aa,‘w — O e Y — %Ee“ae“cdb'ysfybf‘” de] . (3.65)

Our invariant action is then
1 |— - 1— =~
S = /M d*z\/=g 3 [1/)7“6“05‘,‘1# — O, ¥ — Ewoabcl"“bcw] , (3.66)

where we have placed a tilde on the connection to remind us that we have assumed

no symmetry properties other than antisymmetry in the ab indices due to contraction

with o,. We have also defined

a

0% = ey, (3.67)
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Separating the connection into parts according to equation (2.74) gives

- B 1 _
S = /M d4$ vV —4g % [¢7aeuaau¢ - 3ul/)€”a7a¢/) - —2.’(1)00.666“5 (F#bc + K#bc + Q#b(:) ’(ZJ]

(3.68)

The term containing the non-metricity is symmetric in its last two indices, which are

contracted with an antisymmetric object. Therefore, the term vanishes, leaving only

S= / d*zv/=g {%Ev“e“aau¢ - % WPy - -i—%"bce“a (T, + K,”) w} :
M

(3.69)
The symmetry of the Christoffel connection reduces our action to
S = / d*z\/ =g {%@’7“6“06,,1& — —;—B#Ee“a'yaw - i_t/;aabcH“bczp} , (3.70)
M
where we have written
Oabc K ¥ = agp H™* (3.71)

since only the totally antisymmetric part of K¢ will survive the contraction with
Oabc- We see that the fermions interact only with the totally antisymmetric part of the
torsion.

The antisymmetric tensor field as it is written has no kinetic term in the Einstein-
Cartan action. Hence, the field cannot propagate. In order to get a kinetic term and
thus a physical field, we will have to augment the theorv in some way. One way is to
assume that the torsion is derivable from a potential. Then, the usual Einstein-Cartan

action would contain a kinetic energy term. We will explore the implications of this
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theory in Chapter 5 by calculating some important scattering diagrams.

For the time being, the most natural course from the point of view of the particle
physicist is to continue in the same fashion as we did in the U(1) and SU(2) cases.
We form a kinetic energy lagrangian with the curvature. We form the curvature from
the commutator of covariant derivatives, and we form a scalar from the curvature to
constitute our action. One possibility will give us the scalar curvature of the usual
Einstein-Cartan gravity. In that case, the metric has to be considered the fundamental
field (the potential from which the other fields are derived) since the other fields do
not propagate. Another option is to use a quadratic action in the fashion done in the
previous section. We would then have fourth-order derivatives of the metric field so that
it would not be a kinetic energy term. Hence, the metric could not be a fundamental
field in the theory. The fundamental gauge field for local Lorentz invariance of the
Dirac action is the connection. It should be this field which propagates. We are, thus,

postulating a direct analogy:
A*(QED) — A\*A4(QCD) — o AY, (gravity), (3.72)

. IPe —
where we have written 31, = A,.

Let us proceed and form the field strength as the commutator of covariant deriva-
tives,

? .
e’ e’ Fu = §e“ce”d (oaFo + 'lnyDﬂ) = [D., D4], (3.73)
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where

[De, Dg) = €*. (8, + Q) €74 (B, + Q) — €,(8, + Q) 4. (8, + Q)
(3.74)
= €"." 1 (0,0 — 3, + [Q, U]) + (e#.Dye”y — €¥,Dye”.) Dy,

and we have used the fact that 2, is a derivation with its product being the commutator

as is usual for Lie algebra-valued fields.” For example,
Q- (e40) = [Qu, €7 U + €4 [, Q)] + €700, (3.75)

Putting in expression (3.58) for Q,,, we get

(G@Fsg -+ iFfVDg) = -;-

[T BN

1
(a}lry abaab - auF“ abo'ab) - Z [Ur.s’ Utu] Fp, ”Fu f
(3.76)
+e,ce’ (e"cDaeﬂ i e"‘dDaeﬂC) Ds.

Using the defining properties of the Lie algebra (3.53), equation (3.76) reduces to

o F2 +iFf,Dp = 04 (8,T,% — 8,T,% + 2T T, *) + 2 (e,°D.e’, — €,°D,eP, ) iDy,
(3.77)

and our field strength is, therefore, given by the two quantities:

ab ab a b
F[,LV = 2 (8[#1"‘,] + F[““ Fl"] ) (378)

7If the connection were not a derivation, then equation (3.79) would give the anholonomity rather
than the torsion. Hehl et. al. (4] define the object of anholonomity as Q,,,* = Ojue, . We have used

the fact that 8, (e,%e?,) = 0 to find e’aaQ“,,“ = 26[:8,,16’3,,.
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and

F?, = detDye’, = 26,5, ° (3.79)

cPuv

where we have used the antisymmetry of the I'’s in the Latin indices and explicitly
antisymmetrized over uv. The field strength separates into two pieces. The first is a
curvature-type piece, and the second is proportional to the torsion. Notice that, if the
Latin indices were changed to Greek, then the first term would be exactly the Riemann
curvature tensor.

The most natural step here would be to form the quadratic action, Tr F,, F#| in
exact analogy with previous sections. Instead, most authors [3, 4, 12] form a scalar
curvature action since it is the simplest scalar action and gives the metric tensor as the

propagating graviton

F ;’3 O, (ea"eﬁ") r,*®_-g, (ea“eﬁ") T, *be le o

+(8,L,% = 4,1, +T,,°,* - T,,"T, =)

(3.80)
= a# (eaaeﬁb) FU af _ 3,, (eaaeﬂb) F# ab -+ eaaeﬂbRuu aB
=0y (ees") T, %P — 8, (ees") T, +e2ef’ R, .
Writing equation (3.80) as
FiP =e%,%,0, (e es’) T, % — ¢,¢%,0, (e,’es") [,*° + R, °° (3.81)

and comparing with equation (2.77), we have identified the curvature.

We have found that the field strength of our gauge field contains the curvature ten-
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sor with antisymmetric connection. Hence, if the curvature scalar is the gauge invariant
lagrangian density for our theory, it contains exactly the lagrangian for Einstein-Cartan
gravity with totally antisymmetric torsion as in equation (2.87). It is remarkable that lo-
cal Lorentz invariance of the Dirac lagrangian leads to interaction with a Kalb-Ramond

antisymmetric tensor field and the Einstein-Cartan action.
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CHAPTER 4

STRING THEORY

Antisymmetric tensor fields arise naturally as fundamental fields in 11-dimensional ~
supergravity [29], M-theory [30, 31, 32], and string theory. It is well known that the
field strength of the antisymmetric tensor field in string theory can be identified with
spacetime torsion. It has been argued [27] that such an identification is indeed necessary
to preserve U(1) gauge symmetries in spacetime with torsion.

String theory and supergravity theories frequently invoke mathematical techniques
which may be unfamiliar to many physicists. We have, therefore, included extensive
appendices introducing the mathematical background. Appendix B is an introduction
to supersymmetry, Appendix C is an introduction to the classical non-relativistic string
and superstring theory, and Appendices E and D introduce mathematical subjects
which have become integral to much of modern high energy physics including string
theory.

In this chapter, we take a brief look at the origin of the antisymmetric tensor field
in string theory [6, 33, 34, 35]. We generally follow the paper by Kalb and Ramond [33]

where the antisymmetric “Kalb-Ramond” field was first shown to arise via interacting

string world sheets.
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4.1. Introduction

The standard model is the current theory of the elementary particles of nature.
These particles constitute the fundamental building blocks of everything that we see
around us. The many particles included in the standard model are all assumed to be
fundamental and indivisible. String theory suggests that these particles are not, in
fact, truly fundamental and are actually distinct states of fundamental strings. We
can group the particles of the standard model into two general classes, fermions and
bosons. The two classes differ by a quantum number called spin. Fermions have half
integral spin while bosons have integral spin. Physically, the difference is that fermions
must obey a Pauli exclusion principle, causing them to build up the matter that we see
around us, while the bosons make up the force fields acting on the matter.

In order to classify the particles of the standard model even further, we group
them into three theories based on the force carrying bosons by which the fermion
matter fields interact with each other. The three theories are QED, the theory of weak
interactions, and the theory of strong interactions. The weak interaction, responsible
for radioactive beta decay, is a force between quarks and leptons mediated by bosons
called the W* and the Z°. The strong interaction is the part of the standard model

called Quantum Chromodynamics (QCD), describing the interactions between quarks

mediated by gluons.
The standard model is a theory of the dynamics and interactions of these basic
particles. The reader is invited to refer to [18] for the theoretical details of the standard

model. Details on the classification of the particles, the current values of the parameters,
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and the experiments that are underway which test the standard model can be found i
the most recent review of particle physics [23].

Before it was realized that protons, neutrons, and other particles were made up of
quarks, physicists struggled to understand why so many high-mass resonances show up
in accelerator experiments. The quark model explains these resonances as excited states
of the proton and neutron due to the state of the quarks inside. Before this explanation
was accepted, many people thought that these resonances could be explained if the
particles were actually little loops of string and the resonances were like the normal
modes of the string. This model was successful initially and was taken quite seriously
until quarks were discovered. The theory of fundamental strings was then dropped as
an explanation for these resonances.

The standard model of particle physics does not include a description of the force of
gravity. Thus, high energy physics theorists have speculated on possible extensions of
the standard model to include the gravitational force. There have been many attempts
to extend the standard model. They are grouped under the subject heading quantum
gravity. String theory is now considered to be one such attempt.

One of the reasons why it has been so difficult to achieve this unification of gravity
with the rest of particle physics is because the classical theory that accurately describes
gravity is based on the curvature of spa;cetime rather than a particle mediating the force.
This change in viewpoint causes problems since, to quantize this force, one would be
quantizing spacetime itself. There are many pitfalls associated with this idea.

There have been two distinct, but “dual,” viewpoints that theorists have taken

when developing unified theories. On the one hand, they appreciate the calculational
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methods and experimental successes of quantum field theory. They would like to express
gravity as a gauge theory on par with QED and QCD. Gravitational forces would be
caused by the exchange of field quanta called gravitons. On the other hand, some
theorists see the beauty of the geometrical viewpoint taken by Einstein and would like
the geometry of the universe to be of fundamental significance. In this paradigm, the
other apparent “forces” (electroweak and strong) between particles are due merely to
the motion of particles along geodesics in a curved geometry. Rather than postulating
force-mediating particles, in this point of view, we postulate extra dimensions in our
universe such that the other known forces of nature also arise from geometry. Gravity
is a manifestation of curvature in the usual four spacetime dimensions while the other
forces are a manifestation of curvature in the extra, otherwise unseen, dimensions.
Theories based on this point of view are now generally called Kaluza-Klein theories
[36, 37]. A review of Kaluza-Klein gravity can be found in [38].

It is very difficult to choose between the various unification schemes due to the
scarcity of predictions which lend themselves to unequivocal experimental verification.
Instead, theorists have used mathematical consistency as the major requirement. It is
for these reasons that any possible experimental signatures of these theories must be
found and examined.

In the remainder of this chapter. we would like to show how superstring theory
includes an antisymmetric tensor field identical to the one that we found in Einstein-
Cartan gravity in the previous chapters. In this way, we can view the interactions of

the antisymmetric field as testable predictions of these theories.
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4.2. Kalb-Ramond field

In 1974, M. Kalb and P. Ramond [33] formulated a theory of interactions among
open and closed strings in the course of generalizing the interactions between fields
representing point particles. In this chapter, we will describe these interactions and
show that they give rise to the antisymmetric tensor field we have studied in the previous

chapters.

4.2.1. Free point particles and strings

A point particle in a flat spacetime with metric 7, traces out a world line with

squared length

ds? = n,,dztdz”. (4.1)

If we introduce an intrinsic “time” parameter, 7, along the world line, equation (4.1)

can be written

dz*  dz*
2 __
ds” = v dr de‘T

dr (4.2)

so that, with #* = &, we have

ds = \/nuTtevdr (4.3)
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as the world line length element. S‘imilarly, a string traces out a world sheet, z#(7, o),

parametrized by 7 and an intrinsic length parameter, o, with infinitesimal area,

b m v v
dS* =dz* Ndz¥ = (dI dr + E—da) A (Elg—dr + de do)

dr d
" d d:i do T do (4.4)
bdr¥  dz* dz”
= — — — — = 4
(dT 7 dadr)dTa_Adaa_S dr N do,
where
S = gt — g*g” (4.5)

and z'* = % Note that the integration of the differential form, dS*, is defined by

/dS“" = /S“”dfda (4.6)

so that the wedge product becomes the ordinary tensor product inside the integrand.

Let us introduce a convenient operator,

oz* 0 Oz* 0
b o e
D" = or 8o 8o Or’ (47)
so that, when acting on a function f(z), it gives
i b B ¥ B HyV
D“f(x)z_a_:c___ai_aw ?izax 9z 8f Ozt 0x” Of
Or 0c 8o 0r Ot 8o 0z¥  Qdo Ot Oz (4.8)
= S*"9,f.
In particular, we have
D#z¥ = 5™, (4.9)
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The action for the free point particle and free string are given by the length of the

world line and the area of the world sheet, respectively:

Tf

and

7 po=l
Stree string = —ILZ/dA = —uz/ / —dS*dS,, . (4.11)

=0

We have set the length of the string to [, we have inserted constants m and p to make
the action dimensionless in natural units, and the minus sign is in the square root of
the string action to give a positive argument since we are only considering spacelike
strings. »In each case, the intrinsic time is integrated from some initial time, 7;, to some
final time, 7;.

To find the free particle and free string equations of motion, we require the action
to be stationary under z* —. z#* + dz*. We assume that the variation éz* vanishes
at the endpoints of the particle world line and at the temporal boundary of the string
world sheet. (i.e., We assume fixed initial and final string positions. We do not require

that the spatial endpoints of the string be fixed.) Variation of the free particle action

gives

4.5, 0 md z
free particle — YV = TN~ —/———
ar Vi g (4.12)
dz#
= =0,
dr

where we have defined ¢ - £ = £,2*. The equations of motion of the free point particle
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generate straight lines in spacetime or, in other words, constant velocity motion in

space as intuitively expected. Varying the string action, we get

Tf o=l 1
5Sfree string = li2/ / dr do (—Saﬂsaﬁ) 2 Sﬂyés‘“’. (4.13)
5 o=0
Notice that

S, 05" = S, [(65%) 2 + * (63") — (62") ™ — ¥ (62'¥)]

d d d d
= W __ Sk YTy v SN/ ey Yt SN Y — 3§ *
Suw [x dT&c + 3 daéz z d’réx 3oz (4.14)

=2S,, [iu i(;xv - wmi

v __ LSV
= d'réx ] =25, D#éz”,

where we have used the antisymmetry of S, in deriving the last step. We now use
equation (4.14) in the integrand of equation (4.13). Integrating by parts, we obtain the

following expression for the variation of the integrand:

(=5%8S05) 7 5,,08" =

d @ -% i v d a —'% ! v
d @ -% i v d a '—% / v
18 [t s 2 (s s
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so that

o=l

Tf 1
0 Stree string = 2#2{/ dr [(—S“’SSaﬂ) : Swa':#éx"] s
75

o=l .
- / do [(—S"ﬂsaﬂ)”i Su,,:r”‘éx”]

=0

T po=i o d o 1 .
- /n /a=0 dr do x“% [(—S 550,5) 2 S,,,,] 0T
f

Ti

(4.16)
+ /T = dr do :c"‘—gl— [(—S"ﬁS )_% S ] oz’
T o=0 dr o H
T o=l 1 d
- _qap Bl v
/n‘ =0 e [( 5% Sap) S""] (daxu> o

Ty o=l 1 d
—gob 2 —_ v
+ i fa=o dr do [( 5% Sas) S,w] (drz #> 0z }

The first two terms are boundary terms which we will discuss in a moment. The second
two terms can be combined using equation (4.8). The last two terms cancel each other

since partials derivatives commute here. We are left with

7, o=l
0 Stree string — 2/142{/ ' dr [(—S“ﬁSa,g)_% S#uj:”éx“] -
Tf

o=l 1
- / do [(—Saﬂsazﬂ)“i Su,,x"‘éz"] (4'17)

=0 T
T o=l

= f ' / dr do D* [(~5°Sap) * S, w}.
Ti o=0

The second term in equation (4.17) is zero since the initial and final positions of the

string are assumed fixed. Let us examine the first term in more detail. The integrand
is

o=l

2 (— 8% Sg) ™7 S 546" (4.18)

o=0

For closed strings, there is no string boundary since z#(r,0) = z#(r,l). Therefore,
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0z#(7,0) = dz#(7,1), and the integrand vanishes automatically. On the other hand, if

we are dealing with open strings, we have the boundary term vanishing only if

(~8%08,5) 7 Sui#6z*| = (~S%S,u5) 7 S it0a”

=0, (419)

o=l o=0

and for arbitrary independent variations at the endpoints, we must have

(=828 8,5) 2 S5

= (—85%Sap) ? Swit| =0. (4.20)
o=0 o=l
Hence,
£3SMS,, 3¢ = 5)SMS,i4 =0 (4.21)
=0 - o=l
or, explicitly,
(¢ 22" —z-2'7") (¢ - 2z, — 2’ - 21,)
(4.22)
=([:b-a':]za:’-:z:'-}—i-:i:[x'-:i:f) =0.
0=0 and o=l
One of the following two conditions must be true
(z-3)(z' 1) = - -] (4.23)
o=0 and o=l
or
A 0. (4.24)

The first condition is never true, so we must have £ - £ = 0 at the endpoints which
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means that the endpoints of the string are tracing out null geodesics. i.e., They are
moving at the speed of light.

In either the closed or the open string case, equation (4.17) gives the equations of

motion

202D* [ (5% 50g) ™ S| =0. (4.25)

Notice that we did not require the variation on the spatial boundary for open strings
to vanish as we did for the temporal boundary. We could have required the spatial
variation on the boundary to vanish by assuming the string endpoints are fixed. Let

us return briefly to the condition for a stationary action

o=l

/"=‘ do D* [(_SaﬂSaﬁ)—% S/w] bz" = [("Saﬂsaﬂ)—% Sﬂ"iﬁéxu] ' (4.26)

=0 o=0

Now suppose 6z* = 0 at ¢ = 0 for a (n — p)-dimensional subset of the coordinates
and 6z° = 0 at ¢ = [ for a (n — ¢)-dimensional subset where n is the dimension
of the spacetime. Then, if ¥ = 0 at ¢ = 0 for a p-dimensional subset, U, of the
coordinates and #* = 0 at 0 = [ for a g-dimensional subset, U,, of the coordinates,
we would then still have the equations of motion (4.25) for the string coordinates, but
the position, z#(7,0) and z#(7,1), of the endpoints would be fixed on a p-dimensional
and a g-dimensional subspace of spacetime, respectively. We say that the string has
one endpoint on a p-brane and the other endpoint on a ¢g-brane. Further discussion of
D-branes is beyond the scope of this dissertation. We refer fhe interested reader to a

sample of the vast literature on the subject [39, 40, 41, 42, 43] for more details.
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4.2.2. Interacting point particles and strings

We would now like to extend our discussion from the free point particle and the free
string to the corresponding interacting theories. For point particles, we postulate the

following general form of the multiparticle action:

pamcle Zma/dsa + Z/d'ra dry Lap xaa Zb; Ta, xb) (4-27)

a<b

where we have now added indices a,b for particle labels, repeated Latin indices are
not summed over, and L, denotes our interaction lagrangian. We have limited the
dependence of the interaction lagrangian to first derivatives, and we require that it

satisfy the symmetry L4, = L. The variation of this action gives

0Ly d 0L,
ﬁ“? Z/db(&c” 52 "), a=12,.. (4.28)
a a ap [ au

which is

. .\-L |dzh TRz, dif 0L d OLg
a * 2 d . 4.2
Mo (2 - 2) [dTa (- %) dra] Z/ K (6:1:0,‘ dr, 6x0u> (4.29)
Contracting both sides of the equation with 4, gives

0Ly d 6[1,,,,)
0=z, / dm ( —
# ; *\08z,,  dr, Oia,

e[ B e

(4.30)
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which can be interpreted as a constraint on the possible lagrangians, L£,;, which give
consistent equations of motion. The constraint also arises from the fact that the
parametrization of the particle world line is arbitrary. It is like having a gauge in-

variance. Requiring the action to be stationary under re-parametrization of the world

line, 7, = 7o + 07,, We get

.. 1. dig
O—6S—Zma/dfa(xa-xa fma-—ZJTa

d
oL dLosd (431)
a.b ab QT4
+Z/d7a/d7b[ +8ud6]
b<a
Integrating each term by parts gives
dr,. -1 6[,,,,, ud &Cab

b#a

The left-hand side is zero, so we are left with exactly equation (4.30). We see that
equation (4.30) indeed arises from the re-parametrization invariance. If we choose only
from the L, which satisfy this condition, then our action will be re-parametrization
invariant (as is physically necessary since our choice of parametrization was arbitrary).
We can, therefore, choose whatever parametrization is convenient for our purposes
without affecting the physics.

For the interacting string, the equation analogous to (4.27) is

Sstring = Z Stree string + Z / dr, do, / dry dop Lob (T, Toy Tay Ty b, L),  (4-33)

a<b

depending on up to first-order derivatives and with £,;, = £;,. Requiring the variation
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of this action to vanish gives the equation of motion

1 o=l
0 =4S = 242 [(—Sj;uf’&mﬂ)‘E Sau,,drﬁ:é:r;’]

o=0

— o / do, DF [(-sgﬂsmﬂ)“% SW] 52"

OLaw ., 4 (a)., d (9La),,] (‘39
+Z/daa/dn doy [33;’.{ dzk s (6:1':2‘ ) ozt 2. \ o7 ozt

oL,
oL fanan (o)

JI

which reduces to

Sepv 0Ly d [0Lg d (9Lg

2pu | Sewv - - g

2u:DE mp /dTb doy, [az;’ . (ai:'g ) o (ax;" . (4.35)
aaf b#a

At the endpoints, we have

242 (=S Saas) ig Seu! _Z / dry da,, aﬁ“” (4.36)
b#a

In this case, the endpoints of the string have interactions and no longer move at the
speed of light as they did in the case of the free string. There are also cases of equation
(4.34) where a subset of the coordinates are fixed, thus the endpoints are confined to

branes as in the free case. These cases give the conditions

/ dmi b
b#a

=0 and 2>=0 (4.37)

a

on the branes.
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We now multiply equation (4.35) by ¥ and z, generalizing what we did in the

case of the point particle in equation (4.30). The left-hand side is (dropping subscript

a for notational simplicity)

0 0 1
2 | i _ e -qQ. -2
21 (z 3 z 67) [S,‘,,( S-S) ]

! - 4.38
w [ #5,(5-8) .. TSw(S-9) (4.38)
= — | 3PS - T S, +
(-s-9)7F [ (S-S) “ 5-9)

Now

St ==S,, Suw=-5u

(4.39)
S-8=24%"%-2(t 2" = 22'S,,5".
- Dotting z” into the expression for the left-hand side, equation (4.38) becomes
2[1,2 . I,“Spuiu (S : S)
T [0 0 S  —
—_ . 2 *
(=5-5) (4.40)
2u? . 1. .
. N— [—x'ﬂs,wiv +25- s] =0
(-S-8)72 2

since the terms in the brackets exactly cancel. Similarly, dotting z" into expression

(4.38) also gives zero.

Multiplying the right-hand side of equation (4.35) by z* gives the constraint

0 ., 0 a ., @ ~
[55 (1 " aa':;> " 3o, le (fmu} g / dry doy Lay = 0. (4.41)
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In a similar fashion, when we multiply by z/, we get

d ., 0 -~
[6% (1 — " 5:’:”) z" Bm"] Z/d doy Loy = (4.42)

Performing the same operation on the boundary conditions for the open string (4.36)

yields

_zng/ddea,,z:ab at o, =0,
b#a

(4.43)
= ’“—Z/dndobﬁab at o,=0,l.

wln—-

#z (=Sa + Sa)

As with the point particle case, constraints (4.41)-(4.43) can be obtained by insisting
that the action be invariant under re-parametrizations 7, — 7, +67, and o, — 0, +60,.

If we use a lagrangian which satisfies these conditions, we are then free to choose

whatever parameters, 7, and g,, are most convenient.

4.2.3. The antisymmetric tensor field

We will now look at specific forms of the interaction lagrangian for point particles
and strings, and show how the antisymmetric tensor arises quite naturally. First, we

couple the world lines of two point particles by writing

Sint = /dTadTbﬁab = Z/eaeb gudzidzy 8 ((zq — z1)?) (4.44)

a<b
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where e, and e, are coupling constants {which, for concreteness, may be thought of as

the electric charges of particles a and b, respectively). We now write

L
Gy dzhdzy = Bzra dr, Oz dmy = T, - Tp d7odTy, (4.45)
Y 0Ta oty
from which we identify
*Cab = €4€p i‘a . i‘b ) ((.’Ea - zb)z) . (4.46)

Setting the magnitude of four velocities z, - £, = 1 and using equation (4.28), we find

the equations of motion

. OLas d 0L
B -
MaZa Z f ars (6%,, dr, 82’@)

= Zeaebfdn {xa :cbaa %) — &hie d:ad ((za - xb)Q)}
au a

6 ((za — zv)?) — &4
b#a

-Fon g o fomnttma) [ nste-)]

=) eata, (0445 — L AL)
b#a

= Z eaFltw(xa)j:aw

b#a

(4.47)

where we have defined the field strength, £}, in terms of the potential, A2, given by
Al =e / dry 25 6 ((za — 73)?) . (4.48)
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It is easy to show that the vector potential, A}, satisfies
0A{(z) = —47reb/d:cf,‘6(4) (x — ) = —4nj (), (4.49)
where jj' is the current generated by the charge carried by particle b. Also,

8,A%(z) = 0. (4.50)

A} can indeed be viewed as the electromagnetic vector potential.

Notice that we can now write the interaction (4.44) as

Sex =<0 [ Asu(za)dat = / 4, (4.51)

which is the coupling of a 1-form A, to the particle world line.
For the case of strings, we would like to generalize this interaction in the most

natural way by coupling string world sheets in much the same way that we coupled

particle world lines. Equation (4.33) is then

Sstring = — Y _ 2 / V=484S, +> " gags / [dz# A dz¥) [dzs, A dzs,) G ((za — 75)?)
a a<b

(4.52)
where we have contracted the world sheet area elements of the two strings in a fashion

analogous to the coupling of world lines in equation (4.44) for the point particle case.

We have defined coupling constants, g, and g, and Green’s function, G ((z, — z)?).
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We now use the decomposition derived in equation (4.4) to write the string action as

Sstring = — Z uﬁ/ -dSwdS,, + Zgagb / dr.do.dmydoy SE Spu G ((z:a - .’Eb)2) .

a<b
(4.53)
Define
ng = gb/ddeab Sgw G ((Cl?a - Ib)z)
(4.54)
= gb/dzf,‘ Adzy G ((zo — 73)?)
so that

Sw=Y. 00 [ Buwdst ndst =Yg, [ By (4.55)

a<b a<bd
We see that the field B}”, as defined in equation (4.54), will be antisymmetric due to
the antisymmetry of S;. We now have the coupling of a 2-form B, to the world sheet
of string a.
We now have an antisymmetric tensor field arising in a natural way by generalizing
the “electrodynamical” coupling of a 1-form to the world line in the point particle case
to a 2-form coupling to the world sheet in the case of strings. We now find the field

strength associated with this field from the equations of motion (4.35) as follows:

S

242 Doy {_——} =92 ) H{" (a)Soprs (4.56)
(”Sa * Sa) ;

o

where we have written the field strength as H}” ’\(a:a). Our string interaction lagrangian
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- Ib ) (457)

|

1s
Lab = gags S Spp G (74
from which we find
oL, d (O d (oL
uaf Utkab @ ab\ ab
Ja b}; ™ (£a)Saap = Z/ ay doy ozy  dr, ( ozY ) do, (Bz;" )]
oG . 5 0
= Z/dTb dob 9as [5 Sbaﬁa 7+ 25 | T ( P+ 05l = al_p) G
bta (4.58)
+ 2Shua (1:"" + I3z 208 ) G]
G
= Z/d'rb doy ga gy [S Sbap =4 3(':" + 25;,,3,,55‘3 9 ]
o ozh ozt
The antisymmetry of S?° reduces this to
oG oG oG

|

[Sbasa ,,Sbﬁya aSb,u.aa ;

gaZHm (xa aaf — Z/dTb dab ga.ng

b#a
(/ dry do ngbaﬁG)

b#a
= ZgaS g [ 7
b#a Ta
+ 0 /dTb doy gySepuCG (4.59)
azg Bu
9 d G

5 o A0y GSbpa

=g, 2 Seap {B:Bf“ + 08B + 658:5] :
b#a
where we have used definition (4.54). We can now extract the field strength
(4.60)

HIP(z,) = 0°BP* + 98BI + 94 By,
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which may be compared with equation (2.91) for the torsion field.

4.2.4. Properties of the antisymmetric tensor field

Now that we have shown how the antisymmetric tensor field arises from interacting

string world sheets, we would like to derive some more of its properties. We first note

that

0 ra Y a
axa Bbﬁ(x) = gb'a—&:—a- / dTb dO’b SbﬂG ((:L‘ — .’L'b)2)

5 (4.61)
= —gb/dTb dO’b Sl?ﬁa_aG ((Z‘ - .’L‘b)2) .
Tp
Equation (4.8) reduces equation (4.61) to
9 ra
%;Bbﬂ(z) = g / dry doy DPG ((z — 2)%)
= gb/dTb dO’b i (IBbG) - IL"G+ G — '-a— (JI’G) (462)
60’(, b b 87‘1, b
=g / dmy :'rbGlZg (=0 for closed strings) .

This property of closed strings is analogous to the Lorentz gauge condition for the

photon field in electrodynamics.

From the expression for the field strehgth (4.60), we see that FH#°# is invariant under

the transformation

B — B* + 3°AP — 3P A°, (4.63)

where, by equation (4.62), the A’s must, for closed strings, satisfy

8, (3“A* — B*A¥) = 0. (4.64)
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In differential form notation, the field strength. H = dB, is invariant under B — B+d.\

since d? = 0. The lagrangian density for B*® in the case of closed strings is then

1
12

1

L= apr H®* — ™ (0.B*#8*Bys + 0.B%*9" Bg)) (4.65)

where the gauge parameter, o, accounts for our choice of A in equation (4.63). Choosing

a =1 leads to the equations of motion for B*#
aB*® = . (4.66)

In the case of open strings, we have differences due to the non-zero boundary term in
equation (4.62). The reader interested in this case should refer to [33].

We concentrate on the closed string sector since closed strings give rise to massless
antisymmetric tensor fields. In string theory, the closed strings give rise to gravitation,
and it is, therefore, appropriate to use them if we want to identify the Kalb-Ramond
antisymmetric tensor field from string theory with the torsion field from gravity. In this
way, we hypothesize that the formulation of gravity in interacting closed string theory
contains non-zero torsion in a natural way through the interaction of string world sheets.
It would be interesting to derive the fermion-antisymmetric tensor interaction given in
equation (3.70) using the formalism for supersymmetric strings given in Appendix C.
In the following chapter, we will look at some of the physical predictions given by the

interactions of the antisymmetric tensor field with the fermions of the standard model.
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CHAPTER 5

THE ANTISYMMETRIC TENSOR INTERACTION

There are many possible experimental signatures [44] of non-zero torsion. For ex-
ample, torsion has been shown to give gravitational parity violating interactions [27, 45,
46). In theories with large extra dimensions [47, 48], the parity violations which occur
in four dimensions disappear on the physical 3-brane when the torsion originates in the
bulk {49]. There are also many effects that arise from the torsion interactions between
particles of spin [16]. It has even been proposed that torsion in large extra dimensions
is responsible for neutrino mass [50]. In this chapter, we derive the propagator and
vertex rules for the fermién-antisymmetric tensor interaction [51) and then proceed to

calculate several interesting diagrams resulting from this interaction.

5.1. Feynman rules for the Kalb-Ramond field

We begin with the following lagrangian which was derived as equation (3.70) in

Chapter 3 (also see equation (4.65) in Chapter 4):

1

1
== —— By —_— —
L=-7FuF* - =

A HP 4+ 5 (i D—e A %JW,\H“"’\ . m) v (5.1)

Notice that we have added a coupling constant to be consistent with the literature [13]

and to simplify the calculation. The factor of M in the denominator represents a mass
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scale to make the coupling constant dimensionless. We assume that the antisymmet-
ric torsion, or Kalb-Ramond antisymmetric tensor field H#*, can be derived from a

potential B, as follows (i.e., H = dB is exact):

Hp,u/\ = ap.BuA + auBAu + a>\B,uu (52)

and

Tapy = i€aByu V57" (5.3)

We would like to calculate some amplitudes for physical processes from this interaction
lagrangian.!
The first step is to find the propagator for the antisymmetric tensor particle. Doing

so requires adding a gauge fixing term to the free lagrangian density,

Lo+ Ly =— % (8,Bux + 8,Ba, + 03 B,) (9“B™ + & B™ + 9* BH) -,
5.4
~ 1= (3uBM9 By, + 0,B"0 B.y)

where « is a gauge fixing parameter. The first term expands into nine terms which are

seen to reduce to three terms by relabelling dummy indices. The result is

1
Lo+ Lo = —7|0uBrd B + 8,829 B* + 8,B,,8* B (5.5)
3.
+ % (8,B*0° By, + B#B"“a“BW)] ,

!Note that, in curved spacetime, we would need to include a factor of \/—g in the action which
would change the expression for O to O = (- g)-%a,, (V—99*d,) .
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Now, we integrate each term by parts, discarding the surface terms,

1
Lo+ Ly =7 |BADB™ + B,\,8 B = Bx0,5" B
(5.6)
+2 (0,840 By + 0,80 Byy)],
which can be written as
1
Lo+ Les = 3B | 90950 + 95,0100 + 900,95

(5.7)

1
+ &- (g,g,\aaa,, + g,,,,a,ga,\)] B*,

We use the antisymmetry property, By, = —B,,, to further reduce equation (5.7) to
1 af 1 v
Lo+ Ly =3B [ga,,gﬁ,\D (= -1) (en00, + gauaﬁa,\)]B . (58)
We substitute 79, — k, to arrive at the following result in momentum space
1 aff 2 1 VA -
Lo+ Ly =—;B [ga,,gf»‘k + (= = 1) (gsakaks + ga,,kﬁk,\)]B L (5.9)
The propagator is the inverse of the quadratic operator in the lagrangian:
1 af v =
L= §B Aagy,\B . (0.10)
From equation (5.9) we can extract the form of the operator

1 1
Aaﬁw\ = _5 [gaugﬂAk2 + (a - 1) (gﬂAkaku + gavkﬂkk)] . (5'11)
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The propagator, being the inverse of this operator, is defined by

Dapn G = = (6265 — 6263) . (5.12)

N +—

Note that we make no distinction between Latin and Greek indices in this section since
all of the calculations are performed in a flat background spacetime. We make an

Ansatz for G of the form

Gum\b - % gubgAa+ Q_;_ig_)_ (guakAkb+g/\bkvka) _ (a PN b) (513)

and use condition (5.12) to fix the constant A. Substituting equation (5.13) into equa-

tion (5.12) and using the fact that terms symmetric under a +> b cancel, we find that
A=1.

Our gauge invariant propagator for the antisymmetric tensor field is, therefore,

GuaAB — _1_ [guﬂg,\a _ gua A8

g
k2 (5.14)
+ (1 1:20) (guakAkﬂ + gAﬁkuku _ guﬂk/\ka _ g)‘akukﬂ)].
Breaking gauge invariance with the choice o = 1 reduces equation (5.14) to
vao 1 v, [s3 va
G Aﬁ:p(g 5g’\ —-g g)‘ﬁ). (5.15)

The second step is to derive the vertex rule for coupling the antisymmetric tensor

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



field to a spin-% Dirac field. We can extract this rule from the interaction lagrangian

g - v -
Line = —Mw U;LU)\H“ A P. (016)

Substituting definition (5.2) into equation (5.16) this gives

Eint = —%@ [('ieuuAa757a) (B”BUA + 3VB/\I£ + aAB#V)] ¢
(5.17)
= —-A%E A8 4 By,
Our vertex rule in momentum space is then seen to be
—%A“ﬁ = ——Ag?e,,,,,\,'ys'y” (9" g™kF + g*gP K + ghegPk?) . (5.18)

We summarize the Feynman rules in Figure 5.1.. The Feynman rules for the anti-
symmetric tensor field, along with those of electrodynamics, are all that is required to

calculate the interactions among fermions, photons, and the Kalb-Ramond field.

5.2. Tree-level torsion exchange

The first scattering amplitude that we would like to examine is the amplitude for

the tree level exchange of an antisymmetric tensor field as shown in Figure 5.2..
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o s _ T = gease()

af
~'1€TA5'3

Figure 5.1. Feynman rules for fermion-antisymmetric tensor field interac-
tions.

5.2.1. Scattering amplitude and cross section

Using the Feynman rules given in Figure 5.1., we can form the M-matrix element

as follows:
iM =T (1) ASLU* (0)Gonsn (T (K)AL(Q)UT(K) — {K' ¢ p'}, (5.19)

where the relative minus sign between the two terms comes from the Fermi statistics

of the final state. We define

g g x . C, a ca a [+13
— 37 Ma(@) = —3reas (6970 + 970" 0" + 90" °) (1s7°),,

(5.20)
= Aéaﬁ (75’76) s's
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/ /

p p p p

Figure 5.2. The Feynman diagram for the scattering of two identical fermions
via the exchange of an antisymmetric tensor field.

so that we can work with the tensor part and the spinor part separately. Thus,

iM = A% () Caus (@AY ()T (7)) (157°) U*@)T" (k) (v67*) UT (k) — {K' ¢ p'}.
(5.21)

Working out the pure tensor part gives

o vy 369" (dsq : \
iA5? (9)Gapr ()X (g) = —1—Mi2 (—qu—A - g») = iN. (5.22)

Our M-matrix is finally

’

iM=iNp(p - p)T° (0) (157° ), U @)U (K (vs7),,, UT(k) = {K' > p'}. (5.23)
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We now use expression (5.22) along with the Dirac equation to write our M-matrix as

) e 13692 4m2 —_sl A S _T-r’ / ~ T
M= - M2 {(p’ _ p)zU (@) (75) s U (P)U" (k) (78),., U" (k)
T @) (67),, U T () (57),r U’(k)} (5.24)

i369° [ , .
+ e {p k.
To form the unpolarized cross section, we need to square this amplitude, sum over

the final state spins, and average over the initial state spins. For simplicity, we look at

the limit of massless fermions which eliminates many terms, leaving

- Z M| = L 9 g {Tr[lfvs% sl Tr (157 Kvsv]

spms

+ Tr [Kvsvs Kvsml Tr [B17° B’

(5.25)
— Tr [Kys75 21511 257" K957
= Tr [Kvsvs Kvsmn 2757 B }
Using the standard trace relations (A.17), we finally obtain
2.82.9%4%
—ZlMl —T{4p kp' K +p-pk-K+p-Kk-p}. (5.26)

spins

We would now like to work in the center of momentum frame, with the incident fermions
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directed along the z-axis. We have the following expressions for kinematical quantities:

= (E,|p|2) o' =(E,-k)
k=(E,-lpls) K =(EF (5.27)

p- k' = E? — |p||k] cos¥.

The angle between the incoming ‘and outgoing fermions is characterized by 6. In the

limit of small fermion mass, relation (5.27) reduces to

p=(E,Ez) p =(E,-Ek)
k=(E,-E%) K =(E,Ek) (5.28)

p-k' = E*(1 - cosb).

We have

2,2 4E4
: Z M2 = 16799 E 9 ——=—[9+cos?d] . (5.29)

spms

Finally, since each incident particle contributes one-half of the center of mass energy,

E = E /2, our differential cross section is given by

do 1 |k 1 s (3¢°Em\’ 1,
40~ 2EZ 16m°Eand Z M = (%M? 1+ geos 6| (5.30)

ms .

Integrating over the solid angle gives the total cross section for this scattering process

o= (&) g%m (5:31)
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5.3. Fermion anomalous magnetic moment

The measured magnetic moments of particles have provided a valuable test of QED.
In the case of the magnetic moments of the electron and the muon, we have the im-
portant situation that both the experimental measurements and the standard model
predictions are extremely precise. The experimental results for the tau lepton are much
less precise [23]. The importance of the muon result over that of the electron stems
from the fact that the larger rest mass of the muon makes it more sensitive to massive
virtual particles and to any new physics that has not yet heen included in the stan-
dard model. See [52] for a review of the electron and the muon anomalous magnetic
moments.

It was recently found that the complete standard model prediction for the muon
magnetic moment differs from the experimental value [53, 54]. This difference is outside
the experimental and theoretical error bars.? The experimental value is @ = 11659203+
15 x 10719, where a = (g — 2)/2, if one assumes CPT invariance. The standard model
prediction is a = 11659176.7 £ 6.7 x 10710,

There are many theories which exist as possible extensions of the standard model,
for example, the minimal supersymmetric extension of the standard model (MSSM),
superstring theories, quantum gravity theories, higher dimensional Kaluza-Klein theo-
ries, and theories based on heretofore undiscovered particles. These theories are very

interesting in their own right as mathematical problems pyt it is important to physi-

2The discrepancy originally stated in [53] and discussed in [55 56] turned out to be incorrect due to a
sign error found in the part of the standard model calculation dealing with the pion pole contribution.
We refer the interested reader to [54, 57, 58, 59, 60] For a nice symmary of the experimental and
theoretical values, as well as history and prospects, see [55]. and references therein for the details.
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cists trying to understand the nature of our universe that we be able to test them
experimentally so that we can discard unviable candidates.

Testing theories beyond the standard model has been very difficult due to the re-
markable accuracy of quantum electrodynamics and the difficulty of performing precise
tests of the gauge theory of quarks which are confined inside hadrons. It is, therefore,
fortunate that a measurement has been found which apparently cannot be explained
using the standard model.

We will now give a brief pedagogical explanation of the experiment and elements
involved in the standard model calculation. Brookhaven National Laboratory (BNL)
as well as the european particle physics laboratory, CERN, have recently completed
experiments with the positive muon. They have measured the anomalous magnetic
moment to unprecedented accuracy. Both labs have independently confirmed a 1.6
standard deviation discrepancy with the standard model prediction. In the next section,
we will briefly outline the techniques involved in measuring the magnetic moment at
an accelerator laboratory. Our discussion is based on the review article [56].

The magnetic moment of a particle is related to its spin

p=g (-e—) S. (5.32)

2me

For point-like particles, the gyromagnetic ratio, g, is equal to 2, whereas for composite
particles, such as baryons, ¢ may differ substantially from 2. For electrons, it was
found that g is slightly larger than 2 even though they are assumed to be point-like in

the standard model. The deviation is called the magnetic moment anomaly and arises
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through the exchange of virtual particles as allowed by the uncertainty principle. The

magnetic moment anomaly, a, is defined through the relation

eh
— Sl 3
,u-—2(1-%-a)2 (5 3)

Since the 1940s, there have been increasingly refined experiments and more accurate
calculations, making the anomalous magnetic moment of the electron one of the best
understood phenomena in physics. The muon is much heavier than the electron, with
(my/me)? ~ 40000, making the muon much more susceptible to radiative corrections
from heavier virtual particles and an excellent source of information about the standard

model.

5.3.1. The g — 2 experimental result

The goal of experiment E821 at BNL was to reduce the uncertainty in muon mag-
netic moment anomaly, a(p), to 0.35 ppm, which would yield the direct observation of
the weak corrections due to virtual W* and Z° bosons. In order to determine experi-
mentally the anomalous magnetic moment of the muon, one measures the relative spin
precession frequency, w,. This frequency is the rate at which the muon spin precesses

relative to the orbital frequency in a magnetic field. The formula for w, is

w,,:—-r%[aB— (a—”ﬂl_l)ﬂxE}, (5.34)
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where § is the velocity, v/c, and + is the usual relativistic factor. If the muons in
the experiment have a momentum of p = 3.094 GeV/c, then v — \/m, and w,
becomes nearly independent of the electric field. In this way. one needs only to have
precise measurements of B and w, in order to accuratly determine a(u).

The experimental setup is as follows: A synchrotron is used to accelerate protons
to an energy of 24.3 GeV. The protons are then extracted and directed onto a target to
create pions. The pions with momentum 1.7% above the magic value of 3.094 Gev/c are
then transported through a beam line until they decay via the process 7% — pu* + v,
Since the pion has spin zero and the neutrino is left-handed, the muon must be right-
handed. In other words, the muons so produced will have their spins aligned with their
momenta. These polarized muons are then sent through dipoles and collimators to
select those which have the magic value of momentum. The polarized muons at the
correct energy are then placed into a storage ring with magnetic field, the B in equation
(5.34), measured using NMR. The stored muons will eventually decay through the
weak interaction with an intrinsic lifetime of about 2.2 us, u* — e*v,7,. The angular

distribution of decay electrons in the muon center of mass system is spin dependent,

dN

s = N(E) 1+ A(E)cosd],

where N is the electron flux with energy in the range E to F + dF through the solid
angle, d). The angle 6 is between the muon spin and the electron momentum. N (E)
is the energy-dependent phase space factor. .4(F) is the parity violating asymmetry.

There is a correlation in the lab frame between the lab energy and the center of mass
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emission angle. The highest energy electrons are emitted in the direction of the muon
momentum. The observed total electron flux thus depends on the orientation of the

spin with respect to the muon momentum as well as energy and time. It is given by

N(E,t) = N(E)e~"" [1 + A(E) cos (wat + $(E))], (5.35)

where N and A are computed in the lab frame, 7 is the dilated lifetime of 64.4 us, and
¢ is a phase depending on the flight path lengths of the decay electrons. The energy
and arrival time of the decay electrons are measured. The observed rate then gives
the precession rate, wg, by a fit to function (5.35). Using this w, and the measured

magnetic field B, equation (5.34) can then be solved for the anomalous part, a.

5.3.2. The standard model prediction

The coupling which gives the muon magnetic moment is shown in Figure 5.3.2..
The “anomalous” corrections to the magnetic moment are due to exchange of virtual
particles which affect the measured value of the photon-muon coupling.

The electrodynamics prediction is (to 5 loops) [53, 54, 61]

a(QED) = 116584705.7(2.9) x 10711,

which differs in the fifth significant figure from the experimental value. The Z° and
Higgs bosons, along with W bosons and neutrino exchange, make up the electroweak

corrections to the vertex. The contribution from the above electroweak effects is (to 2
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7

Figure 5.3. The photon-muon vertex which gives rise
to the magnetic moment.

loops) [53, 62, 63]
a(EW) = 152(4) x 10711,

There is one more standard model correction given by hadron exchange where the
first muon emits a photon which is energetic enough to produce hadron loops in the
diagram; in other words, quark anti-quark pairs are produced, which then annihilate
into another photon absorbed by the final state muon. The hadron loop correction to

the muon moment (to 3 loops) [53, 64, 65] is

a(hadronl) = 6739(67) x 107!

or

a(hadron2) = 6803(114) x 107,

We must note that this correction is very difficult to calculate, thus it contributes the
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highest amount of uncertainty in the total standard model prediction.

The complete standard model prediction is then

a(SM) = a(QED) + a(EW) + a(hadronl)

= 116591597(67) x 107"
(5.36)

or (with a(hadron2))

= 116591660(114) x 10~

We now see that the standard model prediction differs from experiment in the sixth
digit, which is much better than the QED calculation.

The current standard model calculation differs from the latest experimental results
and is outside of the experimental error bars. This discrepancy motivates a search for

contributing sources beyond the standard model.

5.4. Torsion contribution to the magnetic moment

Using the Feynman rules calculated in Section 5.1., we can find the contribution of
the antisymmetric tensor to fermion anomalous magnetic moments. The experimen-
tal discrepancy may then place a useful bound on the fermion-antisymmetric tensor
coupling.

The Feynman diagram for the muon magnetic moment with an antisymmetric tensor

interaction is shown in Figure 5.4.. We use the Feynman rules for QED as well as the
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Figure 5.4. The Feynman diagram for the antisymmetric tensor
contribution to the muon anomalous magnetic moment. We have
written the photon polarization index, ¢; the antisymmetric tensor
indices, a, b, o, and B; and the spinor indices, s, s', r, and r’. The
initial and final muon momenta are p and p’. The momentum of
the antisymmetric tensor field is p — k. The momentum transfer to
the photon is g.

ones given in Figure 5.1. to give the vertex correction:

T* = y# 4 6T*, (5.37)

where

o ¢, = [ { [~ 20— B)] [ Gapes(p — B)] [~ LA (p — )]
| (5.38)
x [iSp (k)] (=) [iSF(k')r'z']}-
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Using the propagator (5.15) and vertex rule (5.18), we have

6F0 (p’r p)ss’ =

7’92 d4k va A8 Aa . uf v po v A
W/W €une (979 (p — k)* + g*°9* (p — k)* + g*¢"" (p — k)*)

(5.39)
emnip (979" (P — k)™ + ¢%g™ (p — k)" + g™¢™ (p — K))
57" (K +m) 7 (K +m)vsy”
(gaﬂgab gaagﬁb) [k2 _ mz] [(k,)z _ m2] (k _ p)2 .
Working out the tensor part first using the identity
€pvape™® ™" = —407 07, (5.40)

reduces the tensor part to 36 terms of the form ((k — p)2gp, — (k — p),(k — p)p). Our

vertex function reduces to

Iy 3692 [ dik
o @phe = 3o /(T)'{

(5.41)

9 K+ m] v [+ m] 7 (1 = 2gps = (5 = p)p(k = p), ) }
k=P (k)" = ] (& = m] |

We can see that there are eight powers of momentum in the numerator and six in
the denominator, which gives a quadratic divergence that we will need to regularize.

We now concentrate on reducing the integrand

YK +m [K+mly, (K- g [F +m]y°
(k)2 = m?] [k = m?] [k~ p]* [(K)2 — m?]

(5.42)
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using the following identities (notational details in Appendix A)

VKN Ky, =2 K +e kv K
,),P,Yd }67;) — 4ka' — 6"/0 k (543)

g

Yy, = (e = 2)7°,

and the fact that k' = k£ + ¢ to give

oy _ 13607 dk A° 3 B
or? (p',p) = M2 / (27r)4{ [(5)2 — m?] [k? — m?] [k - p]2 (k)2 = m2]}’ (5.44)

where

A% = (8mk® +4mg” — 2 fy° =2 k7° 4 — 2m*y°)
+e(Ky K+ 47 K —2mk® —m ¢ +m?y7), (5.45)

B =2k +2p-qv —2p° k- K~ K g7 +2mp” —m*y°.

We now use the following Feynman parametrization

1 1 1
= [ dzdyd(z+y—1
(k)2 — m?] (k2 — m’] /0 vty )[(k’)"‘x - m2z + k2y — m2y)? (5.46)
1 ' .
1
= | dzdyd(z+y-—1 ,
fo yolz+y )[k2+zq2+2mk.q——m2]2
and shifting the integration variable, &k — k — g, leaves
: ‘fldxd 6z +y— 1) (5.47)
(7 =ma e —m?] ~ Jo T T A |
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where A; = m? — zyq®. Similarly, with the second term

1
[k — pI* [(k')2 — m?

! 1
= Y 1) 5.48’
] /Od;ndy @+y- V=5 (5.48)

where we have shifted k¥ — k — (zp + yq) and defined Ay = m?y — (g — p)?zy. Now,

making these variable shifts in the numerators, we arrive at

3692 [ d'k /1 NY + eN¢ N¢
oT7 = dzdy é(z +y—1 - : 5.49
Mz | @y ), W oETy-1 (2= A (k2 — AP (5.49)

where, with Q = (p + '),
N? = 4m(1 — 22)¢° — 2 fy° K — 22y (2m* + @) v° — 2m*y°

N{ =Kv° K — 2°¢*y° — 2m®z%y° — m(1 - 21)¢° — m*y" + mQ° (5.50)

N{ = (F* +m*(1 +2%) + 2¢* (1 + 2)) v°

and

A; =m? — zyg?
(5.51)
Ag = mPy? — 2zyg®.

We have used the fact that Q-g = (p+p') - ¢ = 0. The terms containing ¢° will vanish

after performing the z,y integrations as it should be according to the Ward identity

[19].

We can now see that the only term that will contribute to the anomalous magnetic
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moment is the term in Ny involving Q7. Extracting only this term, we have

i3602 [ dk [ emQ°
o 0d NP S
Tpom, = 2 / o / dndy oz +y = 1))

We now need to use dimensional regularization to perform the k integration.

formula [19] (See Section A.4. in Appendix A.)

/d‘*k 1 (-)nT-9) 1
(2r)t (R - A (4m)f T(n) A%

we have

ST —36g

anom. ™

_ 1){6mcz0(42):wr<§> }

_— 2 1 .
B

and keeping only the zeroth order term in €, we obtain

" —72mg?
0l gnom. = @2—]\42@ .

The Gordon identity [19] is

Q° =2my° —ic%q,,

and substituting into (5.55) and isolating the magnetic moment part gives

72img? _ 0%,
0l Tnom. = WUW%= 5 —=F(¢%),
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Using

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)



which isolates the structure function, Fy(¢?), as

where we notice that there is no momentum dependence to this loop order. The g-factor

is defined by % = F,(0) and, hence,

gG—2 9mf;g2
2 M?3p?’

(5.59)

We can now bound the antisymmetric tensor coupling [51] by fitting to the experimental
discrepancy for the muon g-factor.
The standard model prediction differs from experiment [54] by da = 25(16) x 1071,

Using this difference as an upper bound to the torsion contribution, we have
a,(torsion) < 25 x 1071°. (5.60)

The muon mass is given in [23] as m, = 105.658 MeV which we insert into equation
(5.59) to give
g

37 S 2456 % 1077 GeV™2~ 2.5 x 1077 GeV~2 (5.61)

as an upper bound on the antisymmetric tensor coupling.? Notice that, for g to be

of order 1, we must have a mass scale of M ~ 2 TeV which is much smaller than the

30ther authors [12, 66] have used Line = —iy/ %2 k%0, 2H***¢ as their interaction lagrangian

rather than the one that we have used in (3.70). In order to facilitate comparison with their results,

it should be noted that our bound on g?/M? given in equation (5.61) translates into a bound of
Kk < 1.19 x 1018,
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Planck scale, M, = \/% = 1.221 x 10* Ge\. and may be near the supersymmetry
scale.

Our coupling is valid for all fermions, thus it must also have an effect on the anoma-
lous magnetic moment of the electron. The standard model prediction for the electron
g-factor is verified by experiment to a very high accuracy and precision, thus we need to
check that our result for the antisymmetric tensor contribution to the electron anoma-
lous magnetic moment does not destroy the agreement but remains within the experi-

mental error bars. The electron anomalous magnetic moment is given in [23] as

ge_2

ae;

= 1159652187 =4 x 1072 (5.62)

With our upper bound for the coupling constant, we get

ae(torsion) = 0.05858 x 1072 (5.63)

for the electron, which is well within the present day experimental error.
We also have a predicted torsion contribution to the tau lepton. The mass of the

tau is 1.777 GeV, hence the 1-loop torsion exchange gives a upper bound contribution

of

a,(torsion) = 7.199 x 107"

to the tau anomalous magnetic moment.
We have found that the interaction between a fermion and an antisymmetric tensor

field such as the one arising in string theory and in Einstein-Cartan gravity can solve the
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problem with the muon anomalous magnetic moment without having a significant effect
on the electron anomalous magnetic moment if the torsion coupling constant satisfies
the bound given by equation (5.61). There are many other possible contributions to
the muon anomalous magnetic moment which are outside the standard model. The
most likely candidates are supersymmetric partners to the standard model spectrum
[67, 68, 69, 70, 71]. If these particles are found to exist, our bound on the coupling

would then change correspondingly.
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CHAPTER 6

SUMMARY, CONCLUSIONS, AND FUTURE PROSPECTS

6.1. Summary

We have studied the antisymmetric tensor interaction from several points of view.
First, we have shown how it arises in Einstein-Cartan gravity with non-zero spacetime
torsion. We then showed how a gauge theory of gravity gives rise to interacting torsion
which can be made to propagate by either postulating a potential from which the
torsion is derived or by postulating a departure from conventional Einstein gravity.

Next, we discussed how torsion arises in string theory as the Kalb-Ramond anti-
symmetric tensor field. It comes from the geometrical structure of the theory and is
also present in the generalization of string theory called M-theory.

Having motivated the existence, propagation, and interaction of completely antisym-
metric torsion, we then proceeded to calculate two examples of possible physical effects
of non-zero torsion. The first example was the tree-level scattering of two fermions by
the exchange of a virtual torsion field. The second example was the torsion contribution
to the fermion anomalous magnetic moment showing that such an interaction could re-
solve the muon anomalous magnetic moment problem. We used recent experimental

results to place a bound on the torsion coupling constant.
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6.2. Future ideas

There are many possibilities for future study motivated by this dissertation. We

will now briefly discuss some ideas that could be developed as a continuation of this

work.

6.2.1. Quadratic actions

In Chapter 5, we used the conventional Einstein-Cartan action and calculated tor-
sion scattering based on the torsion being derivable from a potential in order to get
propagation. The results of that analysis are valid in the case that the scalar curvature
is the proper action of the theory. Instead, we could have used the alternate theory
with a quadratic action, resulting in fully propagating torsion without postulating a
potential. We could examine the possibility that the gauge field is the fundamental
propagating field of gravity in analogy with the gauge fields of particle physics. The
metric is forced into a role of non-propagating background geometry. To get a theory
of propagating torsion, we must introduce an action which is quadratic in the field
strength which also constitutes a drastic deviation from the action of general relativity
which is the scalar curvature. We hold to the viewpoint that these possibilities must be
checked since they need merely to reduce to the verified prediction of Einstein-Maxwell
theory at low energy to be consistent with experiments.

If a new theory of this form reduces to Newton’s gravitation in the appropriate
limits, then it would constitute an exciting possibility for a quantum theory of gravity.

The difference between this theory and most theories of quantum gravity is that we
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are suggesting that it is the connection field which constitutes the fundamental degrees
of freedom and is responsible for gravitational interactions rather than the spacetime
metric. The metric is demoted to a background field with no dynamics.

In analogy with the gauge theories constructed in Sections 3.1.1. and 3.1.2., the

natural action for the gauge theory of torsion is

1 v a v ! v
_ZF:gF:b == (a{#Fv] b+ F[p.lbru]al) (a[l‘r ]ab + F[“ bF ]al)

(6.1)

= — (BT OWT",, + Ty T =T I, + 26,1, 2T 1, )
We have a quadratic term for the propagation of ', 2 and we have 3-I" and 4-T
self-interaction terms just like one gets in other non-abelian gauge theories like QCD.
The propagation of the connection implies that, when it is separated into symmetric

and antisymmetric parts, we will have propagating torsion also. We use equation (3.70)

to write the full action in this new theory as

71— i — 1—
S= / d*z/=g3 =YY e! 0, — =0,0ek Y2 — =T ap H Y
M 2 9 2
(6.2)
- a[#fulaba{uf‘u}ab _ f\[#lbfulalf\[ul 1 9 ab‘fv]abf[nl bf.,]al}

6.2.2. Dual variables

It may be useful to separate the connection into “electric” and “magnetic” parts,
and use these new fields as our fundamental variables. Let us examine the field strength

(3.78) a bit more closely.

F:g = 26[#1-‘1,]@ + 27),",,1"[’:"“1‘4"" (63)
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Due to the antisymmetry in the Latin indices, there are only six different ab combina-

tions. We can think of Flf” = I‘#A as a collection of six vectors. Let us introduce

i _ 0
E,=T, (6.4)
and
ijkpk _ T i
e*B; =TY (6.5)
so that equation (6.3) becomes
F¥ = 20,E} — 2 (By x E,)’ (6.6)
and
F}} = 2¢7%9,,B}) + 2B E}, — 2B|,B), (6.7)

The quadratic action (6.1) now becomes

1 a v ] v D v viipi
~ FFy = 20y, B0 B + 20, B0 By — 4¢,50“ Y BY EY,
i pi gl pvl i pi plepvl i i gl gYl
+2B},E,B}'E] - 2B}E B['E{" + 2F},E} B/B; (6.8)

i s ) i pi plkpyl
- ED‘Efl]E,- E]- - B[#Bf,]Bi“Bj ,

and the Feynman diagrams for these gauge field self interactions are shown in Fig-

ure 6.2.2..
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Figure 6.1. Feynman diagrams for the self-interactions of electric and mag-
netic gauge fields of gravity.

- 6.2.3. Torsion as an effective theory

The torsion coupling (3.70) which we used in the previous chapters had dimensions
of GeV~2. This fact hints that, perhaps, our theory really is an effective theory since
inverse mass dimensional couplings are indicative that some heavy particle has been

integrated out. Let us look at how this works.
The generating functional is defined as the integral of all possible field configurations

in spacetime weighted by the exponential of the action.

Zn*, 7, 5% = /Dz/) Dy DA exp (i/d4x [Eo + &% + Ry + HA, + L},m]), (6.9)
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where we use lowercase Latin indices, a, b, and ¢, as possible isospin indices for the
fields, v and 9. Lg is the sum of all free particle lagrangians, and Liy is the interaction
lagrangian. The fermion source currents, n and 7, as well as the fermion fields are now
Grassmann numbers that obey anticommutation relations, whereas the bosonic fields
and currents are commuting.

We now define the n-point function (or n-point Green’s function) to be the vacuum

expectation value of the time-ordered product of fields at n spacetime points z, ..., T,

as follows:

<OT ) s@)0>= (1) (fam) 20 620

where Z[J] is the generating functional, (6.9), and the fields ¢(z;) can be any of the
¥,1) or A* fields.

We see by the form of the generating functional, (6.9), that an application of a
particular functional derivative will bring down a factor of the corresponding field.
In this way, we can construct any polynomial in the fields by merely acting on the
generating functional with functional derivatives. In particular, we can expand a given
interaction lagrangian as a polynomial in the fields and then re-write it in terms of the

functional derivatives. We can, therefore, re-write Z[J] as

z=geo i [ ot (5 53',‘5(1-))] %, (611

where Z is the remaining terms in equation (6.9) after removing the interaction part.
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We have divided by N = Z|;=;=5=0, which has the effect of canceling all of the so-called
vacuum bubble diagrams which have no external lines and are, hence, unobservable.
To use this expression, one applies well-known methods [19] to reduce the free field
generating functional Z, (which is simply a product of Gaussians) into the following

form:

Zo=exp |-i [ 2ty (T@SEE-vn) + J@DEE - Dil)] . (612

where the Feynman propagators are defined in Appendix A. Finally, we form the
generator of connected graphs by writing Z — —i In(Z), which removes all of the
diagrams that are disconnected. In the path integral method, one uses this generating
functional to find the propagator; the vertex functions; and, as a result, the Feynman
rules of the theory.

Let us now look at a generic spin-% theory and show how one forms an effective
theory from it in this manner. If we view the fermions as very heavy static sources, we
can integrate them out of the theory, resulting in mass corrections to the vertices.’

The lagrangian for a free fermion? y is

L=X(G@-M)x+70x+X¢, (6.13)

1For an example of this procedure using heavy boson fields, see reference [18].

2The results derived here are also valid for any spin—% particle or resonance since they depend only
on the form of the free particle propagator. See Chapter 6 in {72] (which is also available as [73]) for
the complete derivation in the case of spin-% and spin—% nucleon resonances.
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where £ and 7 are sources. The action is given by

S=/ d*z L(x, X, &) + X + X¢
= / d'z [XDx +7ix + X¢] (6.14)
B / d'z [(x —7D~")D(x — D™'€) + D],

where we have “completed the square” in the last line and made the following convenient

definitions,

D=(i g~ M)
DD = -8z —y)
(6.15)
D= / d*y Se(z - Y)EW)

7D = — / &'y 7(W)Se(z — 1),

which allow us to work without explicitly showing the integrations which are taking

place. We now make the change of variables

X=X+ / d'y Se(z - v)€(y) = x - D¢ (6.16)
and
Y =%+ / d*y 7(y)Se(z — y) =X — 7D, (6.17)
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which gives our action as

S= / d'z [}X'Dx +7D7'¢]. (6.18)

If we recall the expression for the path integral, (6.9), we see that the integration
ranges over all possible fields, x and ¥, and hence Dx = Dx' and Dx = DX. Our

generating functional is then

[ DX Dx/eil#=L&x'78) [ Dy Dy'el#'=xDxl¢/ dta[7D1¢]

Z = . = = — .
f Dx Dx et J diz L(X,x,0,0) f Dx Dx et [ diz [XDx] (6.19)
= ¢t [ e[,
Since Z = €', we have our effective action as
Seff = / diz 7D = —/ d*z d*y 7Sr(z — y)¢. (6.20)

The lagrangian implicit in equation (6.20) can be made local by noticing that the

heavy field propagator, Sr(z — y), is peaked at small distances. We can, therefore,

Taylor expand £(y) as

E() =&(z) + (y — 2)* [0l (W)]yep + - -- (6.21)

and keep the leading term.
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Using the fact? that

4 .
/ d*z Sp(z —y) = / d’p d*z e~ P Y p+M

(27T)4 p2 — M2
4
_ / (_;i;r% £7¥(21) 45 (p) % (6.22)
-_1
M

we have from the action (6.20)

Sur = = / &'z &y Ti(x)Sr(z - 1)EE) + . .
=~ / d'z _ﬁlﬁ(x)f(x) +... (6.23)

~ / d'z 2 (a)

which gives an expression for our effective lagrangian with the heavy field integrated

out

Ler = 577(2)€(2)- (6.24)

We now look at the lagrangian (5.1)

L =det(e’,) ¥ (i @—m)y+ H.c. —det(e,) E-égM-a#,,AH“"’\w (6.25)

and interpret the dimensionful coupling as an indication that we are dealing with an

3This equation is where the difference occurs between various heavy fields which may have different
propagators.
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effective interaction with some heavy fermion integrated out. We postulate

Lint = —]{Z—ﬁ(.’r)f(I) = -"4-]{14—-’@-[)—(1813 (e“a) %GuuAHuw\ 1[} (626)

The underlying theory is of the form

L=%X(§—M)x+Tx+X¢ (6.27)
If we write
7(z) = A and £(z) = By, (6.28)
then we have
L=XG@~-M)x+¢(E@-m)y+PAx+XBy (6.29)

as our fundamental theory. The effective theory is

—_ 1—
L=v9GEd-m)y+ -M—wABd). (6.30)
We, therefore, need to identify

AB = —det (e*,) 20, H*
9 (6.31)
= —det (e“a)z—gew,\a'ysfy” (B“B"’\ +8"BM + 8’\3‘“’) )

One possible way to implement this condition is to let A = det(e*,) = /g and B =

~founH w2 oiving a theory of a heavy and a light fermion interacting via derivative
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coupling with torsion along with a gravitational interaction with the determinant of
the vierbein. The heavy particle is only very short lived. The effective theory given by
integrating it out is a curved space formulation of theory of interacting torsion that we
have used in the main body of this dissertation. It would be interesting to work out

some of the details of this possibility in future work.

6.2.4. Topological effects

Another interesting possibility would be to examine the topological effects caused
in various non-trivial spaces by the fact that the torsion field strength is an exact 3-
form in the model that we have used. It is, therefore, invariant under the addition of
an exact 2-form to B. In other words, the field strength is invariant under the gauge

transformation (4.63)
B — B+dA, or B, — B, +0,A,—0,A, (6.32)

in components. Thus, if the space has a non-trivial second cohomology group so that
the second Betti number is non-zero (See Appendix D.), we could see effects such as
torsion solitons and instantons due to the fact that there will be closed non-contractible

2-surfaces, K, and

Iz/KB (6.33)

will be a gauge invariant quantity. This idea is pursued further by Rohm and Witten

[74].
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APPENDIX A
FIELD THEORY CONVENTIONS

A.1. General definitions
We work in the standard units, setting #i = ¢ = 1 in which we have the relations
[length] = [time] = [energy]™ = [mass]|™'.

The metric tensor is given in the usual Bjorken and Drell convention

1 0 0 O
v 0 -1 0 O
0 6 0 -1

where we let Greek indices range from 0 to 4 and Latin indices from 1 to 3. Four-vectors
are given in contravariant and covariant forms as

¢ = (2 %) , 7, = gz’ = (2% —x). (A.2)
The inner product is then naturally
p-z=p'z, = g,p'z" =p’z° - p-x. (A.3)

A massive particle has
P’ =p'pu = E* — |p|* = m®. (A4)

A.1.1. Pauli matrices

The Pauli spin matrices that generate SU(2) can be represented by
L (01 5, [0 =i\ 5 (1 0
0—(10,0—-.2.0 =19 _1 ) (A.5)
The Pauli matrices satisfy the algebra

[0’,’, O'J'] = 2i6,‘jk0'k, (Aﬁ)

where ¢;;r is the usual Levi-Civita totally antisymmetric tensor which reverses sign
under the interchange of any two indices and is equal to £1 for cyclic/anti-cyclic per-
mutations of the indices. A useful relation involving this symbol is

€ijk€abk = 5ia5jb - 5ib5ja,
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where 4;; is the Kronecker delta symbol. The Pauli matrices are traceless, have dete:-
minant equal to -1, and have anticommutation relations

{0i,0;} = 216;; = Tr(0i0;), (A7
where I is the unit 2 x 2 matrix. The completeness relation for the Pauli matrices ::
given by

1
> (0:)ab(03)ct = 2(BncBaa — §5ab5cd) (A£

i
The algebra of the Lorentz group is normally written in terms of six Hermitia=
generators, arranged into an antisymmetric second-rank tensor, M,,. The algebra ca:z
also be written in terms of six non-Hermitian generators, J4, with
1 _ ].

Ji=3 (M® £iM®)  and cyclic (1 =2 —=3—1). (Ag

The algebra then becomes

[J1,J2] =14J3 and cyclic

AIC
[Js,35)=0. (

Finite dimensional, irreducible representations are classified by pairs of half-intege:
numbers (j4, j~) which are taken from the eigenvalues j. (j+ + 1) of the two Casim:-
operators (J+)2. The algebra is not that of SU(2) x SU(2) because the J’s are nc:
Hermitian. The J's can be represented by finite dimensional Hermitian matrices, bu:
the M,,’s cannot. For example, the representation, (%, 0). has

1
r(J4) = 59 r(J-)=0.
Hence ]
r(M®) = la‘” = L r(M'?) = l012 = l03’ and cyclic
2 27 2 2 '
The group generated by these matrices is SL(2,C). For the representation, (0, %), w2
have )
T(J_) = 50’, T(J+) =0.
Hence 1 ] : . )
r(M%) = 550i = %Ui; r(M'?) = 5'0“12 = 503 and cyclic.
We see that, in either case, the generators, L, of the proper rotations are representei
by —%0'.

Since 7 = (o#*)!, it is appropriate to assign index types, (¢#)2 and (F*)?, >
these representations. We also have the self-duality relations,

1 )
_ A, = —=pA .
Opy = 55,,,,,,,\0” P O = —-2-e,wp,\a” , (A.1D)
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which reflect the fact that there are only three, rather than six, linearly independent
traceless 2 x 2 matrices.
A.2. Spinor definitions and formulae

A.2.1. Gamma matrices
Dirac representation

The gamma matrices that act on the Dirac spinors to couple spin angular momenta
are given in the Dirac representation as the following 4 x 4 matrices

0 _ I 0 i_ 0 O'i
’7-—(0_1),7—(_01- 0) (A.12)

0 I _,
7 = ( 70 ) =iy (A.13)

and the axial matrix

Weyl representation

0 o*
7= ( R ) , (A.14)
where o# = (I, ) and 6* = (I, —0) = 0, and then
-1 0 .
Y= ( 0 7 ) = i7"y (A.15)

In the Weyl representation, we see that the upper two components of a Dirac spinor
have left chirality while the lower two components have right chirality.

Yp =YL+ Yr
1
Y = 5(1 ~ ¥5)¥p (A.16)
Yp = %(1 + ¥5)¥p
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The following relations satisfied by the y-matrices will be found useful

Vot =~y
{77} =+t =20
() =1
Y =4
Y = =27
A (A17)
Tr{d ¥} =4a-b
Tr{dyddt=4(a-bc-d—a-cb-d+a-db-c)
Triv"¢ ¥ =0
Tr{y’ d § ¢ d} = dieuratb’c*d’
d¥=a-b-2ig,a"b"
Tr{y*#} =0; n=odd,
where the slash indicates contraction with the y-matrix (i.e., £ = -a) and
Opy = %[wm]- (A.18)

The Dirac spinors are the following 4 x 2 matrices, u(p, s) for the fermions and v(p, s)
for the anti-fermions.

U(p,8)=\/PT+—75( ,,.I )x(s)

p'+m

(A.19)
P
v(p,s) = VP +m ( 7 B ) ),
where x*) and the 7{®) are vectors in spin space given by
) _ 1 -y_ (0
X 2 ( 0 ) ’ X 2= ( 1
' (A.20)
1 = —igpd D= (O} gD =i ® = T,
1/’ 0
We also have the conjugate spinors
a(p, s) = ul , S 0
u(p.s) = v'(p,s)y (A1)

3(p, s) = vi(p, 5)7°
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and the spin sum relations

S u(p, 9)lp, s) = 2 = AL (p)

s 2M
> u(p, 8)T(p, 8) = =M _, 0 (A.22)
s , ' I2M - .
The on-shell spinors satisfy the Dirac equation
— —0, .
(- m)u(p) (#+m)v(p) s,

up)(#-m)=0, v(p)(#+m)=0.

Note that the matrix elements formed out of diagrams with initial and final nucleon
spinors will always be of the form

U(Ps, sp)Tu(Py, 5:) = XI,M(va P)xs (A.24)

with the I' containing one of 1,vs,v#,v*7s, or . One can then write down the
M (P, F;) by substituting the following two-component forms

. (o -Py)(o-Py)
I*NNLl"(EerM)(E +M)]’
(

iar | (- Py) a-Py)
%= NN B+ M) (Ef+M)]

0 1 ( Pf)( )
v NN 1+(Ef+1\4)(13 +M)}

i | (o Py) (o-Py)
T NN _U(E¢+M)+(Ef+1{4)a]

0 i | (0 Py) (o -Py)

Y NN T T (Ef-%-M)] ’
1 [ (G'Pi) (U°Pf)

76— NN |(Ei + M) (Ef+M)]

e s @ P) (0-Pp)
0¥ NNi [UJ(Ei‘*'M)—(Ef‘*‘M)UJ],

o il (0P (0P
P NN [0t e |

The photon polarization vectors, €# and e**, give the following polarization sum
Ze’\‘ Lt = =2, (A.26)
A

Note also the product ¢}e# = 1.
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A.2.2. Weyl, Dirac, and Majorana spinors

Two component Weyl spinors, 1, and X%, obey the following relations
Yo =" and x*=(@)". (A.27)
Indices are raised and lowered as

Xo = €apX’  x*=e*Pxs

Ed = 663—1;5 Vo = fd,ﬂﬁ,

eaﬁz((l) —01 ) _ b
| 0  (A29)
€af = -1 0 = edb'

A Dirac spinor and its charge conjugate are defined in terms of Weyl spinors as

¢D=(§z> ¢B=(%§>, (A.30)

which has four independant components, two for each Weyl spinor.
A Majorana spinor is defined as one which is equal to its charge conjugate,

Yu = ( gfi ) = Y (A.31)

so that it has only two independant components corresponding to a single Wey! spinor.
We can always construct a Majorana spinor from a Weyl spinor in the obvious way,
and we can construct a Dirac spinor from two Majorana spinors as

(A.28)

where

Yo = Yant + 1Wua, (A.32)
where
1
Y = 3 (Yp +¥p)
1 (A.33) i
Yz = 5 (Yo — ¥p)
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A.2.3. Spinor indices
We define the contraction of indices on combinations of Weyl spinors as follows
XY = —Xa¥® = x¥ = ¥X

Xo¥ = -X"0s = XY = ¥X.

These products are Lorentz invariant quantities. Covariant four-vectors are constructed

(A.34)

as

Xa (@)% ha = X% (0") 6 ¥° (A.35)
and _ L

X% (0")gs ¥ = Xa (@) Y5 (A.36)
Tensors are constructed from

X® (0™)8 bp = X (0*)5 ¥ (A.37)
and

X (“‘") w =X" (a“") e (A.38)

Notice the way that the indices are contracted on the right hand sides of these equa-
tions. We can put them into the natural order by interchanging the two spinors. The
spinors are anti-commuting Grassmann variables so that interchanging gives the fol-
lowing identities (remembering our index contraction conventions):

X*%e = ¥ Xa

Ya@d =UeX"
Xa (7)o = —1° (0%) o X" (A.39)
X% (0*)8 4P = =y (0")5 X
@57 = —Ba ()T,

The Hermitian conjugate of a product is defined as

)t = vix' =¥x =x0 (A.40)
since
(Wa)' = (¥a)" = ¥4 (A.41)
and
) =) =x" (A.42)
We define

X% = X (0*) ;7

v (A.43)
Xo"% = X (o™)5 g
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so that

(509 7 =0 = - ] W
(xo* )t = —go*x = X9 = — (Yo*x)" .

allowing us to re-write the usual Dirac covariant bilinears in terms of Weyl spinors
which appear in the Dirac spinors. We write

=(3) o= (3)

in the Weyl representation. We then have

To =97+ xo = (30)'
Tys® = 97— x¢ = — (35 0)'
Uyhd = xoh7 + Pore = (6’7"‘101r (A.46)
Tyhys® = x0T — P06 = (Br*50)’"
TOW® = ixo™ ¢ + igo™y = (o)

It is straightforward to derive the similar identities for Majorana spinors from these.
Notice, for example,

Uy @ = Po*d + Y5+

=4 ("), & + s (@)% 65
7 ("), 9° -~ 9 (7 ¥
= =8, @V Yo = ¢ (*)pe ¥
~8° (") B — B (@)
= Ty U = — (Tary*da) '

(A.47)

A.2.4. Fierz identities

The Weyl spinors also satisfy various Fierz identities. All of these identities may be
derived from the basic identity

1 . .
- [6056‘”3 + 0;60}7}3] (.A48)

apbns =
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which expresses the completeness of (I,c') as a set of 2 x 2 matrices. For example,

(1,05 (1=
[57'5;_" + (ai)Z(ai)g] (A.49)

=667 from (A.48).

This relation leads to the following identity,

1 oy e
(609)(xm) = =607 (xu8), (.50)
through equation (A.49) with the minus sign coming from anti-commutation. Simiarly,
we can write 1
888 = 1 [5368 — (00w (A.51)
which allows us to deduce
1 v
(09)(xn) = =5 [(In)(x¢) — (8*n) (x0u8)] . (A.52)

In the case where § = 7, we find
i -
(66)(x6) = —5(69)(x¢) = (8)(6x) (A.53)
since §o,,0 = 0. Also from equation (A.51), contracting both sides with §%6;s, we have
1
6%9, = 5(90)55 (A.54)

which is one of the most useful identities for doing calculations. Other useful, related
identities are

9268 = —-;-(09)66#3

| (A.55)
7’7 = %(99)60'19
and
(0)% = 6°6, = —26"6*
_ e i (A.56)
0)*=0,0 =206
Note that we can re-write equations (A.49) and (A.51) as
1
1x1= 30" ®7, (A.57)
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and

1
1x 1:5[1®1—a“"®5,w]. (A.58)
We have the following useful identities involving the ¢’s:
1
O./w A — _5 [np)\au _ 771//\0.;1 + ,L'euu)\po.p]
1
ot = 5 [T — 5 + i,

HY KA - _E y71,4 vA _ uA VK . #UK,A (A.59)
oo = 4 nn nenTT + 1€
+2 (nlmo.u)\ + nw\o_w: _ np,)\a.un _ T]VKO'”"\) -

Using these identities, we can derive the following complete set of Fierz identities:

680 = —5(60*7)(xTu9) (A.60)
680 = —3[(6n)(x9) - (05*1) (o) (A.61)
68)x9*7) = ~ [(Bo*T)(x8) +2(60,7) (xo™* 9] (A.62)
68)0*n) = —3[(6n) (%) — 200" )T 9)] (A.63)
05D = —3 [(657) (x0"B) + (00"7) (0, %)
— 0PN xon) — P GoT) (D] (A64)
(60*3)(x0n) = 5 [1"(67)(X8) +2(00"7) (XP)
~ 2(6m) (70**3) ~ 4(60"1) (77| (A.65)
08)xo*n) = ~3[(@n)(xo*9) + (6" m) (x9)
— (60**n)(x039) + (60**n)(x0}¢)] (A.66)
0))T*T) = = 1(60"7) (X7*6) ~ (Bo*T) (2" )
+ 1" (00.7) (X5 9)] (A.67)
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o)) = & [ mxe) — 1 0040
#8260, 8)] + 5 [(00°7) (xr9)

— (00*7) (xo™ ¢) + 1" (80.47) (X, 9)] (A.68)

1

(80*6)(x0n) = -7 I (n)(@*9) - 0" (6n) (X" ¢)

+ 162 (O) (X0 ,9)] —
~ (85" n) (X" ¢) + i€

xwli—‘

[(8**n) (35" ¢
?(60 m)(xapcﬁ)] (A.69)

(" ¢)(xo™ ) = -3 [(17“A Ve — nn**)(80°7) (X7 9)

+n“"(00 n)(xa*d>) + n**(8c™n) (X" ¢)
—n"*(60*n)(x5*$) + 1" (80™n) (X" )

+n"X(6c*n) (xT"8) + 1" (8™n) (XT* ¢)
—n*}60"n)(X5" ) + 1"} (B0"n)(XT" ¢)

+ie"™ (§o,m) (Xo ¢) — i€ (80,m) (X5~ )

— i€ (007 D) (XT,0) + 1€ (00*n) (XT,9)] . (A.70)

A.3. Free field propagators

The mesons are described by the Klein-Gordon lagrangian
1 - = -
= [#8-8.8-m?5-4]. (A7)
Application of the Euler-Lagrange equations gives the following equation of motion

(8*0, +m?) ¢ =0 (A.72)

which is the Klein-Gordon equation. The propagator, which propagates the particle
between two points in spacetime is defined as the vacuum expectation value of the
time-ordered product

(Ol T(¢(@)¢ (v)) 10) = iAE(z — y), (A.73)

where o
diq &'eia(z—y)

Az —y) = : A4

r(z-v) /(2%)4q2—-m2+ie ( )
The small complex piece, i¢, added in the denominator moves it into the complex plane
to avoid the singularity at ¢> = m2. This addition is what is meant by “off-mass-shell.”

The expression is computed using the residue theorem in complex analysis, where one
integrates around a closed curve in the complex plane surrounding the singularity and
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computes the residue.

Photons are descibed by the following lagrangian, which is the most general la-
grangian consistent with U(1) gauge invariance

L= —%F#,,F‘“’, (A75)
where F'*¥ = ¥ A¥ — 0¥ A*. The photon propagator is slightly different from the meson

one due to the presence of the polarization vectors and the fact that the wavefunction
is a vector field. It is given by

(0| T(A*(z)A"(v)) 10) = iDF'(z — v), (A.76)

where

y dtk e~k T KRR
D —3)= [ e | - S )] (A7)

and ¢ is the gauge parameter. In what follows, we will use the Feynman gauge a = 1.
The nucleons are fermions and are described by the Dirac lagrangian

L=F [%7# 8, —m] ¥ (A.78)

which gives the Dirac equation as the equation of motion describing the free particle

(iv*8, — m)y = (v*p, —m)y = 0. (A.79)
The propagator, defined as the renormalized 2-point function, is
(O T(¥a(2)¥5(1)) I0) = iSas(z — y), (A.80)
where i (§ + m)e?
SP(z —y) = / mﬁ%e'i?‘(””)m. (A.81)

The interaction lagrangian and the propagator for a spin-2 particle (We use the A(1232)
resonance as an example.) are given by

La = Lana+ Li%a + LA (A.82)

where the individual interaction lagrangians are given by

Lana = %’nEA_A-“TGG)W(Z)Na”m + He.

E’%VA = %_A_pepa(y)’)’u’)’sT:;NFau + H.c. (A.83)
€ A 17
Loya = 4—1\%A”6W(X )7sT3(0aN)F*® + H.c.,

where now A* is the Lorentz vector, Dirac spinor, isovector field describing the A(1232)
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resonance; T, is the isospin % — % transition operator; and ©,,(X) = g, + [3(1 +
4X)A + X]v,7, for off-shell parameter X. We choose the arbitrary parameter A = —1
for algebraic convenience.!

We have given two separate electromagnetic lagrangians for photon-resonance in-
teractions. The reason for this can be seen through multipole analysis as follows.

The A field is of spin-—g- and even parity, meaning that it can only be excited by an
M1 or an E2 photon?. The g; and g, couplings correspond to these two possible tran-
sitions to the A. The final state pion-nucleon system produced through the resonance
excitation must, therefore, consist of M;, and F;, multipoles.

The propagator for the resonance field is given by

R + Ma 1 2R*R* R:y¥ — RVA*
pv gP — Sy — 84
for resonance 4-momentum R¥*. The spin-% lagrangian contains 6, defined by
1
O = Guv + [5(1 +4X)A+ X] YuVvs (A.85)
where A is an arbitrary parameter subject to the restriction that A # —%. This
parameter drops out of the observables and is usually chosen as A = —1 for calculational
ease.

311
222

T, is the spm—— — spm-— transition operator, which is a 2 x 4 matrix defined by its
matrix element 3

where CLI2I is a Clebsch-Gordon coefficient. Another important relation is

ZT,, ,\A>< Aa

relating the spm—— to spm-— transition operator, T,, to the Pauli matrices.

T+

1
T+ = 6ab — 57‘(,7'0, (A.87)

INotice that the matrices ©,,(c) where ¢ = (1 + 4X)A + X = —1(1 + 2X) form a group with
the multiplication given by Gag(a)e‘”(b) ed (a + b + 4ab). The 1dent1ty element is ©(0) and the
multiplicative inverse element ©(a)~! is given by ©(— 13z) if we remove the element O(a = Z = -4
which does not have an inverse due to (©(~1)©(b) = ©(—31) Vb € R). The non-invertable element
can be removed since, if ©(a)O(b) = O(-1), either a = -} or b= —3.

2For electroproduction, one also needs a “g3” coupling due to the existence of LO longitudinal
photons.
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A.4. Renormalization formulae

A.4.1. Dimensional regularization

In dimensional regularization, the general 1-loop integral has the form

ik
= / 27r)“A‘“A"2 “Age (4.88)

where d is the number of spacetime dimensions (not nessecarily an integer) and the
numbers, a, are integers unless equation (A.88) is the result of a multi-loop calculation

in which some loops have already been evaluated. This integral is solved in the following
way:

(a) The different denominators are combined into a single denominator and then the

combined denominator is reduced to a standard form by translating or shifting
the internal momenta.

(b) The integral is then evaluated using an integral identity.

Step (a) makes use of Feynman parametrization identities of the form

1 1 1 v odr
AA; /0 d A+ 4H0-a) Jo DEF

1 _ / dz /1 o1 d(l)z
A1ArA, . A1z1 + Agzz + As(1 — 7, — )]

-z
afaf
mlaxQ ]

A% Ao T T(ey)---T(om) (A.89)
x?l—l . .’Eg"—l
[A1x1 44 Agzg BT
Note that the combined denominator, D, always has the form
D =k*+2k-q+b, (A.90)

where k is the internal loop momentum and ¢ is a vector function of the external
momenta and the Feynman parameters. The square of the denominator can always be
completed by shifting k — k' — ¢, leaving

D — (K2 +b* - ¢% (A.91)
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This shift must also be carried out in the numerator, N, which assumes the general
form

N =Ny + k;‘N{‘ + kLk:,NQ‘“’ + kLk{,k:,Né‘"” + e (A.92)
where the IV; are tensors which do not depend on k'. Since the denominator is even in

k' (depends on (k')? only), all of the odd terms reduce to zero. The even terms can be
simplified using

dk kR g [ dik R

(2n)¢D(k?) ~ d / (2m)d D(k2)’

ddk L B guugap +g;wgup +gypgu0' ddk k4
(2m)? D(k?) d(d+2) /(27r)dD(k2)'

(A.93)

If the integrals are finite, we can set d = 4. The integrals will now have the standard
form i ()"

I= A9

/ 2 [ — B — i (4.94)

where n is an integer. These integrals can always be reduced to a sum of integrals of

the form .
/ d'k 1 i Tla-9) 1\ 495
(2m)2[C? — k2 —i*  (4r)f T(a) \C? ' h
A convenient combination is
/ ¢k kK ig® T(e—1-9) (1)) (A.96)
2m)4[C? -k —i]* ~ 24mi T(a) c? ' '
The following formulae are now used to further reduce the result
-1 {1 r2
I(—n+e¢) = % [E +(n+1)+ % {% +¢*n+1) - (n+ 1)} + O(ez)]
1 1
b+l =145+t ==
Y(1) = —y = —0.577215664901532... = Euler’s constant
w2 ~ 1
lf)l(n +1)=—+ -
6 J=1 '72
2
1) = .
2
X =1+eln(X)+ ;—‘lnz(X)—'r‘-- .
' (A.97)
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. APPENDIX B
INTRODUCTION TO SUPERSYMMETRY

In this appendix, we introduce supersymmetry following the excellent report by
Sohnius [75] and the lectures by Lykken [76] and Olive [77]. Supersymmetry is a
symmetry between fermions and bosons. A supersymmetric field theory consists of a
set of quantum fields and a lagrangian for these fields which exhibits the symmetry.
A supersymmetric model which is covariant under general coordinate transformations,
i.e., a model which possesses local (gauged) supersymmetry, is called a supergravity
model.

Supersymmetry and supergravity aim at a unified description of fermions and
bosons, and hence of matter fields and force fields. Forces are mediated by gauge
potentials which are either vector fields with spin one as in the case of electromag-
netism and the weak and strong nuclear forces, or tensor fields of spin two in the case
of gravitation. Matter, on the other hand, is built from quarks and leptons which are
spin-% fermions. Supersymmetric theories unite the fermions and bosons into multiplets
and lift the basic distinction between matter and interaction. The gluinos, which are
the supersymmetric partner of the gluon (and are therefore fermions), are thought of
as the carriers of the strong force as much as the gluons except that they are fermions
and, hence, they must obey an exclusion principle. Thus, gluinos will never conspire to
form a coherent, measurable potential. The distinction between forces and matter now

becomes phenomenological only. Bosons manifest themselves as forces because they

can build up coherent classical fields while fermions are seen as matter since no two
identical ones can occupy the same point in space, an intuitive definition of material
existence.

B.1. The supersymmetry algebra

The generator of a symmetry is an operator in a Hilbert space that replaces one
incoming or outgoing multiparticle state with another, leaving the “physics,” or the S-
matrix, unchanged. For example, permuting identical incoming particles should be the
generator of a symmetry. Such an operator can be written as an annihilation operator
which removes the original state and a creation operator which replaces it with the
new one which may have different properties and 3-momentum. The most general such
product is the convolution

G=d'+Ka= Z/d3p & a! (p) Kis (p, a)a;(a)- (B.1)
ij

This operator is completely defined by the integral kernel, K;;(p,q). The operator,
G, will be called a generator of a symmetry if it leaves the physics unchanged. This
statement is expressed mathematically by saying that the symmetry operator commutes
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with the S-matrix ([S,G] = 0). The result of a scattering experiment (the S-matrix) is
unchanged when we first permute the initial state with the symmetry operator so that
the two different initial states give the same observational results and are, therefore,
physically indistinguishable.

The operator, G, can be decomposed into an even part, B, which changes fermions
into fermions and bosons into bosons, and an odd part, F', which changes fermions into
bosons and vice versa. B will change the total spin of a state by integer amounts while
F will change it by half-integer amounts. G = B + F, where

B‘—‘-b?*Kbb*b**-ff*Kff*f

(B.2)
F=fT*be*b+b?*be*f,

and b and f are the annihilation operators for bosons and fermions, respectively. The
canonical quantization relations for the particle operators are

[a,a'} =1; [g,a}= [a},a'} =0, (B.3)

where I = §;;03(p—q) is the unit element of the convolution product, *, and the graded
commutator, [-- -}, is the anticommutator if both particle operators are fermionic, and
is the commutator in all other cases.

B.1.1. Graded Lie algebras
Graded Lie algebras are defined by the following algebraic relations:
[Bi, BJ] = ic‘-jkBk
[Fay Bl] = saiﬁFﬁ (B4)
{Fon Fﬂ} = 7aﬁiBi7

where the structure constants have the symmetries

k k
k k
Sij. = —ij (B.5)
70/3 - ’Yﬁat
and the graded Jacobi identities
[[G',G?} ,G°} + graded cyclic = 0. (B.6)

Graded cyclic means that there is an extra minus sign if two fermionic operators are
exchanged. For example,

FaF3B; + graded cyclic = F,F3B; + B;FoF5 — F3B;F,.
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The requirement that the graded Jacobi identities be satisfied is equivalent to demand-

ing that the structure constants form the adjoint representation of the algebra. The
representation 1s

C; 0 _ 0 X,
r(B;) = ( 0 S, ) and r(F,) = ( L. 0 > (B.7)
with matrix elements

(Ci)§ =ick; (S:)5 = sh

a = Sa4

(Ta)s =hai  (Baf; = sla
The bosonic (even) generators

In 1967, Coleman and Mandula wrote a paper [78] which gave a proof that, under

certain assumptions, the only possible symmetries of the scattering matrix, or S-matrix,
are as follows:

e Poincaré invariance: The semi-direct product of rotations and Lorentz transfor-
mations, with generators P, and M,,.

¢ Internal global symmetries: Symmetries related to conservation of quantum num-
bers such as electric charge, color, and isospin. The symmetry generators are
Lorentz scalars and generate a Lie algebra,

(Bi, Bj) = iC¥; By,
where the ij are the structure constants.

e Discrete symmetries: The charge conjugation (C), parity reversal (P), and time
reversal (T) symmetries.

It was, therefore, shown that any group of bosonic symmetries of the S-matrix in
relativistic field theory is the direct product of the Poincaré group with an internal

symmetry group, and the internal group must be the product of a compact semisimple
group with U(1) factors.

The bosonic generators are then the four momenta, F,, and the six Lorentz gener-

ators, My, plus a certain number of internal hermitian symmetry generators, B,. The
algebra is that of the Poincaré group

[P/n Pu] =0
[PLH Mp,U] =1 (npro - T]ucrpp) (Bg)
My, Mysl = i (pMpuo = Moo Myup = NupMuo + M Mop)

together with the internal symmetry group

[B,, B,] = ict,B;. (B.10)
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The direct product structure means that the B, must be translationally invariant
Lorentz scalars with the vanishing commutators

(B, P,] = [B;, M,,) = 0. (B.11)

The Casimir operators of the Poincaré symmetry group are the mass-square oper-
ator, P? = P,P# and the generalized spin operator, W? = W,W*, where W* is the

Pauh-Luba.nskl vector

Wh = %CWWP,,MW. (B.12)

In the rest frame of a massive particle, we have
P,=(m,0,0,0) W?=-m’L?

with L = (Ma3, M3;, M15). These Casimir operators commute with the entire Poincaré
group and also with the internal symmetry generators

[B-, P?]=0; [B,,W?* =0.

The first of these commutators says that all members of an irreducible multiplet of the
internal symmetry group must have the same mass, and the second says that they must
also have the same spin.

For massless states with discrete helicities, we have W, = AP, with A half integral
and P2 = W2 = 0. No B, can change the helicity. The Coleman-Mandula no-go
theorem states that all generators of supersymmetries (spin-changing symmetries) must
be fermionic in that they must change the spin by half-integral amounts and change
the statistics of the state.

The fermionic (odd, supersymmetry) generators

The odd elements of the graded algebra are the fermionic generators. The Jacobi
identities link the properties of the fermionic sector with those of the bosonic sector.
The positive metric assumption of the Hilbert space says that the anticommutator of
an operator with its adjoint is non-negative and it is zero only if the operator itself is
zero. If there is no element of the bosonic subset of the generators which possesses all
of the properties required of {Q, @'}, we can conclude that Q = 0.

The supersymmetry generators, which we will now call @) rather than F', must carry
a representation of the bosonic symmetry group. If @ sits in the (j, ;') representation
of the Lorentz group, then {Q, @'} will contain the representation (5 +j',7 +j'). Since
P, is the only object in the bosonic sector which is in such a representation, namely in
(¥ 3), we know that all Q’s must be in one of the two 2-dimensional representations,
(3,0) and (0, 3), of the algebra of the Lorentz group. Thus, we have

[Qah My, ] (Ul.w) Qp:

. (B.13)
[—Q—‘dw M#V] = _l-Q—:ﬁ (qu) ) N
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where the o-matrices are defined in Section A.1.1.

The index, 1, in Q4 labels all of the different 2-spinors, Qq, that are present and runs
from 1 to some integer N. We assume that. if Q) is the generator of a symmetry, then
sois Q. Since (Qq;)' must be in the complex conjugate representation (and, therefore,
must be one of the Q’s), we number them in such a way that Q, = (Qu:)" always. The

anticommutator {Q, @} transforms as (1,1) and must, therefore, be proportional to
the energy-momentum operator

{Qat, @)} =28 (o), P (B.14)

The sign on the right-hand side of this equation is determined by the requirement that
the energy, E = B, should be a positive definite operator. For each value of 7, we get

2
>~ {Qu (Qu)'} = 2Tx (*P) = 4Py (no sum over i), (B.15)

a=1

and since the commutator is always positive,! the energy is also. We also have that the
supersymmetry generators commute with the momenta

(Quis Pi) = [@u P] =0. (B.16)
The @’s generally carry some representation of the internal symmetry

[Qai: Br] = (br)',7 Qaj- (B17)

Since the internal symmetry group is compact, the representation matrices can be
chosen to be hermitian, b, = bl. For Q, we have

@B =-Q by (B.18)

The largest possible internal symmetry group that can act non-trivially on Q is U(N).
The indices, @ and @, belong to the Poincaré group while ¢ is an internal symmetry
index. The anticommutator, {Q, Q}, is required from Lorentz invariance to be a linear
combination of bosonic operators in the representations (0,0) and (1, 0) of the Lorentz
group. The only (1,0) present in the bosonic sector of the algebra is the self-dual part
of My, but such a term would not commute with P, as required. Hence, the most
general form of the anticommutator? is

{Qaia Qﬂj} = QEQﬂZ‘ij) (Blg)

where the Z;; are some linear combination of the internal symmetry generators, Z;; =
al;B,. The Z;; commute with anything; therefore, they are elements of the center of

1This is due to the positive metric assumption of the Hilbert space.
2The two-dimensional Levi-Civita tensors are defined by €;; = €!? = —€; = €2 =1.
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the group and are called central charges for this reason. The adjoint gives

{@g @, } = ~2¢,, 2" (B.20)
with 29 = (Z;)!. We also have Z;; = —Z;; which means af; = —aj;. For each non-

vanishing central charge, there must be a different antisymmetric N x N matrix, a,
which is a numerical invariant of the internal symmetry group:

()5ay + (5%l = 0. (B:21)

Central charges in the algebra, therefore, impose a symplectic structure on the semi-
simple part of the internal symmetry group. The largest internal symmetry group
which can sustain a central charge is USp(N), the compact version of the symplectic
group Sp(N).

If there is only one 2-spinor supercharge Q,, i.e., if N = 1, we say that a theory
exhibits simple, or unextended, supersymmetry. If N > 1, we speak of extended
supersymmetry. For simple supersymmetry, the only internal symmetry acting non-
trivially is a single U(1) generated by a charge which has become known as R:

QR =Q; [@R]=-Q (B.22)

Since, under parity, @ = @ and Q — Q, we must have R — —R, which means that
the U(1) symmetry group is chiral.

B.2. Supersymmetry representations

Recall that a representation of a group is a set of matrices which satisfy the algebra
of the group. An n-dimensional representation will be a set of n x n matrices which
act on an n-dimensional vector space of state vectors.

Supersymmetric theories deal with sets of fields which carry representations of one
of the graded Lie algebras. Each state vector in the representation space contains equal
numbers of fermionic and bosonic components. The even elements of the supersym-
metry generators (P,, M,,, and B,) map these subspaces into themselves while the
odd elements (Q’s) map the fermionic components to bosonic ones and vice versa. The
supersymmetry relation {Q, Z?} = 20* P, means that, if we map the fermionic subspace
to the bosonic one and then back again, the net effect is the same as operating with P,
on the original subspace.

On a physical multiparticle state, the 4-momentum operator can be represented by

r(P,) = (E, p) while, on quantum fields, ¢(z), P, is the generator of translations and
is represented as r(P,) = i0,,.

B.2.1. Massless one-particle states

A massless one-particle state can always be rotated into a standard frame where its
movement is in the z-direction so that P, = (E,0,0, E). The spacetime properties of
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the state are then determined by its energy, E, and its helicity, A. The helicity is the
projection of its spin onto the direction of motion, so it is the eigenvalue of E~!L - P.
Using the definitions of the Pauli-Lubanski vector and the angular momentum operator,
we find that Wy = L - P so that, for a massless helicity eigenstate, |E,\), we have
W, = AE. Lorentz covariance then allows us to write

W, |E,\) = AP, |E, \). (B.23)

Let one of the supersymmetry operators, @, operate on our state, |E, ). The energy
and the momentum of the state remain unchanged since [@, P,] = 0. Since application
of Wy returns the helicity of the state, we can find the helicity of Q, |E. A) and, hence,
the effect of @ on helicity by checking with W,. We find

WoQa |E, N) = QuWo |E, A) + Wy, Qal |E, A)

= AEQ. |E,N) +[L-P, Q] |E, V), (B24
and, since L = (M23, M31,M12),
L-P,Q.) = [MysP, + M3 P, + M12P;3, Qal
= ([Ma3, Qo) P + [Ms1, Qa) P2 + [M12, Qa] P;)
= <—% (023)5 Qs Py — % (on)2 QP2 — = (012) Qﬁps) (B.25)

= _% ((01)2 P+ (02)2 P+ (03)2 Pa) s

= _% (o P)ﬁ Qs

where we used [M,,, Qo] = —3 (a,,,,)ﬁ Qs and the fact that 0y, = 03 and cyclic. Note
also that og; = —i0;. Using P = (0,0, E), we now have

B
WoQo |E,\) = E <,\11 - %&) Qs51E, N, (B.26)

where I is the unit matrix. Now substituting the explicit form for the Pauli matrix,

03 = ( (1) _01 ), we have for each supersymmetry generator labeled by 1

wo G Yie=£ (257 0, ) (2 ) e

~5(D7H% ) e, -
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Finally,

WOQli IE, )\) =F (A - ‘;‘) Qli |E7 /\>
(B.28)

WoQqu |E,\) = E (A + %) Qx|E, )

Since Wo|E, ) = EX|E, \), we see that Qq; |E, ) is a state with helicity A — 1 and
Q2 |E, \) is a state with helicity A + 1. The Q’s raise and lower the helicity by 3
(changing bosons into fermions and vice versa). Similarly, the @’s also raise and lower
helicity but in the opposite sense since [M,,,Q,] = ; (o#u)z Qp, which differs in sign
with that of the @’s. -Qi raises the helicity by % and Q—é lowers it.

Using the fact that o* = (I, o), we find that, in the absence of central charges, the
supersymmetry algebra (B.14, B.19, and B.20) reduces to®

{Q,Q}={Q,Q}=0
{Q%@JQ} =0 (B.29)
{Qm@{} = 44]E.
If we rescale ¢; = (4F)~'/2Q;, we have

Our positivity requirement gives (Jy; = 0. The algebra of the ¢’s is the Clifford algebra
of N fermionic degrees of freedom, and any irreducible representation of this algebra is
characterized by a Clifford ground state, |E, \), with ¢|E, A\g) = 0. The other states
are generated by successive application of the N operators, g'.

T|E, \) = |E, A +1/2,4),

77 |E, o) = |B, A +1,ij), ete. (B.31)
We continue in this fashion until we have reached the top state for which any further
application of § gives zero. In addition to whatever other labels the ground state may
have, the other states will also contain the internal symmetry labels of the §’s which
generated them. These states must be totally antisymmetric in the internal labels, i.e.,
|E, \,ij) = — |E, A, ji). The helicity has been raised by each application of a 7', so we
have the following spectrum

helicity: Ao Ao+ 1/2 M+1 o A+ N/2
. N\ _ N\ _ N N\ (B.32)
no. of states: (0>—1 (1>—N (2> <N>—1

3 Actually, {in,ﬁg} = —46 (6%),, P = —481E. This implies that Qz; = 0 from positivity.
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We can see that the number of states, 2, and the fact that the number of fermions is
equal to the number of bosons follows from

(1+1)N=ﬁ:< y ) — 9N (B.33)
and
(1—1)”:2(%)-§§(2kﬁ1)=0. (B.34)

Two important examples of these spectra are the N = 4 Yang-Mills multiplet with
Ao = —1 and the N = 8 supergravity multiplet with A\j = —2. These multiplets are

N =4 helicity: -1 -
states: 1 4
N =8 helicity: -2 -

[ 10
o -

0 1
6 1
-1 -3 0 5 1
states: 1 & 28 56 70 56 28

(B.35)

(3]0

3
2
8 1.

Since spin-2 does not allow a renormalizable coupling and spin-2 does not allow con-
sistent coupling to gravity, we must have

N < 4 for renormalizable theories
N < 8 for consistent theories of supergravity.

Normally, any spectrum of states that is derived from a Lorentz covariant field
theory will exhibit PCT-symmetry which implies that, for every state with helicity A,
there should be a parity reflected state with helicity —A. Our spectra do not, in general,
have this property. For example, N = 1, A\; = 0 only has helicities 0 and 1. In order to

get a Lorentz covariant field theory for N = 1, we need to include the PCT-conjugate
multiplet* with Ay = —1 to give

N =1 helicity: —%

0
states: 1 2

(B.36)

Pt B |1

which is the spectrum of the massless Wess-Zumino model which contains a scalar, a
pseudoscalar, and a Majorana spin—% field in interaction.

B.2.2. Massive one-particle states

First, we discuss the case where there are no central charges. The spacetime prop-
erties of a massive one-particle state are given by the mass, m, the total spin, s, and
the spin projection onto the z-axis. s,. We assume that the particles are in the rest
frame, where P, = (m,0,0,0). Q is a tensor operator of spin-% as can be seen from

41t is a property of the N = 4 Yang-Mills and the N = 8 supergravity that their multiplets are
already PCT-self conjugate.
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@,L] = %O’Q. Therefore, the action of Q on a state with spin s will be a linear
combination of states with spins s + 1 and s — 3:

ms + — s3> Z cszs

and similarly for Q with different coefficients.
The algebra in the rest frame without central charges is then

Q|mss;) = Z cm

ms — —s3> (B.37)

(@@} =2mels, 1Q,Q}={Q.Q} =0. (B.38)

Notice that @Q9; # 0 in the massive case, giving 2N generators rather than just N asin
the massless case.

{Qu@)} =281 (0, P = 2681 (), Po = 2mls,

is positive definite unlike {Qm-, @]-ﬁ} = 25f (aa)a 5 P; in the massless case.
With go; = (2m)"Y/2Q4; (B.38) becomes

(0o} =600, {n0)=(23) =0, (B.39)
which is the Clifford algebra for 2V fermionic degrees of freedom. A representation is
characterized by a spin multiplet of ground states, |msps3) , s3 = —So, ..., +80, Which are

annihilated by g4;. The other states are again generated by successive application of the
@’s. The states are totally antisymmetric under interchange of index pairs (a i) « (5 j).
The maximal spin (smax = S0 + N/2) is carried by states like

GT; 7] Imso).

The minimal spin is zero if N/2 > s; and is sp — N/2 otherwise. The dimension of a
representation with so = 0 is 22 because there are 2N independent raising operators.

Since renormalizability requires massive matter to have spin < %, we deduce from
the expression for smax that we must have N = 1 for the renormalizable coupling of
massive matter. The only important massive multiplet in the absence of central charges
(apart from supergravity where renormalization is not an issue) is the massive Wess-
Zumino model with N =1 and sq = 0 which has a scalar, a pseudoscalar, and the two
spin states of a massive Majorana spinor:

N=1 sF ot

} o
states: 1 2 1

(B.10)

Now, we want to discuss one-particle representations with central charges included.
Since the central charges, Z;;, commute with everything, we can choose a basis in which
they are diagonal and represented by complex numbers, z;;. These numbers form an
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N x N matrix which can be brought into standard form by using a unitary matrix,
Zij = UfU 2. The standard form for even N is

3= ( ° 13 ) , (B.41)

where D is a real, diagonal matrix with non-negative eigenvalues. We label the rth

eigenvalue by z(r) where r = 1,...,N/2. If N is odd, there is an extra row and an extra
column of zeros, i.e.,

0 DO
z=| -D 0 0 |. (B.42)
0 0 0

We now use the unitary matrix, U, to redefine our Q’s so that Uij Qaj = Qoi and
@(U‘l); — @Q,. We introduce double indices, i = (a,7), where a = 1,2 and r =
1,..., N/2 which arise from the form of equation (B.41). For odd N, the last charge,
Qan, i1s not touched by this change.

The algebra of the @Q’s is now

—=bs s
{Quar, Qs } = 2082 (0) 5 P
{Qaara Qﬁbs} = 26aﬂ€ab6rsz(r) (B43)
(@0.3) = 2,050,

For odd N, we also have
{Qaw, Qsi} =0 {Qan, T} =20 (0*),5 P (B.44)

In the massless case, Q2 = 0, implying that z,) = 0 and the central charges are trivial
in the massless particle representations. For the massive case, we introduce the linear
combinations

1 —a2r . _
4% =3 (Quir Q™) (B.45)
and their hermitian adjoints. As a reminder, recall

e o and & label the component of the Q or Q (i.e., the component which is a spin
raising or spin lowering operator)

o (Q1or lowers spin and )y, raises spin
-—=lar . . —9ar .
e () raises spin and )° lowers spin

e (17) and (2r) label the rth diagonal element of the 1st and 2nd N/2x N/2 matrices
in the off-diagonals of Q; or Q,. (See equation (B.41).)
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In terms of the A=, the rest frame algebra is now
{4%,4%) = {a*, a7} = {a*,(47)"} =0
{45, (45)"} = usbis (m £ 2))
The positivity of the last equation gives z,) < m. Let us assume that, for ng of the

eigenvalues z(,y of the central charges, we have m = z,). Then, the corresponding A~
are represented trivially, and after rescaling the remaining generators,

(B.46)

g =(m=* Z(r))—l/2 Az

(B.47)
gany = m Y2Q,x (if N is odd.)

These equations form the Clifford algebra of 2(IN — ng) fermionic degrees of freedom.
The spectrum is the same as without central charges, except that N is effectively
reduced by ng, which is the number of central charges that satisfy m = z. The simplest
representation with central charge is the NV = 2 hypermultiplet, which has one central

charge with z = m, and the spectrum is a doubled version of the massive Wess-Zumino
model.

B.2.3. Representations on fields

We now construct the field representation of the simplest supersymmetry algebra
called the NV = 1 chiral multiplet. Elements of the Hilbert space of a quantum field the-

ory can be generated by the action of field-valued operators, ¢(z), on a translationally
invariant vacuum

l2) = ¢'(2)10), |z,2) = ¢'(2)¢(c") [0}, ete. (B.48)
Translations of a state are generated by the energy-momentum operator
lz+y) =e¥Piz), |z+y,2' +y) =¥ |2,2), ete., (B.49)
where y - P = y#P,. A displacement of the field itself is, therefore®,
§@+3) = P ()6, (850

We can write this displacement in differential form as [P,, ¢} = i9,¢'. Now, since we
know the action of P, on fields, the structure of the supersymmetry algebra of the @’s
is very similar to that of a Clifford algebra

{Q,Q}={Q,Q} =0 and {Q,Q} = something known,

and we can construct a representation explicitly using the following steps:

3This is from (z + y|z + y) = (0]e~ W Po(z)ev Pe~ v Pt (z)ev P |0), which is (0] ¢(z + )¢t (z +
y) |0).
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Steps to construct the chiral multiplet

Step 1: Choose some complex scalar field, A(z), as the ground state of our represen-
tation.

Step 2: Impose the constraint _
[A, Qa] = 0
This constraint defines what is known as the chiral multiplet. The graded Jacobi
identity, the algebra, and [P,, ¢!] = i0,¢! give

{4019} +{[4.0],Q} = [4{@.Q}] =20%3,4,  (BSY

which implies that A must be complex since, otherwise, [A, Q] = [A,Q] =0 and
that would mean that A is constant, 9,A = 0.

Step 3: Define fields 15(z), Fop(z), and X, 5 by
(4, Qel = 200, (e, @5} =iFap, {0 @y} =X,

Step 4: Enforce the algebra on A. We have [A, _Qﬂ] = 0 substituted into equation
(B.51), leaving

[A1 Qa] ‘Q—ﬁ - aﬁ [A, Qa] =2 (Uu)aﬁ? a;tA
209aQ — @2tk = 2i {90, Q; } = 2i (0),; 8,4 (B.52)
21Xc5 =21 (U“)aﬂ B“A

Since {Q, @} = 0, we have

[A,{Q, Q}] = 20 {0, Qs} + 2i {15, Qa} = 2 (Fap + Fa) =0,

which means that

Fag = €a5F (B53)
with F(x) a complex scalar field.
Step 5: Define fields A\, and %, by
[F7 Qa] = /\a: [Fa ad] = _X—d' (B54)
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Step 6: Enforce the algebra on 1 starting with the graded Jacobi identities

(6 Q1 Ty + [{# @5} Q5] = [ { @2 }]
[-iFaﬂ,aﬁ] + [XQB,Qﬁ] = 2i(0") 55 Ou¥a
—ieagTy + [(0) 5 0 Qs] = 2 (0%) 15 Ot (B.55)
—ieapX + ()5 0u[A, Qp] = 2i (0%) 5 Outba
—ieapX; + 2 (0%) 1 Outs = 2i (0) 55 Byt
and

[{1/)0’ Qﬂ} g Q’Y] + [{"aba, Q7} ) Qﬁ] = ["pm {Qﬂ’ Q‘Y}] =0
~1€ag [F, Qy] — icay [F, Qo] = 0 (B.56)
5aﬁ)\7 + €Q~,Aﬁ = 0.

The only solution to these two equations is found by
‘ifaﬁfaﬁZg = —2ie* (0¥)  ; Bup + 2ie™ (o*) 33 Outa
—i2%; = =2 (&7 (%), Butbs — € (0*) 55 0ua )
X; = i (0") o5 Outs + € (0%) o5 Oua (B.57)
= 26"‘56“1115 (0“)03 = 26,‘1/)5 (cr“)ﬂﬁ '
Xa = 2au¢ﬂ (o )5&
and

0= €Peup)y + €%Pegq g = 20, + €0 A”

=20 A=A, (B.58)
Step 7: Check the remaining conditions
p@YI-E@M=FEEN =0

[F,{Q,Q}] = 2i0*8,F.

We have, therefore, constructed a representation of the N = 1 supersymmetry

algebra on a multiplet, ¢, of fields, ¢ = (A;v; F). The representation is in terms of the
commutators and anticommutators

[Aa Qa] = 27;’(/)0, [A)—Q_d] =0
{@bm Qﬂ} = —’I;EQBF, {wavab} = (U#)QB al-lA (B6O)
[F,Qal =0, [F,Qs] =20,9" (0")pa-
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Now, one introduces anticommuting spinor parameters (Grassmann numbers), £ and
g sp P

&= (€%)", which anticommute with everything fermionic and commute with every-
thing bosonic.

With these spinor parameters, we can define infinitesimal variations of ¢ by

§¢ = —i [¢,6Q + Q€] . (B.61)

For our multiplet, the transformation laws are

6A = 26
69 = —€F — i0, Ac*E (B.62)
§F = —2i8,9o"€.

The entire algebra can be written as

[61, (52] d) = 2 (510'”52 had 520#51) 8,,(15 (B63)

The degrees of freedom of multiplet ¢, which is an unconstrained single real field, are

~four bosonic ones, Re A, Im A, Re F, and Im F, as well as four fermionic ones, Re
Y1, Im 1¢,, Re ¢, and Im 1,. The multiplet has 4 + 4 degrees of freedom and is
the smallest possible number in four spacetime dimensions since any multiplet must
contain a spinor, and spinors have at least two complex (Weyl) or four real (Majorana)
components. The multiplet is, therefore, irreducible.

The algebra prevents d¢ = 0 since we would have ¢ =constant. The only trivial
representation of supersymmetry is constant fields. If we had decided to use [A4,Q] =
0 instead of [A,_Q—J = 0 in step 2, we would have gotten an anti-chiral multiplet,
¢. Such a multiplet can be constructed from ¢ by hermitian conjugation because we

have [A',Q] = 0. The components of this multiplet are ¢ = (A';4; F'), and the
transformation laws are

SA! = 28y
69 = —F1¢ + i€o*9, Al (B.64)
SF! = 2i€a*0,%.

Further chiral multiplets can be derived by giving each field, ¢ or @, an additional
Lorentz index. These multiplets are not irreducible. The seven steps can also be used
in much more complicated situations such as supergravity.

Supergravity arises when we consider supersymmetry as a local symmetry and al-
low the group parameters, £ and a,, in the super Poincare transformations to be func-
tions of spacetime. Since the supersymmetry transformations contain the generator of
translations, P¥, we must consider translations that depend on the point of spacetime
which means that we are considering a theory of general coordinate transformations

of spacetime and, therefore, a theory of gravity. Hence, we refer to a theory of local
supersymmetry as supergravity.
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Manipulation of -spinors

Raising and lewering of spinor indices is accomplished by

Y = ePys P o= Py (B.65)
and _
'(’Z}a = '(/)ﬁfaj; Ed = Gdgas. (B66)
We also have _
W) =43 (%) =%s (B.67)
The mixed tensors are antisymmetric:
& = —ef =8P, ei = —e‘z = 65 (B.68)
and (eq5)" = —¢,;. The contraction of unwritten spinor indices is defined as
§h =0 =6t YE=ET =V & (B.69)

Complex conjugation also reverses the order of the spinors, i.e.,

(E8)" = (€%a)" = ()" (€%)" = BeE* = VL. (B.70)

We now drop the chiral notation with the dotted and undotted indices, and adopt
the usual four-component spinor notation defined as follows.

Manipulation of 4-spinors

Dirac matrices can be constructed from the 2 x 2 matrices, ¢* and @*, as follows

0 o* o 0
T mo_
’y—(a_,i O)’ and o _(O 5,“,), (B.71)
which satisfy .
{+*,v"} =27*, and %[’y“,*y”] = g, (B.72)
Four-spinors are composed from chiral and anti-chiral two-spinors as
Xa — . —
¢=<:\-a) Pp=_(X Xa&), (B.73)
\ and the charge conjugate spinors are
c Ac - oyt a Y
P = 7 v =)A= (x* X ). (B.74)
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These spinors are related through 4 x 4 matrices

_ 0 I . _ —€u8 0 . -1 605 0 _
(31 (7 L) (3 8) e

as
v=yl4; v =CP (B.76)
and
Ay, A7t = 'yL; C~ly,C = —"y;":. (B.77)
The matrix, «s, is defined by
) i 0
s =vonrers  (15)°=-1 1= ( 0 i ) , (B.78)

and the projection operators, (I +1ivs), project out the chiral components, x, and

Xa, of 1. The 16 linearly independent matrices, A, Avy,, Ao,,,1Av,7s, and Ays, are
hermitian. The 6 matrices, C,~,75C, and vsC are antisymmetric. The 10 matrices,
v.C, and 0,,C, are symmetric.

For any N-extended superalgebra, we can define Majorana spinors from our chiral

Qai
Qai —_— —
Qi=| =ai |3 Q={Q Qa |- (B.79)
2 (@ @)
In this four-spinor notation, the supersymmetry algebra of the Q’s becomes

{Qi,-Q—j} =2 ((5,']")/”P# -+ zImZ,J + i75ReZ,-J-)

B.80
[QP]=0;, [@Mu.]= %GWQ; [Q, R} = 17sQ. (B80)

We also have a Majorana spinor, £*, defined from £
£ Qui+ Quls =EQ5 66 = =i [6,EQ] -

[61,62) & = 24€,7#620,6 + 24€, [$,ImZ;; + vsReZy;] &.

A real (Majorana) form of the N = 1 chiral multiplet is found by calling the real and
imaginary parts of the complex fields, A and F, in the chiral multiplet by the names
A, B and F,G and then constructing a Majorana spinor, ¢, from the chiral spinor, ,,
and its conjugate, 1,. The variation transformation laws for the resulting multiplet,
¢ = (A, B;y; F,G), is found from equation (B.62) to be

SA=&p; 6B =Eysy
op = —(F +7G)E —i §(A+1sB)¢E (B.82)
6F = —i€ ;G = iys P

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The presence of the 5 gives clear parity assignments: 4 and F are scalars, and B and
G are pseudoscalars.

B.2.4. The general multiplet

If we had constructed the chiral multiplet without the chirality constraint, [A, @_a] =
0, then we could still use the idea behind the seven steps (which would now be more
than seven) which is that the anticommutator, {Q,Q}, is known. We can derive a
multiplet from a general ground state field, C(z). The result is a larger multiplet

V =(Cix; M,N; Ay; ;D) (B.83)
with transformations given in four-component notation by

§C = Evsx
Ox = (M + v N)E — iy (Au + 750,C)¢
M =€\ —i x)
ON = &5 (A =i Px) (B.84)
04, = ifw\ + zanX
O\ = —io" €0, A, — 156D
6D = —i€ Pvys).
The scalar, M; the pseudoscalars, C, NV, and D; and the vector, A, are a priori complex.
The spinors, x and A, are Dirac spinors. In contrast to the chiral multiplet, we could

impose a reality condition, ¥ = V1, which is defined to mean that all components are

real or Majorana (called the real general multiplet, general because there are no chiral
constraints).

Irreducible submultiplets

The general multiplet has 8 + 8 components and is not irreducible. We can see that
the fields, A, D, and F,,, = 0,A, — 0,A,, transform among themselves and form an
irreducible submultiplet called the curl multiplet, dV.

dV = (A F; D) (B.85)
with
6X = —20"€F,, — 75D

0Fy, = —i€ (7,8, — %,0,) A (B.86)
6D = —iZ Py A

which represents the supersymmetry algebra as long as 9. F),,; = 0 holds, which means
F,, is a curl.
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Another submultiplet of the general multiplet is the chiral multiplet
OV =(M,N; X -1 3x;0*A,. D+ 0C) (B.87)

Since dV and dV form submultiplets, we can constrain V' not to contain one or
the other. For dV = 0, the surviving components of V' can be arranged into a chiral
multiplet, ¢ = (A4, C; x; —M, —N), where the scalar A is defined by the solution, A, =

O, A, of F,,, = 0. For 0V =0, the surviving components form an irreducible multiplet
called the linear multiplet

L=(C;x;Au), (B.88)
where A, is divergence free, 0¥ A, = 0. The variations given by equation (B.84) with
0V =0 are

6C = E’st

ox = —i7* (A, +750,C) €

0A, = i\ + E9ux = i€7,(3 PX) + EDux (B.89)
= =7 X + ENw®x = =€ (V% — M) 8"
= iZUpu3"X>
where we have used
i 1

Ouv = 3 [’Ym’)’u] and 7, = 9 {'Yw')'v} . (B.QO)

Products of multiplets

One can build a chiral multiplet, ¢3, from the product of two others, ¢; and ¢, with
[A1,Q] =0 and [A;,Q] = 0. We also have [4;4,, Q] = 0 for all complex A’s. In real
components, the spinor in §(A4, B, + BjA;) is then 75 times that in §(4;4; — B; By).
We now find the components of the product of two chiral multiplets, ¢3 = ¢, ¢,. First,
to find Aj, we use the fact that, with A; = A; + ¢B;, we have

A3 = A1As = (A +iBy)(A2 +iB;) = (A1 Ay — B1Bs) +1(A1 By + B1A;), (B.91)
80, since A3 = A3 + iBj, we have

Ay =AA;, - BB,

B.92
B3 = A1B2 + BlAg. ( )
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We can now find v3 using A; and the variations given in equation (B.82)
545 = &
6(A1 Ay — B1By) = §(A,A;) — 8(B1B2)
= (5(A1)A2 + A15(A2) - (5(31).82 - Blé(Bg)
= Gy Ag + Aréts — Evst1 By — Bibvsio

= &3 = & (Y142 + A2 — 1s¥1 B2 — Bisis)
Y3 = (A1 — v5B1) Y2 + (A2 — s B2) Y.

(B.93)

Next we use variations, 613 and 0%, along with our previous results. After some
algebra, we get F3 and G3, and the components of the inner product are summarized
as

A3 = A1Ay — B1B,

B; = B1A; + A1 B,

P3 = (A1 — ¥sB1) Y2 + (A2 — 75 B2) th (B.94)
Fy= FlAy + AiF, + BiGy + G1Ba + Y19,

G3 = G1Az + A1Gy — BiFy — F1By — ¥, 75¢e.

The product of three multiplets is associative. Therefore, the product of any number
of them is well defined.

Ezample:

As an example, we prove the formulae for the inner product components, F3 and
Gs, in equation (B.94). We use the identities

&Y =P, Evurs¥ = Py sEs,

_ T SREEEE _ _ (B.95)
Evsh = VoysES, € = —9°yE5, and  €o ¥ = —9fo,,E°

along with the Majorana condition, ¢ = 9¥°. We have

0thy = —(F3 + 15G3)€ — @ @(As + 15 B3)¢€
~(F3 41 @A3)€ — 15(Gs — 1 §B3)E.
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Now we use

o3 = 6 [(AL — s B1)vr + (1 & 2)]
= (6(A1) — 156(B1)) 1 + (A1 — ~5B1) 8(ua) + (1 > 2)

= (&1 ~ 1% Y2
— (A1 — 75B1) [(F2 + 715G2)§ + 1 @A +75B2)€] + (1 ¢ 2)

= —Eﬂbzf + 75-@1’)’5@%5
— {(/h — 45 B1) [(F2 + 15G2)€ + i (A2 +15B2)€] + (1 2)}

= -—{Ale + F1As + B1Gy + G1By +1 a(AlAg — Ble)}f

- 75{A1G2 + AsGy — BiF, — BoFy — i 3(A, B, + 31A2)}§
— 1Y€ + Vs sk

Equating the terms
63 = —(F3 +1 PA3)€ — 75(Gs — 1 @B3)¢
= —{Ang + F1A2 + B1G2 + Gle + 1 aA;;}f

- ’Ys{fhaz + AyGy — BiF, — BoFy —1 @Bs}f
— 1€ + YUy V5 Y2l
gives

Fy+1i A3 = A\Fy + FiA; + BiGa + G1Ba +1 §As + 11,
F3 = A1Fy + FiAy + BiGy + Gy By + 919,

Gs —i #Bs = A1Gy + A3G1 — BiFy — ByFy — i #B3 — 115t
Ga = Ai1Gy + A3G1 — BiF; — ByFy — 417592

which proves our result.
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Two other products of chiral multiplets can be defined. The first is denoted by
V" = ¢1 X ¢ and is a general, real multiplet with components

C = A1A2 + BlBQ
X = (B1 = A1) ¥2 + (Bz — 7542) 1
M= _G1A2 - Fle - A1G2 - B1F2

N = F1A2 - G1B2 +A1F2 - BlG2 (B96)

“ o _
A# = Bl 3#A2 + Bz 8,,A1 + itpl’}’u’)’s'(/&
A=—(G1+vF —1i @B —i7s @A1)¢2+(1 “ 2)

D = —2FF, - 2G,G, — 90,410 Ay — 20,B10" B, — i, .

This product is symmetric under the interchange of ¢; and ¢- as is ¢; - ¢2 above. The
last type of product is antisymmetric under this interchange, denoted ¢, A ¢, and is a

real multiplet with components
C = AA; - BB
X = (A1 +75B1) Y2 + (A2 + vsB2) ¥
M = F1A2 - GlBg - A1F2 -+ Ble
N = Fle -+ G1A2 - Ble - A1G2
~ And —
A, = A10,A+ B10,By — i), 7,10
A= —(F1 '—’)’5G1—'i @Al —1 a’ysBl)'d)z— (1(—) 2)
D = —2G\Fs + 2F,Gy + 20,B,0" Ay — 20,A,0* By + ith,75 9 .

(B.97)

Finally, we can also define a product for two general real multiplets, V3 = V; - V;, which
is again a general, real multiplet; is symmetric in V; and V2; and has components

C3 = C102
X3 = Cix2 + x1Ca

1
M; = CiM, + MiCy — 571’)’5X2

N3 = C1N; + N,C;, — %71X2
]
2
Yo = Ol 3 (Ny+95My 4 901 — i Are) xa + (15 2)
Ds = CiDy + D1Cy — MiMy — Ni Ny — 8,C,84C, — A, A
1

2

(B.98)

Af = CLAS + ACo + X7 1 xz

_ <~
X1 2 X2

+ XXz + Xy de —
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Dimensions of the fields

We define the mass dimension, A, of a chiral multiplet as that of its A-component.
This definition gives

dimA =dimB =A =dim¢
1

dime = A+ 3 (B.99)

dimF =dimG=A+1.

The parameter, &, must have dimension -—% so that iflfy“fg is a length, the dimensions
follow from equation (B.62). We also have

d1m(d> . ¢) = Al + Ag
dmT¢g=A+1

B.1
dim (¢ - Te)r = 24 + 2 (B.100)
dim (¢")p = nA +1,
where T is a generalization of ¢ @ and is defined by its action on a multiplet.
T¢ = (F,G;i @y¢; —0A, —0OB), (B.101)

and TT¢ = —0¢.

B.3. Quaternions and the scalar multiplet

We now introduce a method of constructing supersymmetry by combining complex
and Grassmann valued functions into a quaternion and identifying it with a supersym-
metric scalar (chiral) multiplet.

A supermultiplet consists of component fields that are made up of complex-valued
functions. For example, a scalar (chiral) multiplet,

d = (A, F), (B.102)

has one Weyl spinor, %, which has two complex components; one complex scalar, A;
and one complex pseudoscalar, F, for a total of 4 + 4 real components. We can think
of a product of scalar multiplets which returns a scalar multiplet as a product from
R® x R® — R® defined at a specific point, z#, in spacetime (the interaction point).

Supersymmetric theories require a multiplet product. This product takes two mul-
tiplets and returns a new multiplet

¢1- b2 = ¢3. (B.103)

The number of fermion components, n, is determined by the dimension of the under-
lying spacetime. We can make this statement clear by noticing that a supersymmetric
theory must have equal numbers of fermion and boson degrees of freedom. Since, upon
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quantization, the number of fermion degrees of freedom is given by n/2. where n is
the number of spinor components, and the gauge fields have d — 2 physical degrees of
freedom, we, therefore, have a relationship between the number of spinor components.
n, and the dimension of spacetime, d. Explicitly, we have

d—2=n/2=d=2+n/2 (B.104)

Now from the theory of Clifford algebras, we know that the number of spinor com-
ponents must be equal to the rank of the Dirac matrices which are n = 2,4,8,16
(for minimal supersymmetry). We conclude that the dimension of spacetime can be

d = 3,4,6,10. Hence, the supersymmetry rule that there are equal numbers of bosons
and fermions implies the dimension of the space.

An interacting field theory cannot have two superfields annihilate at a point leaving

vacuum. This fact implies that the product of superfields can have no zero divisors and
and leads us to a division algebra formulation.

B.3.1. Complex division algebra

We begin by writing a pair of multiplets as complex fields

1 = Aieg + e,

B.105
¢2 = Agey + Xen, ( )

where A; is a real or complex scalar field, and ¥ and x are real or compex Grassmann
fields.

Now, we simply multiply the two multiplets together to form the product multiplet.

¢1 - 92 = @3 = Azeq + Aer. (B.106)
A; = AjAy —
o = A — VX (B.107)
A= Aix + Y4,

If these components are real numbers, then our lagrangian density will be constructed
from the A term of the product. The product appearing in a mass term of a lagrangian
will be (¢, - ¢1)4, which is the A component of

A3=A2

A =249, (B.108)

Therefore, the boson field has a mass and the fermion field must be massless. A (3-
point) interaction term would be of the form (¢ - ¢ - ¢) 4, which is the A component
of

A3=A3

N 342y, (B.109)

Similarly for an n-point interaction. In these cases, the fermion is not interacting.
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Now, write fields as complex, A = A + iB and ¥ = vy + ), with the analogous
definitions for y. The product is then

Ay = A1Ay — B1 By — YoXxo + ¥1xa
By = A1By + BiAz — Yox1 — Y1Xo0
Ao = Aixo — Bixa + oAz — Y1 Bo
A = Bixo + A1x1 + %o B2 + Y1 4.

(B.110)

We can write this result in the form

A3 = A1Ay — B1 By — X0 + Y1xa
B3 = A1 By + B1A; — Yox1 — Y1Xo (B.111)
Ao = (A10ab + Bi€ap)xp + (A20ap + Ba€as) Y.

The lagrangian would have mass given by the A term of the product of two identical
mulitplets

A3 = A’ - B
By = 24B (B.112)
)‘a = Q(Aéab + Béab)?,bb.

The A term contains no fermion. Hence, the fermion remains massless. The fields A
and B have masses (one is a negative mass tachyon). For a 3-point interaction,

As = A® — 3B?A + 2Bvin
B3 =3A%B — B® — 24y
Xo = 3(A4% — B?)t)y — 6ABY,
A1 = 3(A? — B9, + 6AByq.

(B.113)

If we let ¥ = ¥y and B is a pseudoscalar, then our A3 term would represent a
cubic scalar interaction, A3; a scalar-pseudoscalar interaction, B2A; and an interaction
between the pseudoscalar and the massless fermion. Instead, we would like to take
o and 7, to be pure Grassmann without any 7% involved. It seems that keeping the

fermion components as mere Grassmann numbers does not give a Lorentz invariant
interaction.

B.3.2. Quaternion division algebra

We now write a pair of scalar multiplets as quaternion fields

b1 = Areg + Freg + 1ep + e

B.114
&1 = Aseq + Fae + xa162 + X263, ( )

where A; is a complex scalar field; F; is a complex pseudoscalar field; and ; and y;,
where i € {1,2}, are compex Grassmann fields.
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Now, we simply multiply the two quaternions together to form the product multiplet

@1 P2 = ¢3 = Azeq + Fyeq + Meg + Aae;.

The result is given in Table B.3.2.

Table B.1. The product of two scalar multiplets.

[ H Azeg Fye, l X1€2 X2¢€3
Areg || A1Azeg | AiFoer | Aixies | Aixaes
Fie, | FiAze; | —FiFyeo | Fixies | —Fixee:
Yieg || Yi1dzer | =1 Foes | —1xi€0 | YiX2e:
aes || YaAses | YoFoey | —thaxier | —vaXxaeo

(B.115)

The diagonal 2 x 2 quadrants of Table B.3.2. give the bosonic piece of the product
(by examining the basis units) while the off-diagonal quadrants give the fermionic piece.
We see the following pattern:

Boson - Boson = Boson
Boson - Fermion = Fermion
. . (B.116)
Fermion - Boson = Fermion
Fermion - Fermion = Boson

which is the familiar supersymmetric relationship. The components of the product
multiplet are read from the table

Az = A1A; — FiFo — Yixa — ¥aXe
Fy=A1F + FiAy +ixe — Yaxa
M= Axn +Uids — Fixe + o By
A2 = A1x2 + Fixa + Y2 4s — Ui .

(B.117)

Now, we write the explicit real components of the complex fields, A = A+1iB, and F =
iF — G, where we are using the notation of Sohnius [75], and B and G are pseudoscalar
fields. We also write the Grassmann components of the spinors as ¥, = ¥ + i); and
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Yy = ¥ — i2P3 with the analogous definitions for x;. Inserting the new definitions gives

As = A1Ay — B1By + F1Fy — G1Gy — toxo + Y11 — VaXa + ¥sXs

Bs = B1Ay + A1 By — GiF, — FiGy — oxa — ¥iXo + Va2Xs + YsXe

F3 = LAy + AiFy + BiGy + G1B; + %oxs — Y1x2 + ¥2Xx1 — ¥3Xo

Gs = G1A; + A1G2 — BiFy — F1 By — ox2 — thixs + ¥2Xo0 + ¥sxa (B.118)
do = Aixo — Bix1 + Gixz + Fixs + %ods — ¥1B2 — ¥2G2 — Y3y

A = Bixo + Aixa + Fixa — Gixs + %o B2 + 142 — Y2 Fa + 193G

X2 = =Gixo + Fixy + Aixa + Bixs + ©oG2 — viF2 + Yo Ay + Y3 B,

A3 = Fixo + Gix1 — Bixa + A1xs — YoF2 — G2 — ¥2 By + 3 A,.

Define ¢7 =
of the gamma matrices

0

0 -—o . 0

0 2\ _

7‘(—02 0 )" 0
-1

1 0

1 _ 1;0'3 0 . 0 -1
7‘( 0 z‘aa>" 0 0
0 0

0 0

,_(0 =\ _.|0 0
T=\e2 0 )T 0 1
1 0

0

s (=i 0\ _.[ -1
7‘( 0 ——z'01>_ 0
0
0 1
5 i0'2 0 _ —10
T=\Vo0o -y )" | 00
0 0

_ o _ [ 0 -1y _
H_77—(—I o )~
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(10, Y1, %2, %), ¥ = %777, and the following Majorana representations

0 1°
-1 0
0 0
0 0

0 0
0 0
1 0
0 -1
0 1
-1 0
0 0
0 0
o (B.119)
000
0 0 -1
0 -1 0
0 0
0 0
0 -1
1 0
0 0 -1
0 -1 0
-1 0 0
0 0 0
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The ¥ matrices are defined by v* = i3* for u € {0, ...,3}. We can write our product as

Ay = A1A; — BBy + FiF, — GiG, + vH
B3 = B14; + A\By — GiFy — FiGy — Y HA’X
Fy = FiAy + A Fy + B,Gy + G By + ¥x (B.120)
G3 = G1As+ A1Gy — BiFy — FyBy — y~°x
A= (A —°B)x + (42 = ¥°Ba) — H(Fy +7°Gy)x + H(F; + v°Ga)y

which is similar in form to that of Sohnius {75

A3 = AIAZ - B1B2
B; = B1A; + A1 B,
Fy = FiAy + A\ F, + B,Gy + G1By + ¥ (B.121)
Gy = G1Ay + A1Gy — BiF, — FiBy — Yrsx
A= (A1 —1B1) x + (A2 — 1:B2) ¥

Notice that our expression differs from the usual one (B.94) only in terms involving the
auxiliary fields, F' and G. Further, our F-term, which is the one used in the lagrangian
density, is the same. When one forms the product of supermultiplets which are the
same like, for example, in the lagrangian (B.124):

(L s 16-Tv.6-94.4.
L=(g0-To-Fo-0-50-0:0) . (B.122)

then the terms with H in them actually vanish due to the Grassmann nature of the
fermion components and cancellation. For example, for ¢ - ¢, we have

A3=A'- B +F* -G
By =2A4B - 2FG
F3 = 2AF + 2BG + ¥ (B.123)
G = 2AG — 2BF —y*y
A=2(A- 7By

which is precisely what equation (B.121) reduces to also, modulo auxiliary fields in A3
and B3. Mass and interaction terms will be the same. Another possibility is to take the
limit of F and G going to zero, in which case the two scalar multiplets are identical. In
any case, we find this relationship between product multiplets and the division algebras
quite interesting. It would worthwhile to examine the octonion division algebra in this
context. We now turn to a specific example of a supersymmetric field theory.
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B.4. The Wess-Zumino model

The Wess-Zumino model consists of a single chiral multiplet, ¢, in renormalizable
self-interaction. We begin by constructing the lagrangian which describes the motion
of fields in time. A lagrangian must be a scalar density, which means its variation is a
divergence, i.e., 6L = G*K,, so that the action, [ d*z L, is an invariant constant. We
can use the fact that

(a) Any F-component of a chiral multiplet is a scalar density.
(b) Any D-component of a general multiplet is a scalar density.

We can construct our lagrangian from the chiral multiplet out of terms which comprise
the F-component of a product of multiplets. The lagrangian must contain derivatives.
If the maximal number of derivatives is to be two (for the boson fields), we must
include exactly one of the T-operations. Demanding that dim L = 4, determines the
dimension of the multiplet as A = 1. The most general renormalizable lagrangian for
a single chiral multiplet (i.e., one with no coupling constants of negative dimension) is
the Wess-Zumino lagrangian given by

1
L=(z6-Té-26-¢-2¢-6-¢) =Lo+Ln+L, (B.124)
2 2 3 .
In components (using the definitions of the inner product given by equation (B.94)),
we have
1

Ly=3[¢-Télp = %[(A, B;4; F,G) - (F,G;i #; —-0A,—-OB)]p

[N N ]

[(AF — BG,FB + AG; (A — vsB)i @Y + (F — vG)v; F2 — ATA
—BOB + G? + i @, GF — AOB + BOA — FG — st aw)}
F

b | =

[(AF ~ BG,FB + AG;i(A~15B) 9 + (F — %5G)ys F* + ,A*A (B.125)

+0,B0*B + G* + i J + 4-div., —ipysi Py + 4—div.)}
F

[F2 +08,A0"A + 8,B0"B + G* + i aw] + 4-div.

Lo =

2o~ B

[@,A@“A +0,BO*B + i @y + F? + G2] + 4-div.
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L. =__[¢ dlp = (ABL,FG) (4. B;v; F,G)p
=3 Za-B QAB; 2(A — 75 B)y; 24F + 2BG + ¥, 2AG — 2BF — Yy
= _%1- (2AF + 2BG + )
Ln = ~m(AF + BG) - T3y
(B.126)
Li=-36-6-dlr =-30(6-9) ¢l
—= [(A? = B*,24B;2(A - % B)Y; 2AF + 2BG + ¢4, 2AG — 2BF — ¢ys9) - ¢]

OJICQ

- _% [(2AF +2BG +¥y) A+ (A — BY)F + 2ABG
+ (24G — 2BF)B — (¢yst)) B + [26?-‘@] w]

—% [2A2F +2ABG + DAY + AF — B*F + 2ABG
+2ABG — 2B%F — 5B + 2 (A — 1 B)w)! 7%]

[3A2F + 6ABG + (A — ysB)y — 3B*F + 21 (A + 5 B)y w}

wlta oalte

[3A2F +6ABG + 9 (A —~vsB) ¢ — 3B?F + 29(A — 753)1/)]

Ly=—g {(A"’ — B)F +2ABG + v (A - vsB) 1,[)].

(B.127)
To summarize,
L= Lo + Lm + Lg
Ly = % [auAa#A +0,BO"B + i P+ F + G2} + 4-div.
(B.128)

Lm=—m(AF + BG) — %W

L,=—g [(A2 — B%)F +2ABG + ¥ (A — 15 B) w}.
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We can now derive the Euler-Lagrange equations cf motion for each of the compo-

nent fields.
6L 0L M—  — i —
= —— - ——— e — _ / - - —H
—/m 7 —
=P (F+9(4-%B)) -2 #
=i §P = ~myp — 2g9(A — 75 B)
oL 6L ) m
)= —— —_— = - — — glA — B
=i #Y = myp + 29(A — % B)yY
_ oL 3 B 2 pe
0—6F-—F mA — g(A* - B?)
= F =mA+ g(A? - B?)
6L
0_—3-5-—G—mB—2gAB
= G =mB +2gAB
0L oL — "
0= S—f—l - a“m = —mF 2gAF 2BG g’l/)’(ﬁ 8#3 A
= —-0A=mF +2g (AF+BG+ %E’l//’)
oL 0L — "
0= (S_B— - 6“(—5@;—355 = —-mG + QQBF 2AG +g7,b’75'gl) 6#6 B

= -0OB=mG-2g (BF - AG + -;-;ﬁ_’st) .
To summarize,
F =mA + g(A? - B?)

G =mB + 2gAB
i f =my +29(A — 15 B)Y
1

~O0A=mF +2g (AF+BG+—E¢

2 ) (B.129)

—OB=mG -2 (BF - AG + %Eﬂ/sd)) .

From the form of T¢ and that of ¢ - ¢, we see that we can write these equations simply
as

Té = mo + gé - 6. (B.130)

Notice that the equations for F’ and G are purely algebraic and contain no derivatives
of fields. These fields are called auxiliary fields since their equations of motion do not
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describe propagation in space and time. We can, therefore, use these equations of
motion to eliminate these fields in both the lagrangian and the equations of motion for
the other fields. The result is the “on-shell” lagrangian

. (8,A0*A — m2A%) + L (8,B3*B — m*B?) + 3 (id-—m)y
2 2 ,2 (B.131)
—mgA (4*+ B?) - g§ (4 - 1B)¥ — T (A* + BY)’

and the “on-shell” equations of motion

(O +m?) A= —-mg (34% + B?) — 2¢*°A (A* + B?) — gy
(O +m?) B = —2mgAB — 2¢°B (A? + B?) + gyysv (B.132)
(i @ —m)y =29(A - 1sB).

This lagrangian contains all seven possible parity-invariant interaction terms (or dia-
grams), A%, AB?, A%, B4, A’B?, AYn), and Byysy. It contains the three possible mass
terms. The masses, however, are all the same. The seven couplings are fixed in terms
of the mass and a single coupling g due to the fact that the on-shell lagrangian still

transforms as a density under the on-shell transformations (derived by eliminating F
and G from equation (B.82))

§A=¢y

5B = Eysth | (B.133)
p=—( @+m+g(A+7B)) (A+B)E.

We can see that it is actually a particular relationship between the coupling con-
stants of the lagrangian that constitutes the supersymmetry of the model. Also, inde-
pendent renormalizations of m and ¢ are not needed since all of the contributions to
the linearly and quadratically divergent terms cancel due to fermion and boson loops
contributing with opposite signs. This relationship between fermions and bosons is a
supersymmetry. There is only a single, logarithmically divergent infinity which can be
absorbed into a wavefunction renormalization. This fact is common for all the fields in
the multiplet. This absence of infinities is understood in terms of non-renormalization
theorems derived in superspace which will be discussed later.

B.4.1. On-shell and off-shell representations

One of the important problems in supersymmetry is to find off-shell formulations
for the higher-V extended models or to prove that they do not exist. We use the

Wess-Zumino model to explain what is meant by on-shell and off-shell representations.

The transformation laws (B.82) represent the supersymmetry algebra on the 4 4+ 4
field components of the chiral multiplet. These laws are independent of either the la-
grangian or the dynamics. Each of the terms in the Wess-Zumino lagrangian separately
transforms as a density under those transformations. This separation is called “off-shell
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supersymmetry.”

The complete set of field equations (B.129) is again a multiplet (a chiral multiplet
in this case), but the structure of these field equations separates them into two classes,
algebraic equations for some fields (auxiliary) and wave equations for the others (dy-
namical degrees of freedom). The elimination of the auxiliary fields is accomplished by
enforcing their equations of motion on the lagrangian and transformation rules. This
procedure is not supersymmetric since all of the field equations together form an irre-
ducible multiplet. We can retain supersymmetry only by taking all fields on-shell by
enforcing their equations of motion.

The on-shell lagrangian (B.131) is still a density under the on-shell transformations
(B.133), but the transformations have become dependent on the model (m and g).
There is no part of the lagrangian that separately transforms as a density under them.

The most serious drawback of the on-shell formulation appears when we calculate
the commutator of two of the transformations. The result is 2i€, #&; on A and B as it
should be, but

[61,02) % = 26, PEatp — 7* (i § — m — 29(A — 45 B)) Y€, ks (B.134)

on 9. Thus, the on-shell algebra closes only if the equations of motion.hold, which
sets the last term in equation (B.134) to zero. This situation could, in principle, be
disastrous for quantum corrections where the fields must be taken off-shell, away from
their classical paths through configuration space. What this problem means for the on-
shell supersymmetric theories is unclear. If there exists some unknown off-shell version,
then there is no problem. If the theory is only intrinsically on-shell supersymmetric or
if there are several competing off-shell versions, then things are also unclear.

As for any continuous symmetry, there should be a Noether current associated
with the transformations and the lagrangian. The current is a Majorana spinor-vector
current given by

3} oL oL oL
= — — —k )

Ju 5 <6A66“A+6B66“B+5¢88“w u) (B.135)
if L = 0*k,. The term k, is determined only up to terms of the form 0”a,, with
@y = —0yy. One form of the supercurrent is

J, =@(A = v B)y, 0 + imy, (A — v B)Y + igv,.(A — 15 B)?y. (B.136)

It is derived by beginning with the off-éhell lagrangian

- 1
5L=i£a[y-u—%qs-zzs—%o-qsw}
= ok,

+ lma(ﬁ + B?)
s 4
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with
1- 1 il
—k, = Zf(A + 75 B) hua 59] (R éfap(A + vsB)v — ';'5(F + 75G)7uw
+1mE(A + 15 B)v.¥ + ig€vu (A + 1 B) .

The result for the on-shell lagrangian is the same with F' and G expressed in terms of
A and B. The other terms in J,, are

oL oL oL
M5eia B gaB TV aony
- 1— 1-
= £0u(A+ 1Bl + SEF +1G) 0 + 5§ 21u(A+%B)Y,
and with the improvement term, 8a,, = —39" [0,,(A + 75B)Y], we get the current

(B.136). B _

Using the equations of motion (B.132) and the fact that ¥(y1)) = 159 (¥ys¢), one
can prove that the supercurrent is conserved. It is important that the supercurrent
exist for interacting models. For a toy model given by the lagrangian

1 1—
Ligy = =0¥A0,A + - ”
toy 2 H + 21/’ ﬁ"l"?
we have the supersymmetry

§A=C8p; Op=~i PAE

and the current
J, u =f3A’7u¢

which is conserved due to the free equations of motion, OA =@y = 0. There is no way
to make this toy model interact and preserve a conserved supercurrent though since it
is not supersymmetric in a non-trivial sense. It cannot be since it violates the fermions
= bosons rule.

B.5. Spontaneous symmetry breaking
Using self-interactions of chiral multiplets, we can spontaneously break supersym-

metry. We break up the Wess-Zumino lagrangian into superkinetic and superpotential
parts

L= .;. (6-T@)p — [V(8)]p, with V(¢) = Ao+ %) cQ+ -g-cb ¢ 9, (B.137)

where we have included a possible A¢ term in the lagrangian which we can use to see
exactly how and why it can be eliminated. In this notation, the equations of motion
are

To = V'(¢), (B.138)
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where V' is the derivative of the function V with respect to its argument.

Since all of the terms in [V (¢)] are either linear in F or G, or quadratic in 1), we
have a scaling equation

0 0 1-0 ,
VOl = (Fap + G + 5955 ) V@ (B.139

To evaluate this equation in a general way, we use an adapted chain rule and the inner
product of chiral multiplets

9 _09¢ d AT N VA — (0O T v
(B.140)
Using this rule and the equation of motion (B.138), we get
7]
oF V)=V (d)ls=F, (B.141)
and a similar procedure gives
0
36 V@)lr = [V'(@)l5 =G
(B.142)

0 1
5 V($)r =[V'(9)],-

Now, we can use F and G to denote [V'(¢)]a and [V'(¢)]s rather than independent
fields. The superpotential becomes

1—
V(@) = F*+G*+ 59 [V'(9)], - (B.143)
The “true” potential U must also contain the non-kinetic terms in 1 (¢ - T¢) so that

U= —% (F+G) + V@)le = 5 (F+G?) + 351V (@), (B.144)

wu—-‘

We see that, for the vacuum, where () = 0 (otherwise Lorentz invariance would be
spontaneously broken), U is never negative. This positivity is a consequence of the
positivity of the energy in any supersymmetric theory, spontaneously broken or not.

Supersymmetry will be spontaneously broken if and only if the lowest energy (vac-
uum energy) is larger than zero,

(O] E|0) #0 < Q,10) # 0, (B.145)
due to

Enin = (01 E[0) = Z Qa [0)I* (B.146)
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Since, on the other hand,
Emin = (01U |0), (B.147)

we find that supersymmetry is spontaneously broken if and only if the minimum of the
potential is positive.

For the Wess-Zumino model, the potential is (U) = 1 (F )+ : (G)? with
F=X+mA+ g(A? - B?), and G = mB + 2¢gAB.
The minimum of the potential is at (F) = (G) = 0, which means it is at

(4) = ‘515(’” +/m? Zdgh)

(B) =0

(B.148)

for m? > 4g) and

m
2g

1
-+ —m?
(B) == 2 49X —m

(4) =
(B.149)

for m? < 4g). The field redefinitions®,
Anesz__<A>, Bnesz_.(B>,

will then eliminate A¢ from the lagrangian and shift one of the minima to A = B = 0.

B.6. Superspace

First, consider ordinary quantum fields, ¢(z), which depend only on the four coor-
dinates z# of Minkowski space. Translations of these coordinates are generated by the
operators, P,, so we can consider ¢(z) to have been translated from z# = 0

¢(z) = €T 9(0)¢(z) = e7=F. (B.150)
This transformation law is compatible with the multiplication law,
e’i.y'Pe—‘iI'P — ei(x-:—y)-P7 (B.].Sl)

which holds because the operators, P,, commute with each other.

A further redefinition, ¥™** = exp(—1/4mvs)1, is necessary to recover manifest parity invariance
if (B) =0.
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We can use the formula

oo

1

e—BAeB p— Z ;LT [A, B](n) (B152)
n=0
with
[A,Blgy = A [A, Bl = [[A, Bl B] . (B.153)

so that ¢(z) is completely determined be the properties at any given point, zg, by the
multiple commutators of ¢(zo) with P, to arbitrary order.
For a Lorentz rotation, we have

e MM g(z)e™tM = i PeadMg(pye= i  Mgia P (B.154)
where A - M = MM, and 7' is given implicitly by
eiNM gizP _ g PoiAM (B.155)

For infinitesimal A, we can calculate z'

(1 + -;—A . M) eim-P = eiz-Pe—i:x-P <1 + %/\ . M) eix~P

=P (1+-;-/\-M+ [%A-M,z‘z-PD

z' (B.156)
=¢e=P (1 + 5)\ M + i/\“"IPPu>
= i@+ )P, (1 + %/\ : M) +O(A%).
For finite A, we would get
T PoiAM _ ic®(nh+ Mo+ Pu g A M
TP _ (iz®(eN)aPy (B.157)

= ¥ = 22(e)s = ()ia®

which are the expected transformation laws for the coordinates under Lorentz trans-
formations. Finally, the action of the Lorentz transformation on ¢(0) can at most be

some linear transformation which acts on the unwritten indices which ¢(0), and hence
o¢(x), may have

e Mp(0)e~ MM = ¢~ M (D), (B.158)

where ¥,, are some matrix representations of the algebra of the M,, and a further
Lorentz transformation does not see the £ and acts directly on ¢(0), so we have

eMMp(z)e” MM = e i Eg(e A7), (B.159)
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The differential version of this equation is

[¢(), My = i (2,0, — ,0,) 6(2) + T b(z). (B.160

To understand these ideas further, let g be an arbitrary element of a group G which
contains a subgroup H.(This group could be the Poincare’ group with the Lorentz
subgroup.) We now define equivalence classes of elements of G by the right and left
cosets of g with respect to H. g is equivalent to ¢’ if there exists an element, h € H,

such that ¢’ = g o h or, equivalently, g~ o g € H. The set of all cosets is a manifold
denoted G/H.

A set of group elements, L(z), labeled by as many parameters as necessary, param-
eterizes the manifold if each coset contains exactly one of the L’s. Once we have chosen
a parameterization, L(z), each group element, g, can be uniquely decomposed into a
product, ¢ = L(z) o h, where L is the representative member of the coset to which
g belongs and h connects L to g within the coset. A product of g with an arbitrary

group element, and in particular with some L(z), will thus define another L and an h
according to

goL(z) = L(z") o h. (B.161)

Here 2’ and h are in general functions of both z and g¢: z' = 2'(z, g) and h = h(z, g).
The Minkowski space considered at the beginning of this section was the coset manifold
Poincare’/Lorentz. We parametrized it by

L(:c) = eix~P

and determined z’ and h explicitly as

(B.162)

That case was particularly simple because [P, P] = 0 and [P, M] = P. The quantum
fields were written as

¢(z) = L(z)$(0) L™ (z), (B.163)

and the action of a group element on them was completely determined,

9¢(z)g™" = L(z")hg(0)h~'L7(z"), (B.164)

once we knew how h acted on ¢(0),
h$(0)R~! = e~ Eg(0). (B.165)
This case is not the most general since the translations are an abelian invariant sub-

group, which will not always be the case.
The supersymmetry algebra is not the Lie algebra of a group since it involves anti-
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commutators. We must still be able to expohentiate the algebra to get group elements

eieQeiﬁé — Something (B.166)

If we assume that the 6= and 8 are anticommuting spinorial quantities, then we can

express commutators like [BQ,@ﬂ ‘in terms of only anticommutators. In this way, the
the Campbell-Baker-Hausdorff formula,

oo 1

eAeB = ¢Dn MCn(4B) (B.167)

where the Cy,(A, B) are defined in terms of the commutators of A and B, can be changed
into anticommutators and used to define a multiplication.

Using these anticommuting parameters, we can form a group from the supersym-
metry algebra called the Super-Poincaré group with typical elements

g= i T PHOQ+iQB+ZAM (B.168)
Superspace is the coset space Super-Poincaré/Lorentz. There are infinitely many dif-
3 y

ferent ways to parameterize this manifold. The most commonly used way gives the
“real,” or symmetric, superspace parametrized by

L(2,,0) = =P+ Qa+iQT (B.169)

The space has eight coordinates, four bosonic ones, z#, and four fermionic ones, °, if
we assume that 8~ = (%)*.
Using equation (B.167), multiplication law (B.161) gives

L(y,¢,8)L(z,6,0) = L(z',6',6) (B.170)
with transformed coordinates
¥ = gt + y* + iotf — ifoPE
' =0+¢ (B.171)
§=0+¢.
Multiplication with an element of the Lorentz group gives
eML(2,6.8) = L(z', 0,5 )™ (B.172)

with transformed coordinates

g™ N ou (B.173)
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B.6.1. Representations on superfields

Let r : G — M be a matrix representation of a group. G, such that r(g;)r(g2) =

(g1 0 g2)- 7(9). 7"(9), r=1T(g), and r(g) are all representations, and uq, ug, u°.
and u® are the vectors on which these representations act, respectively. The group
transformations on the vectors are then

r_..p
Uy = TolUg

wy = ()5 up = u, (1)}
u'® = (r'lT)guﬁ = uf (r'l);
ue = (r'”)gub =P (r'l*)g .

If the group is a Lie group, we have infinitesimal group elements for which the repre-
sentations take the form

(B.174)

~ (I+i€X)?; generator: ©

a’

(r*) (]I—z'eZ*) ; generator: — X°

(r IT)Z ~ (1 zeET) . generator: — X7 (B.175)
(r~ ”); (I+1ieT )5, generator: X7,
and the infinitesimal variation of a vector becomes
Sug = Ul — uy = 1€ZPug. (B.176)
Similar equatlons hold for u,, u®, and u®. The variations of tensors are defined accord-
ingly:
Otap = 1€Xtyp + 16X gtay
Bt o5 = €Tl — i€ (7)) by = ieE2t  — iet, (S1)] (B.177)
6t8 = iezztf (ET) = zeZ”tB iet] (2)5 .
Also

5t2 = 6t =0; 868 = 86° = 0. (B.178)

We define a superfield in the same way as equation (B.163)
#(z,0,8) = L(z,0,8)$(0,0,0)L~1(z.6,8). (B.179)
Notice that this also allows us to conclude that, if two superfields have the same lowest

dimensional component, they are equivalent everywhere. For any group element, the
action on ¢ is given by the coordinate transformations (B.171 and B.173) in conjunction
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with A _
e*M9(0,0,0)e73* M = e727%4(0,0,0). (B.180)
Infinitesimally, we can write the group action on a superfield ¢(z,6,6) as
Sep = —i[8,€Q] = —Zf“ (Qa)d

g6 = ~i ¢, Q€] = i€ r(Qa)0
byp = —ild,y- Pl = —iy-r(P)¢ (B.181)

t 1
o = —-?:[qb,)\ -M] = —§A-T(M)¢
with the differential operator representation, r, of the algebra given by
r(Qa) = z———— - (o“_) Oy

_ 6
T(Qd) = —’L—_—g + (90”){1 a“

00 (B.182)
r(Py) =10,

1
r(Mu) =i (2,0, — 7,0,) + —0"0#,, (‘U#U) _"' + L
2 a6 59°

The optional chiral transformations which are generated by R act as

0.9 = —i|@, aR] = —iar(R)¢ (B.183)

with p 5
r(R) —ea—a—e — +n, (B.184)

06 50>

where n is the chiral weight of the superfield and must be real in order to render the
R-transformations compact.

If ¢ has no spinor indices, the first two equations in equation (B.181) can be written

[6,Ql =r(Q)¢, [6,Q] =r(Q)¢
The differentiations are defined by |

Oy, S g (B.185)

96° o °
The Campbell-Baker-Hausdorff formula, along with the definition of the superfield
(B.179), mean that a superfield is actually defined as a Taylor expansion in 6 and 8
with coeflicients which are themselves local fields over Minkowski space. Since the third
powers of 6Q and Q6 are zero due to the vanishing of the square of each component,
(8)%0 = 0%€,56°6 = (6'0% — 66')6 = 0, the series terminates, and the most general
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superfield is
V(z,0,8) = C — ifx + ix0 — %ez (M — iN) + %52 (M +iN) — 60"GA,

) . N
+40°0 (A - % W) — 6% (A - %ax> _ 59292 (D + %DC) .
(B.186)

Assuming that it has no overall Lorentz indices, the superfield contains as Taylor co-
efficients four complex scalar fields C(z), M(z), N(z), and D(z); one complex vector
A, (z); two spinors x(z) and A(z) in the (3, 0) representation; and two unrelated spinors

% (z) and X (z) in the (0, 3) representation of the Lorentz group. Altogether, there are
16 bosonic + 16 fermionic field components.

If we define (§%)* = 6" and impose the rule that fermionic quantities reverse their
order under complex conjugation, we have

(L(z,6,9))" = L(z,6,9), (B.187)

and a reality condition on a superfield

(V(z,6,8)) = V(z,6,9) (B.188)

is covariant since V1 is a superfield just as V' was. We can impose this condition on
the superfield (B.186) and find

Cc=ct M=M' N=N, D=D! 5180
X =2 x=x (5189
so that the total number of component fields is now only 8 + 8. This superfield is
called the real, or general, superfield. In order to maintain this reality condition, the
supersymmetry transformations must be restricted by (£2)! = €” and the chiral weight
of a real V must be zero.

The transformation laws under the supersymmetry transformations for the compo-
nents of V are calculated by comparing coefficients in the expressions §V = 6C —i0dx +

- and §¢V + 6V given by equation (B.181) and operating with equation (B.182) on

V. The result is the transformation laws (B.84) for the real general multiplet. We see
that the component fields of a general superfield form a general multiplet. This repre-
sentation is not, however, an irreducible representation. We need to impose constraints
on the superfields to obtain an irreducible representation.

We need to impose supersymmetric conditions on the superfields to reduce the
number of degrees of freedom that they describe. To impose these constraints, we need
to develop a particular kind of covariant derivative.
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Covariant spinor deriwatives

The associativity of group multiplication can be interpreted to mean that the right

action and the left action commute. Correspondingly, the left action of one L on
another,

L(3.6,DL(,0,0) = [1-w#r(B,) - i€°r(Qa) + Er(Qa)] L(=,6,),  (B.1%0)

which we interpreted as a transformation of the superfield, commutes with the right
action, which we can write as

L(z,0,0)L(y, £, ~ [1 —4*D, + €D, — E""‘Dd] L(z,6,9). (B.191)

We can explicitly calculate the D’s and find

D, =39,

Du=-2—i(c*8) &

a—%“’(" 8) o Ou (B.192)
o0

Whereas the left action induces a mapping of the manifold G/H on itself, which is
a realization of the group, the right action induces an anti-realization. (The order is
inverted.) The associative law for group multiplication, ¢; o (g2 © g3) = (g1 © g2) © gs,
implies
{D,r(@)}={D,r(@} =0
{D,r@} ={D,r@)} =0
The commutators of the D’s with each other
{D,D} = {E,D—} =0
{DQ,EB} =2i(0*) 0, (B.194)
[D, 3,,] = [57 3#] = [6#5311] =0

(B.193)

resemble the fact that the right action induces an anti-realization on superspace. Having
defined the D’s off by a factor of ¢ from 7(Q), this algebra is formally the same as that

for the r(Q). The conventions for D and D were chosen such that (D,¢)! = D6 with
¢ bosonic. '

The anticommutation relations (B.193) have as a consequence that, if ¢ is a super-
field, then so are D¢, D¢ and 0,¢. The only change is in the representation matrix ¥,
of the Lorentz generators since the derivatives carry Lorentz indices, and in the chiral
weight, n, which is raised by one for D¢ and lowered by one for D¢. These deriva-

tives are, therefore, covariant under super-Poincaré transformations of the superspace
coordinates.
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Like all covariant derivatives, D and D can be used to impose covariant conditions
on superfields. The simplest conditions are those for a chiral superfield ¢ with

Dsp =0 (B.195)

and an anti-chiral superfield ¢ with

Dog = 0. (B.196)

Note that, if ¢ is chiral, then ¢' is anti-chiral and that a superfield cannot be both
chiral and anti-chiral unless it is a constant. The covariant conditions are first-order
differential equations and can be solved to yield

¢(x,0,0) = exp (=0 #6) ¢(z,0); &(z,6,8) = exp (0 30) ¢(z,8), (B.197)

with ¢(z, 8) and ¢(z,8) not depending on @ and 8, respectively. Their Taylor expansion
in terms of ordinary fields is

6(z,6,0) = A+20y — 6°F and $(z,6,0) = Al + 200 — G F', (B.198)
and gives rise to irreducible multiplets which turn out to be exactly the chiral and
anti-chiral multiplets, (B.62) and (B.64).

B.6.2. Superfield tensor calculus

In the superfield formulation, the critical property which makes tensor calculus
possible is that the product of two superfields is again a superfield

¢1(z,0,0)¢:(x,0,8) = ¢s(z,9,6). (B.199)

This fact can be seen as a consequence of definition (B.179) or, alternatively, of the
fact that the representation, (B.182), of the super-algebra is in terms of first-order
differential operators.”

The superfield expressions for the four products are

¢3=d)1'¢2 & P3= 010
V=g x¢g & V=1(¢152+_¢—1¢’2)

V=gA¢ps & V= (¢1$2_$1@'2)
Va=Wi-Vo & Vi=W,,

(B.200)

and the fact that ¢; is again chiral is due to the fact that D is a first-order differential

"This multiplication law has deep consequences for supersymmetric field theories. In particular, we
have shown in Section (B.3.), using properties of division algebras, that the allowed dimension of the
spacetime is restricted.
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operator which obeys the Leibniz rule

D(¢162) = (Dg1) ¢ + 1 (Do) = 0. (B.201)

Noze that second order equations like D?¢ = 0 are not preserved for a product. The
kinetic superfield is given by

T¢ = %5225. (B.202)

We see that T is chiral; D(T¢) = 0. The property TT = —O follows from T¢ = 1D%¢

and — _
[D ,Di’] = 160 — 8iD #D. (B.203)

B.6.3. Superspace invariants

The general method by which a translation-invariant action is derived from fields is
to integrate a lagrangian density, L(z), over d*z. The result is translationally invariant
if surface terms vanish. A similar procedure can be used to construct supersymmetry
invariant actions in superspace. Once we can define an integral, f df, in such a way that
it is invariant under 6 — 6+ &, the integral of any superfield over the entire superspace
(6, 8, and z*) will be invariant.

Such an integral is known and is called the Berezin integral, defined by

0= / do; 1= / d8 6 (B.204)
for each different 6. Since a function of any one anticommuting 8 is always of the form
f(0)=fo+0f1, (B.205)

these definitions are sufficient to define a general [ df f(f). Assuming that 6 is not a
multiple of £, the translational invariance of the integral follows:

[ass0+e)= [ a0 tio+osi+ e =5 = [as166) (B.206)
Formally, differentiation and integration are the same,
a
/d9 f(0) = 59-f(9), (B.207)

which we can understand by visualizing power series in § as modulo 2 so that raising
the power (integration) and lowering the power (differentiation) are the same thing.
This property results in equations like that of the é-function

5(6) =06, §(—6) =—i(6). (B.208)
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We define

/ 420 = / 46" do*: / d%F = / d7* db* (B.209)

/d2992 ~ /d2§§2 = -2 (B.210)

The integral of any superfield over the entire superspace is an invariant

so that

$ / d*z d*0 d*0 ¢(x,6,0) = 0, (B.211)

provided there is no jacobian. Also, for chiral and anti-chiral superfields, we have the
following invariant integrals:

) / d'z d*0¢(z,6,0) =0 if Do =0 (B.212)

and
§ / dz d?0 ¢(z,0,8) =0 if D¢ =0. (B.213)

We can see that the jacobian is not needed for the transformations (B.171) since

o) _| % 2B i,

5(2.0.8) 0 4 ' =eX (B.214)
(.’II, 3 ) 0 0 65
with o '
0 —i(cY8)a —i(£0%)4
X=10 0 0 (B.215)

0 0 0

has unit determinant.

The superspace transformations (B.171) which represent supersymmetry transfor-
mations in flat-space field theory have the functional matrix (B.214) with unit jacobian
determinant. Therefore, we had no need to include a determinant in the formula for an
invariant. In the context of supergravity, one encounters general coordinate transfor-
mations of superspace, and there is, therefore, a need for a consistent prescription for a
jacobian. Since the matrix has anticommuting parameters in it, we need a prescription
for a super-determinant which obeys the law

Sdet(M1M2) = (SdetMl)(SdetMg). (B.216)

We start by defining the super-trace. For a matrix of the form

M= [m‘ Ha ] (B.217)
H M2
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where m; are commuting elements and y; are anticommuting elements. We define the

trace so that the trace of a commutator is STr[M, N] = 0. This condition gives the
definition as

STrM = Trm; — Trm,. (B.218)

We define our super-determinant as

SdetM = exp {STr(ln M)} (B.219)

so that

1
Sdet(M; M,) = Sdet exp {ln M, +InM,; + 3 [ln My,ln My) + - -+ }

= exp {STr (In M; + In My)} (B.220)
= exp {STr (ln M3)} exp {STr (In M;)}
= Sdet(M;)Sdet(M>)

as required (where the first step is from Campbell-Baker-Hausdorff). This definition
works for a determinant as long as the anti-commuting elements are off diagonal.

B.6.4. Wess-Zumino action in superspace

We want to write down an invariant action for a chiral superfield, ¢, which has
field components A, B, ¢, F, and G. First, we perform some dimensional analysis.
Each 6 carries a mass dimension of —1 so that the exponents in equation (B.197) are
dimensionless. If we want the spinor 9 to have dimension %, we find from equation
(B.198) that the entire field has dim¢ = 1. The integrations, d?§ and d%8, have
dimension +1 each, thus the chiral measure, d‘z d?9, has dimension —3. In order
to construct a dimensionless action, the most general term involving only ¢’s and no
negative dimension coupling constants is

Ao+ g2+ 247 (B.221)

We need a kinetic term to describe the dynamics, and it must be bilinear in the super-
field with either one derivative, 0, (dimension 1) which would not be Lorentz covariant,

or two derivatives, D or D, (dimension %) The kinetic superfield, T¢ = ;11-525 can,
therefore, be used :

_1 2g (1 _m.o 9.3
S-4/d4$d9(2¢T¢ 2¢ 3¢>+h.c.

(B.222)
—-4/d4:1:d9(8¢D¢ 2¢ 3¢)+h.c.
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which gives the same lagrangian density that we had before if we use the fact that

1 [ @6+ ne = (8l + wav. (B.223)

for any chiral ¢. For the integral over the entire superspace of a general field, V', we
have

- / POLDY = [V], + d-div. (B.224)

The action of the Wess-Zumino model can be written in a different form when we
note that

wothe =+ % / d*z d%60 (%ED% - "—2-”‘?52 - %53) (B.225)

and we concentrate on the first term, which we can rewrite as an integral over the entire
superspace

el / diz d*0 D% = / d*z d°9 D*(¢¢) = / d*z d*0 20 ¢

(B.226)
= gé-/d“:cdzﬁng 0.
We have .
- .‘11 / dz 26 (%wza - ’-"23¢2 - %&) - ;11- f dtz 28 (-’;152 + %63) . (B.227)
and the equation of motion for ¢ is easily calculated to be
_}4.525 —mé— g =0, (B.228)

which is T¢ = m¢ + g¢>. Note that, if we would have chosen a different kinetic term,
we would have gotten the correct result only by imposing the chiral constraint via a
Lagrange multiplier, i.e., Say we had chosen Sgneic = 3 [ d*z d*0 ¢¢: then, we insert
the constraints before finding the equations of motion

1 - _
Skinetic = 3 / d*z d*¢ (¢¢ 4+ D,oA* + A°D,,¢) : (B.229)
Varying with respect to A, we get the constraint, D¢ = 0, and when varied with respect
to ¢, we get 5 5
— 0L L
0= Dd—z_—— - B.230
8D.¢ 09 (B.230)
which gives '
¢ =D,A", (B.231)

which is the general solution of the free equation of motion, {ﬁz?ﬁ =0.
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B.6.5. Non-renormalization theorem

The fact that the kinetic part of the Wess-Zumino action can be written as an
integral over the entire superspace, but the mass and interaction terms cannot has im-
portant consequences. There is a theorem which states that those parts of a lagrangian
which can, in principle, only be written as chiral integrals will not receive quantum
corrections.

The observed renormalization behavior of the Wess-Zumino model is a direct and
predictable consequence of this theorem. The kinetic term must be renormalized, re-
sulting in a logarithmically divergent wavefunction renormalization, but there are no
independent quadratically and linearly divergent mass and coupling constant renormal-
izations. Furthermore, since the vacuum energy is strictly zero in a supersymmetric
theory, we know that there will also be no contributions to the vacuum energy if su-
persymmetry is unbroken by renormalization as it is in the Wess-Zumino model. We
now turn to a discussion of the theories which result when we apply the techniques of
supersymmetry in this chapter to quantum field theories in physics.

B.7. Supersymmetric quantum field theory

B.7.1. Chiral feynman rules

The first aims of this section are somewhat a review of the previous sections using
slightly different notation, where we derive the chiral and vector multiplets again, form
supersymmetric lagrangians from them, and find the corresponding Feynman rules.
The main purpose of this repetition is to familiarize ourselves with the manipulation
of the spinor quantities and become accustomed to writing Weyl 2-spinor equations in
terms of Majorana 4-spinors instead, which allows the use of Dirac gamma matrices in
calculations rather than the more tedious Pauli matrices.

Recall that the supersymmetry algebra is generated by the momentum operators,
P,., and the Weyl spinor supersymmetry generators, (), and Q.. The algebra is

(Qa Pl = [@as Ba] = [Py P = 0
{Qa,Qs} = {—Q_d’@ﬁ} =0 | (B.232)
{QQ,Q_B} = 2025.”“.
A finite element of the group corresponding to this algebra is
G(z*,0,8) = ¢'(0Q+0Q-=P.) (B.233)

We wish to construct linear representations of this group (derivatives acting on super-
fields) by considering the action of the group on the parameter space (z*,0,6). Using
the Hausdorff formula (which terminates at the first commutator due to the supersym-
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metry algebra), we have

G(z*,0,6)G(a* £,8) = G(z* + a* — i€a"D + i§0"E, 6 + £, + £). (B.234)

Thus, the supersymmetry generators induce the following motion in group parameter
space:

¢ (0Q+09=*Pu) . (s 0 ) — (z¥ 4 gF — i€oHD + i00ME, 0 + £,0 + F). (B.235)

For a superfield, S(z*, 8, 0), we have the expansion

S(z* + a* — i€c#0 + 00,0 + €,0 + §)
oS
00«

oS (B.236)
50,

= e 4T aS -
= S(z*,0,8) + (a* — ic*0 + i0a*€) poy” +&° + &,
Therefore, the action of the supersymmetry algebra on superfields,

S(z*,8,8) — (09+7R-"Pu) 5z ¢ ), (B.237)

is generated by the linear representation

P, =id,
Q. = 0 .. 75
e = 5pa T Waa” % (B.238)
Qg = ———% +16%0* 8.
00

The general superfield, S(z*,4,8), may be expanded as a power series in § and §
with the series terminating as the second power of each as we have shown in Section
B.6.1. equation (B.186). Such a superfield provides a representation of the supersym-
metry algebra which is reducible, and we obtain irreducible representations by imposing
covariant constraints such as S = St or DS = 0.

The constraint, D,S = 0, gives a chiral superfield as its irreducible representation.
Any function of § and y* = z* 4+ ifo*8 will satisfy this constraint as can be seen by the
definition (B.192) due to D48 = 0 and D,y* = 0.

We can expand a chiral superfield, ®(y*, 6), in powers of 4 as

(y*,0) = d(y) + 20¢(y) + 06 F (v), (B.239)

where ¢ and F are complex scalar fields, and v is a left-handed Weyl spinor field. (It
is contracted with #°, so it must be v,. which means left-handed, i.e., the upper two
components of a Dirac spinor.) Thus, the general expansion of a chiral superfield in
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component fields is

®(z#,8,0) = ¢(z) + 204(z) + 80F (z) + 18,0006

- 1 - (B.240)
+ 210,900"6 — 5@6@00“990"9.
The last two terms of this expansion can be written
2(00,) (0548) = 2i879,1,0° (0*) 58"
= —2i676%0,1y(0*)agD
v by () . (B.241)
= —1((00)87%) 0,y (0*) st

= —i(66)8,9°(0")aal = —i068,10*3,

where we used equation (A.54), and

1 - = 1 —& I
~ 500,000 T80"F = ~20,0,00%(0*)oi 6°(") 7
= 300,00°(0%)oaT Ty = 50,0,00°(0%) o ( ~ 55983 ) (@)%

= ——a ,0,00%(0*) 1a80(7") %05 = —Za,ﬁm (-2-905;) (0*),400(3*)%" (B.242)
- ——a 8,600(c*) 5:06(5")°F = -la 9,860Tt (0¥5*) B0
= ——a 0,008 (27*) 88 = —-a , 0" 60608,

~ which allows us to write our left and right chiral superfields® as

&(z*,80,0) = ¢(z) + 20v(x) + 00F (z) + 10,0058
— 008,308 — %a“aﬂqbem

o'(z#,0,0) = ¢'(x) + 20¢(z) + 00F'(x) — i0,6'00%9
+ 880040, ~ 0,0%410698.

(B.243)

We can find the behavior of ® under infinitesimal supersymmetry transformations by

8We call it a left chiral superfield since it is chiral and it is written in terms of the left-handed Weyl
spinor, 1. The right-handed chiral superfield is found by hermitian conjugating the entire equation.
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using equations (B.237) and (B.238) as follows. First, wenote that ® — & + 69, where

00 =i (EQ+EQ) @

=1 (f"‘Qa - EQQ—Q> ® minus sign from reversing contraction order

= 6 (00— 10,70, (-6, + 16°0%,0,) 0 (244
= £%0,® — i€°0" 078, + £ 0,® + i0°0* £ 0,8.
Working out the indi'vidual terms,
60 = (2§¢ + 260F + 10,¢€0*8 — 2i€00,p0"0 — %a,,aﬂqsgm)
— i€0*0 (8,¢(z) + 208,%(z) + 660, F (z) + i8,8,400"8 — i660,8,1)5*B) (B.245)

+ (i@,‘(bﬁa“f — 1008, po*€ — %a,,aweeg‘e)
+ i00VE (8,¢(z) + 200,%(z) + i8,0,600*6) ,

where we used the fact that terms with 3 ’s or 3 @’s are zero. Collecting powers of 6
gives

5D = 289 + 260F + 2i0,¢00%E
~ 2i£600,90*0 — 2i£076000,7(z) — 1000, E + 2007 €00,(x)
- %aﬂaﬂqsgoéé - %auaﬂqseeg_e ~ 0,0,¢00"£00"8 — i0,F(z)€0”066
+ 8,0,0€0"000"6 — £5¥0660,8,10*8.

(B.246)

Since we can also write the variation as

6@ = 6¢(x) + 206¢(z) + 09 F (z) + i0,6¢05*0 — 608,610 — -}1—3“3“(%9955,
(B.247)

we can compare powers of § and pick out the variations:

5¢ =[269] (B.248)

5y = —€°F — i0,¢(c*)2E
=|—€>F — i8,¢(c*)**E,

(B.249)
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006 F (z) = —1000,h 0" € + 2100708, ¥
= 000, W0"E + 2i6°0, (0" )it 0,1
— 1 —a
— 880,607 + 2 30053 ) (0")uak" 00" (B.250)
= —i000,Vo+E — 1000,0°(0") gl
6F(z) =|—2i8,40" €|

We see that the boxed formulae are exactly the transformation laws (B.62) as they
should be. It is important to note that the change in F under a supersymmetry
transformation is a total derivative so that, if we form an action from the F' term, the
action will also change by a total derivative and will, therefore, be invariant.

The product of chiral superfields is given as one would expect by simply multiplying
the expansions of each field and collecting powers of §. The anti-chiral superfield is
given by the hermitian conjugate of the chiral superfield. We can form products of
chiral and anti-chiral superfields also, but in that case, it is the D term which is a
total divergence rather than the F' term. The F' term is the coefficient of 88, and the
D term is the coefficient of 8699. We can, therefore, construct a lagrangian wherein
we have the D-term of a product of a chiral and an anti-chiral superfield, and we can
add a “potential” term which is the F' component of a product of only chiral or only
anti-chiral superfields. A general lagrangian has the form

c=%" [(D,chi]D + ([W(®)]p +hc), (B.251)

where, for example,
1 1
W(@) = imijéi@j + 5
for real m;; and A;jx which are symmetric in their indices.
Let us now write out the lagrangian in component fields using the potential term.

Aije®:®; 0, (B.252)

1 1
L= Z [@3@,] 5 + ([Em,-j@,@j + gAijk(I)i@ij} + hC) (B253)
i F
We work out the terms as
[212;] = [(616) = 209:(0) + F{)P0) (85(v) + 260(v) + 00F, )] _

{ [¢: 255, + BOF} — i8,80078 + 1880040, , — %@,6“@99@]

X [qu + 20; + 06 F; + 10,¢;00"8 — i600,1;0"0 — iaua”qajeo'é?] }
D

1 1 1 , } — —_
{F;TFJ - Zqﬁaﬂaﬂq&j - Zanau‘f’:%j + 56;145:'8“@1' + ih;otou; + zwia“a,‘d)j}
(B.254)
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[@:®;], = {{6: + 200 + 00F)) x [¢; + 26¢; + 06F;]} 5
= [6:F; — 46°(01)als (1" + 00Fi,]

- {@Fi +4 <%5g) (¥:)al;)P00 + 99Fi¢j] (B.255)
= [¢iFj + Fig; — 2ti;]
[@}Q‘T]F - [“’;FJ + Flgl - QWJ-] (B.256)
(8,8, 04, = [0:0;Fi + 0iFidx + Fipidp — 2000 — 20ithad; — 2] (B.257)

and

(21alal] = [Floso+ oL Flel + ol6|Ff - 205,6] - 20,00} — 20,040l

(B.258)
We can now put these equations together to form our complete supersymmetric la-
grangian for our left- and right-handed chiral multiplets

L= [F;*E ~ 7018, 6: - 30,0661 + %8,,@’)38“(15,- + it h, T, + iﬂiﬁ“a‘,wj]
+ {%m,-j [6:F; + Figpj — 2¢1b]
+ Pk 6103+ OuFs + Fidyon = 2l = s, - o |
- {lmi,- (61! + Fjo! - 253

+ 3)‘1.]k [Fﬁ%aﬁi + ¢LF}¢I + ¢L¢;FJ - 2%'—7;,'% 2'1) ﬂ’k% - 27»17 U/cﬁl;f }
B.259

We can translate the lagrangian into Majorana 4-spinors using the following iden-
tities (denoting Weyl spinors by ¢ and Majorana spinors by ¥)

V05 = 0,0; + Py
175\1’ 1/) 1/) %/M/)J (B260)
7“3,‘\11 = 1/)‘0‘“3,,1,0 + wauaﬂ = 2{/)_27‘“8#1[1,

where we dropped a total divergence. We also note that the constants, m;; and Ay,
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are real.
L= [F“F - —o*a O ¢; — -¢1 8,0"¢! + —a“_o;aﬂ@ - iTI/_'y“Bu\I/]
+ mid Fip; + Fl gt — (Vit; + ¥;v;) (B.261)
v ¥l 1Yy wl"pj + wz ]
+ /\ijk{¢i¢ij + <PI¢;F;I - 2—@5,‘%@: - QUiL‘j¢k}=
where we have used the symmetry of A and m to combine terms. Also
1 1 1 1
——¢16,,6“d>,~ - —¢i6p6“¢f = —>9,0* (q&fd»,-) + —6,,¢36“¢i. (B.262)
4 4 4 2
Substituting this result and the relations from equation (B.260) gives
£=|FF - 2a,0¢ (4l 8,910 ¢ + 107449,
= |FIF - ;0,0 (810:) + 0,006 + Ty 0,0,
+ mij{F,-qu + Flol - ’\fiwj} (B.263)
+Am{¢@ﬂ+¢wﬁi 5 (6] + ) - Tins¥; (' - )}
We dropped the total divergence. This is written in a more familiar way as

L = 8,810%¢; + my; (F,-¢,- + F,.qu}) +1F; pU; - mi; T, + FI F,

(B.264)
+M{@@n+www Ti(1 + 5) 0,0, %u—%wm@.

Since the F' field has no kinetic term, it is auxiliary, and we can use the equations of
motion to eliminate it. The equations of motion for the F are

5L
=m, A Fl =0
5F - i T Aubio T (B.265)

= F,-t = —Mij®; — Aije@;Ok.

The equations of motion can be written

(B.266)

where W (¢) is the potential function with ®; — ¢;. Sometimes, we call V = |F|* the
effective potential at tree-level since it is the potential term of the lagrangian when you
only consider tree-level processes. Putting the equations of motion of the F; into our
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lagrangian gives
L= 3#¢35“¢i +i¥; g, — my ¥, ¥ + |myjo; + /\ijkd)jﬁbklz
— 2midse (8i659] + 41016]) - Disidmdidsdl 8l — 2mmasle;  (B.267)
= Xije Wi (14 75) T8 — Xijie s (1 — 75) U5
We can condense this expression by using
Imij0; + Nijkdidk|” = (Mijd; + Xijedidr) (Mim®l, + Ximn 01,01,
= (MijMim®; @, + NijkMim®; 0L, + mij Ximn®; 9508 + XijeNimn®; Pr L)
= (musmimdi8h + Nsemim (83068h + Sml6L) + Mk Nimndi 010l ).
The lagrangian becomes
L = 8,4l8*¢; +iT; §U; — m;; T, 0,
= X l; (14 75) W00 — M@ (1 — v5) U6
+ MigMimm ) + AigeTim (3060% + 0m618] ) + AijuNimndi0n0 0,
— 2mym Aijik (¢k¢j¢1n + ¢m¢£¢;) = 2k N Ok O OL, — 2 Mim @1, ;4
which finally reduces to
L= 0,8{0"¢; +1¥; PU; — my;T; ¥,
— Xije s (1+95) U8 — AijTs (1 — 75) U (B.268)
— Mym Aijik (¢k¢j¢1n + ¢m¢1¢;‘) - )\ijk)\um¢k¢j¢f oL — miMim @l @;.
We can now read the Feynman rules from this lagrangian, noting that indices ¢,

7, and k label different particles. First, let us write the m;; as a diagonal matrix,
ms; = m;d;j, so that each particle multiplet has an independent mass
L= 8,010"¢i — miglgi + Ti(i § — m) ¥ — ApTi (1 + 75) V9]
— fL , t ot (B.269)
— Xije Vi (1 = 795) Vi — madijx (¢k¢j¢i + Oi¢k¢j) = AijkAitmGr 06, OL,.

The lagrangian describes multiplets of scalar particles and Majorana spinors interacting.
Indices i, 7, and k label the multiplets. We can see that, for each spinor of mass m,.
there is a corresponding scalar with the same mass. The Feynman rules for this theory
are shown in Figures B.7.1. and B.7.1..

B.7.2. Renormalization and non-renormalization

The one-loop diagrams can be worked out using the rules from Figures B.7.1. and
B.7.1. where we write the dimension of the loop integrations as d = 2u as usual. We
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1855
(F—mi+ie)

= —i/\ijk (II + ’)/5)

It

— Ak (I — 7s)

Figure B.1. The first set of Feynman rules for chiral supermultiplets. Each of
the indices, 1, j, k,{, and m (labeling different multiplets), are assumed to be
different here, and appropriate symmetry factors must be used whenever two

or more are the same.

show the results to one loop in Figure B.7.2. where we are assuming that the initial and
final particle are from the same multiplet, and the internal particle lines can be from
any of the N different multiplets. If we add the 1-loop diagrams from Figure B.7.2.,

we have
d*q N
Total = / e >
jk=1
d*q N
Total = / e 3
1,k=1
d*q &
Total = W Z /\
ik

2 { -2

o 2¢% —2mi — 4¢® + m? + 2m?

(g2 - mi)(¢? - m3)

—-2(g* — m?) + m? — 2m}
2 (q2 ’2) — (B.270)
(¢ — mi)(g? - mj)

m? — 2m2 }
(¢ —mi)g®—-m}) |
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Figure B.2. The second set of Feynman rules for chiral supermultiplets. Each
of the indices, 1, 7, k, !, and m (labeling different multiplets) are assumed to be
different here, and appropriate symmetry factors must be used whenever two
or more are the same.

The first term is a quadratically divergent integral that is equal to zero in dimensional
regularization, and the second term is a logarithmic divergence which leads to a wave
function renormalization. There is no mass renormalization necessary since the contri-
bution of the internal fermion loop cancels the contribution of the internal boson loops.
We also notice that the cancellation occurs regardless of the masses, m; and m;, which
can be different. Even if there is a large mass particle in the theory, it will not induce
large masses in the other particles due to radiative correction counterterms. A mass
hierarchy is, therefore, preserved.
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— _d*q N A
=2 f (2m)2 Ej,k:l ‘(}ff;;f)‘

- — - —_ —

) f (d2“2u Z] k=1 thTr ((]I + 75) q/_mk ( - 75)?:17"_])

dz“ A2 errq'
2 21r)2l»‘ ]k 1 Yijk g2-m2 (g2~ mz)

dZy 2 22
—4 f (21()2/-& 7, Ic 1 ’\th (qz_mz)(qz_m )

]

[ e (md+2mNE,
(2m)2s ]k 1 (q2—mi)(q2—m?)

Figure B.3. 1-loop propagator corrections for the scalar particle in a chiral
supermultiplet. The supermultiplet is labeled by 1.
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Notice also that there is no infinite renormalization of the coupling constants due
to the vanishing of diagrams like Figure B.7.2.

— € — —

d?q my
— 0] e T { (1= 9 P 1 = 20) 22 1+ )

= 0 since the trace is cyclic and (1 — v5)(1 + 7s) is zero.

Figure B.4. The 1-loop vertex correction for chiral supermultiplets.y

Since d*f = d?6d?0, we have

/d29 6% = /d2§§= 1 (B.271)
derived as follows
/ 426 6 = —i / |d6°d6,] [6°65) = —i / [d6%€yd87] [6%€556°]
= —711 / [d6%d6* — d6*d6?] [6°6" — 6'6°]
) (B.272)

-3 / [d62d01626" — d6d6*6'6” — db'd626%6" + d6*d666?]
1

= - — -1 - - - = 1.
; / [F1-1-1-1]=1

We can write our lagrangian in a form that automatically picks out the F' and the D
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terms where appropriate. This form is

L= /d492<1>§<1>,~ + (/ %6 W(®) +h.c.> . (B.273)

The non-renormalization theorem comes from the fact that any radiative correction
to the effective action can be written as a single superspace integration, [ d*6, over a
product of factors that are local in @ and § with no superspace d-functions. Since the
lagrangian only has one term of this form, the kinetic term, the only terms that are
renormalized are the ®]®; terms, which results in a wavefunction renormalization.

B.7.3. Supersymmetry breaking

We do not see fermions accompanied by bosons degenerate in mass with them
and vice versa; therefore, supersymmetry must be broken. Spontaneous breakdown of
supersymmetry occurs when the vacuum state is not invariant to one or more of the
supersymmetry generators. Either Q|0) # 0 or @, |0) # 0 for some a. When we

calculate the energy of the ground state, we have
{Qa: Qa} 10) = 20%, P, |0)
= (7)°* {Qu; Qa} [0) = 2(5%)**0%, P, [0) (B.274)
= 4P, ]0) = 4P |0)
so that

P¥|0) = =(5")%* {Qq, @} 10)

o L (B.275)
(Q1Q; + Q;Q1 + Q2Q; + Q;Q2) |0)

= P%|0) =

N

which is positive semi-definite. If all of the Qs and Q’s annihilate the vacuum |0),

then the energy of the vacuum, p°|0), is zero. Suppose there is spontaneous symmetry
breaking and @, |0) = V4E |p, A) # 0, then

POJ0) = 3 (@@) 10 = ;VAE T I, )

1 (B.276)
= Z@\/Em) =E|0).

When one of the supersymmetry generators fails to annihilate the vacuum, the vacuum
state has positive energy. As a result, whenever a supersymmetric vacuum state exists
as a local minimum of the effective potential, it is a global minimum. If there are more
than one supersymmetric vacuum states, they will all be global minima, each with
zero energy. If the effective potential has a supersymmetric minimum, then it will be
the vacuum state and will have zero energy. If the potential has no supersymmetric
minimum, then the symmetry is spontaneously broken and the global minimum will be
a positive energy vacuum state.
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Another way of looking at spontaneous supersymmetry breaking is to notice that
it must arise from one of the fields having a vacuum expectation value that is not
invariant under supersymmetry transformations. For example, for the left-handed chiral

multiplet, one of the following variations must have a non-zero vacuum expectation
value

(0] 6¢10) = 2£ (0] % |0)
(01 59°10) = —€* (0| F [0) — i), (0] $10) (+*)°%, (B.277)
(01 8F(z) [0) = =238, (0] 10) o€

and the only one that can be non-zero without breaking Lorentz invariance is the
auxiliary field

(0] 7 |0) = —€° (0| F3 |0) # O (B.278)

for some chiral multiplet, ®;. Since we can write Ff = %:—Q, we see that, for chiral su-
perfields, the auxiliary field, F;, is the order parameter for spontaneous supersymmetry

breaking.

When spontaneous symmetry breaking occurs, we expect to see a massless Gold-
stone fermion in the spectrum corresponding to the broken fermionic generator. This
Goldstone fermion is analogous to the usual symmetry breaking where we see a mass-
less Goldstone boson. The Goldstone fermion will be the % field in the multiplet where
the F field has acquired a vacuum expectation value. When the symmetry becomes a
local theory, such as in supergravity, the Goldstone fermion will be eaten by one of the
gauge fields (the gravitino), and the other field will, thereby, acquire a mass.

Let us now briefly discuss the form that the effective potential must have in order
for spontaneous symmetry breaking to occur. We know that the potential must have

no supersymmetric minimum. A supersymmetric minimum of our effective potential
will be a solution of

-2
' , B.279
= —Myjd; — Nijk@j Pk ( )
= myd; + Aijediox = 0
so that ¢ = 0 and ¢ = —7 are both zero energy supersymmetric minima. The only

way we can get supersymmetry breaking is when there is no solution so that there is no

zero energy minimum. An example is the O’Raifeartaigh model which has the effective
potential

W (D1, B3, D3) = A1 @1 (B — M?) + p®,9s. (B.280)
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The auxiliary fields in this model are

8W

~F} = Fre M (43— M?)
ow
~F =2 B.281
2 a¢2 y’¢3 ( )
ow
—Fl =2 =9) + .
3= 56 10103 + pd2

There is no solution which has all three of the F’s equal to zero. Therefore, in this

model, there is spontaneous supersymmetry breaking. The effective potential is given
by

3
V=3 IEL = X165 - M2 + 12 16l + lude + 20i616]" (B.282)

=1

The minimum of this effective potential is found by

av '

55 = 2093 (wel+ 2nelsl) =0

ov

Eyeiale (MS; + 2/\1¢){¢§> =0 (B.283)
1%

5, = 2M6s (9104~ %) + w8l + 22061 (udh + 20u6l6}) =0

The solution is (¢2) = (¢3) = 0 with (¢;) left undetermined. Thus, the potential has a
flat direction. This minimum has

Fl=MM? Fl=F]=0 (B.284)

so that
V = |F = MM (B.285)
is positive definite as expected.

Since Fj is non-zero, we expect that ; will be a Goldstone fermion. We look at
the terms in equation (B.261) which are quadratic in the fermion fields

;C,I; = —m,-j ('(/J;"l//j + E;’()—bj) - 2/\ijk (EiEJ(bL + '(/)iqubk)

v (B.286)
— (mij — 2Xiedx) (Viv; + v30;)
which has a minimum value of
Eﬁ = — (my; — 2Xij1 (1)) (t.’) V; Ei@j)
— (myj — 2Xij1 (61)) Ui ¥ (B.287)

= —M;;T,¥;.
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By the form of the potential in the present model (B.280), we see that

Aijk = A133 = As1s = Azz1 = A1

(B.288)
My; = Moz = M3z = U
and all the other components are zero. We have
LE = —pUyWs — 30, + 2) (¢1) ¥3T5
L 0 0 0 v,
0 H —'2/\1 ((}51) \113
= —Mij—\if—i\pj.
We see that ¥, is massless as supposed.
Now, we look at the bosonic mass terms
LE = |FIF,| +X\; { 0 F + o *.F*}
= — 1P @lds — 1P hda + NI M $ads + NI M2 glgl.
Let ¢3 = (a3 +tb3), giving
LE = —pla) — pP8 + Pl + 20 M%af — 20 M55 (B2s1)

= — (4% = 222M?%) a? — (u? + 202 M?) b} — u?¢l .

The complex scalar field, ¢o, has mass y; the field, ¢;, is massless, just like its fermionic
superpartner, 1; and the two real scalar fields, ag and b3, have masses

m2, = p? —2XIM? ml = p? + 20IM2. (B.292)

The masses of a3 and b; now differ from those of their superpartner 13, indicating
that, with supersymmetry breaking, we have the possibility of mass splitting between
superpartners and we can hope to reproduce the physical spectrum of particles.

B.8. Superspace methods

A convenient fact about superspace is that we can perform many of our calculations
of Feynman diagrams and Green’s functions directly in superspace by manipulating
entire sets of component field Feynman diagrams at the same time. The component
field Green’s functions can be simply derived from the superfield ones by taking the
appropriate coefficients of the § and 6’s. We will see that the non-renormalization
theorems that were arrived at so tediously come about much more simply and are seen
to vanish more explicitly since cancellation of component diagrams inside a superfield
diagram shows up as the superfield diagram vanishing.
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Let us begin by looking, once again, at our lagrangian,
L= / d*9 {cbj ®; + W(®)6(9) + h.c.} , (B.293)

where it is now written as a single integral over superspace with a é-function factor in
the potential piece. Let us insert our particular form for the potential piece and write

1
L= / d49{<1>1<1>,-+ 5 8:2;0(6 6) + = mU<I>f<I>;'5(9)
. (B.294)
+ 326k 2:®;840(6) + 3A;]k<1>* ®! @Ta(e)}

To derive expressions for the propagators, we look at the free field terms in the
lagrangian; these terms are

Lo = / d*6 {@Rp + %m@@é(?) + %m‘@féfd(ﬁ)}

(B.295)
= F'F — $18,8%¢ + ipo"0,v + m{FqS + Flgt — (vo + 99) }
The propagators are
(OIT (6(y)8'(¥)) 10) = iAp(y — ¢/)
0T (¢(y)F(y))10) = (0] T((y) F(y') |0) = ~zmAF(y y)
(O] T (F( y)FT (1) 10) = i0AR(y — ¢/)
OIT (Ya(¥)?’(¥)) 10) = —55mAF(y - ) (B.296)
O (T*w)B,0)) 10) = 26mAr(y ~ v)
O (0a)T,(0)) 10) = 50*,8:0r(u ~ ¥),
where )
Ar(y=y) =g (B.297)

We then use these component propagators to construct the superfield propagators. The
superfield propagators are

0|T (®(y,0)2'(y',6)) 10)
= (0| T ([¢(y) + 269 (y) + 60F (y)] x [¢(y) + 26'¢¥(y") + 6'60'F(y')]) 0)
=60'0' (0] T (¢(y) F'(y)) |0) + 66 (0] T (F(y)9(y)) |0) (B.298)
+ 2007 (0| T (v (y)rs(y)) |0)
= —im(6 — 6')*Ar(y — ¢/).
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From the definition y = z + i, we have
|T (@(I, 6,8) (z', 9’,?)) |0) = 7ei(*B+0'0"T 28T NBE A (5 5
T (@(z, 0,8)0(z, 9’,5’)) 10) = —imd (6 — §')e b T HTIEA Lz _ o) (B.299°
0| T (@T(x, 6,6)0' (', 9',6’)) 10) = imd(@ — §)e TR (1 — 1),

We can use these propagators to find the superfield Green’s functions to any order in
perturbation theory. Using the expressions for the propagators, we can now easily show
that the mass renormalization vanishes as we found in the previous section. We now
calculate the one-loop corrections to the three propagators shown in Figure B.5..
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Figure B.5. 1-loop propagator corrections for the superfield ©.
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The first diagram in Figure B.5. is proportional to

/ dir d*z’ d°9 d*6 %0’ d*0 §(0)5(6')®(z,,9)
x 6(8 —6') exp {i(@a“? - 0’0“_04)8;’;'} Ap(z — ) (B.300)
x 6(8 —6') exp {i(ﬁa“@ - 9'0”5’)35} Ap(z — 2)®(',6',6)

which is zero by the following arguments. The delta functions are defined by

/ F(m)é(n)dn = £(0) (B.301)

and since we have
d
/ 5 n)dn =0
/ (A+Bp)dn=B (B.302)
[+ Byan=2

we have 6(n) = 7 and, therefore, d(n)é(n) = 0, so our contribution from the first
loop is identically zero. Similarly, the second loop in Figure B.5. also has two factors
of the same delta function and, therefore, also vanishes. We have shown that all of
the component diagrams which these superfield diagrams represent cancel out. Hence,
there are no mass renormalizations required. Notice also that §(0) = 0 so that any
tadpole diagrams are also zero since they have a closed loop attached at a single point
and, therefore, necessarily have a factor of §(f — ) in them. The third diagram in
Figure B.5. is proportional to

/ iz 20420426 %6 6(0)5(6)
x ®(z,6,8) exp {i(90“§+ g g — 200“5’)85} Ap(z - 7')
i - _ _ (B.303)
x 8(6 — §') exp {i(()a"@ +00"9 — 20049 )a;} Ar(z — 2')3H (', 8,7

_ / d*zd*z' d*9d%0A% (z — 2')B(z, 0, 0) exp (—22'90“53;’) at(z',0,9).

The A% in the above expression will lead to a logarithmic divergence which will require
a wavefunction renormalization. Notice how much simpler it was to arrive at this result

using the superfield Feynman diagrams rather than the component fields as we did in
Section B.7.2..
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B.8.1. Superspace gauge theory

For each of the superspace derivatives. 3, D,, and D., we introduce a corresponding
gauge potential superfield, A,(z,6,0), Aa(z,0.0), and As(z,6,8). As a gauge parame-
ter, we take a general superfield, X (z,6,8). We do not make reality assumptions about
any of these fields.

We now simplify notation by using capital Latin characters to denote an entire set
of superspace indices,

DA = (avaa)Dd)

Ay = (A, Ao, Ay). (B.304)
The gauge connections transform as
Ap— e X (A4 —iDy) €%, (B.305)
We define the covariant derivatives
Va=Dy+iA4. (B.306)
In contrast to ordinary space, where [3,, 0,] = 0, we now have
[D4,Dp} = iT$zDc, (B.307)
which is the algebra, (B.194), of the spinor derivatives, with
T:B = Té‘a = 2025 (B.308)
and all other T’s zero. The non-abelian structure gives us the Ricci identity
(Va,Vp} =iTS$sVe + iFug, (B.309)
where
Fup=DaApF DpAs+ilAa, Ap} — iTSsAc. (B.310)
With this definition, including the last term, F' is covariant
Fap = e X Fype’® (B.311)

and fulfills Bianchi identities which are modified by the presence of the “torsion” term

> [VaFpc —iT2Fnc] =0. (B.312)
[ABC}

In extending gauge theory to superspace, we had to introduce the complex connection
superfields, A4, which, between them, have 16 times as many components as we expect
for the minimal version with just one real V. In order to get to the minimal scheme,
we need super- and gauge-covariant constraints on the theory.
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Constraints

Constraints must set covariant superfields to zero. The constraints must act on
covariant object so that they do not break gauge invariance. The constraints must also
act on superfields since they should not break supersymmetry. Therefore, the Flyp are
suitable candidates for being constrained.®

F,p decomposes into Lorentz representations as

Fap:2-(1,0)+2- (0,1) + (1%) + (%1) + (%o) + (o, %) + (% %) (B.313)
which leaves plenty of choice for constraints. We need to decide which constraints to
impose. First, there are conventional constraints which come from the fact that the
gauge potential remains unchanged if we add a covariant field in the adjoint represen-
tation, Ag — Aa+ Fa, to it. For example, we could add a superfield, F, = —{55°F 5
to A, and get a new A,. With this redefinition, we get F:;W =0,80 F, ;=0isa safe
constraint that we can always impose.

The second type of constraint comes from requiring that derivatives be gauge co-
variant. We expect the following constraints on “gauge-chiral” and “gauge-anti-chiral”
superfields

Va9 =0

V.30 (B.314)

Such differential equations have integrability conditions. The equations are only con-
sistent for all ¢ if

{Va,Vs} = iFag =0, {vd,vﬁ} =iF,, = 0. (B.315)

These constriants are called representation preserving constraints.

Another type of constraint which is necessary to get a minimal scheme is the soft
reality constraint

A, = (A" + gauge transformation. (B.316)

Summarizing our constraints,
Im A, = pure gauge, Fop=F_ ;=F, ;=F,3=0. (B.317)

To solve these constraints means to express a field which is subject to some differen-
tial condition in terms of derivatives of other fields in such a way that the properties of
the derivatives ensure that the original condition holds. For example, in electrodynam-
ics the curl of the vector potential is a solution to the constraint which the homogeneous

9For an ordinary gauge theory, F,, contains the Lorentz representations (1,0) + (0, 1) which are
linked to each other via the Bianchi identity. Setting one of them to zero, say 0 = F,, + j€u,p0 F*7,

gives the equation of motion, V#F,, = 0. We end up with on-shell conditions for the fields or even a
trivial theory, F,,, = 0.

208

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Maxwell’s equations impose on the field strength.
To solve constraint FaB =0,

0=F,;= DA, +DyAq +i {AQ,AB} —iT% Ao
= DaAy+DyAo+i {Aa,Ab} —i20* 4, (B.318)
20" A, =i (DQAB +Dyda +i {Aa, AB})

and multiplying each side by Eﬁ“ gives

25,°0% Ay = 70" (Dady + Dyha +i{Aa, 4;})
2(7,0") Au = 17 (Dady + Dyha +i {4, 4;})
{4e45})

)

; (B.319)

A
2(=2I) 4, = izt (DQA-+E-AQ+Z Ao, A,
—44, = izt (D 4,+D,4, +z{Aa,Aﬁ}

A, = —Z'aﬁa (Dadty + Dyha +i{Aa, 45 }) -

To solve the constraint, we end up with the connection on spacetime, A, expressed in
terms of the connections on the spinorial directions, A, and A,.

The representation preserving constraints are a bit more difficult to solve. First, we
observe that the space is spinorially flat in that the curvatures that have both indices

in a spinorial direction are zero. The solution to these constraints will be connections
which are spinorially pure gauges

A, = —ie*VD,e”® =2iD,V

— — B.320
A, = —ie¥D,e?V = 2iD,U, ( )
which are a solution of equation (B.315) for general complex superfields V and U.
Now, A, and A, are pure gauges, and A, is expressed in terms of them, but since U
and V are different and we have only one gauge parameter superfield, X, we can, at

most, gauge one of the connection superfields away. In order to transform properly, the
connections must satisfy equation (B.305) so that

A = e (A, —iD,)e* = e7*(2iD,V — iD,)e™*
—ie?” (Dae—QV') = —i (=2D,V + D,(iX))

(B.321)
Do(=2V") = —2D,V + D, (iX)
oV =2V —iX
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and similar conditions hold for A, in equation (B.320). We have

o2V — m2VHX
f).
o2 _ o—2HiX (B.322)

Notice that equations (B.320, B.321, and B.324) are still invariant under

v
e—2V - e—2V—1.A

e~2U _y om2U—iA (B.323)
where A is chiral (DzA = 0) and X' is anti-chiral (D,A = 0).

- Now we make a partial gauge choice (partial since we still have the invariance under
transformations (B.323)); we choose X so that iX = 2U; therefore,

A, =e U (uD,U - iD,) eV = (2D,U — 2:D,U) = 0, (B.324)
so A, = 0. Our covariant derivative and spacetime connection are now

Vd - D_d (B325)

and
| G- _ | B —
The remaining gauge freedom on V is now

e — e~ g~V it (B.327)

which leaves everything we have found so far invariant. The gauge choice, A, =0, is
supersymmetric since a superfield has been gauged away, a superfield’s worth of gauge
parameters have been fixed, and the remaining gauge freedom is expressed in terms of
superfields.

Our final constraint that we can use to fix the remaining gauge freedom is the soft

reality constraint, 4, = (4,)'+ (gauge transformation). If we choose A’ = A, then we
have

2Vt o (iR — 2V +iA) = iA — 2V — iR = —d& — 2V 4 4A, (B.328)

which means that V! =V and that A, is gauge equivalent to (A4,).

We have succeeded in imposing the constraints and two gauge choices, reducing
everything to the desired minimal theory containing one prepotential superfield, V
(which gives the connection superfield), and one chiral gauge parameter A. We still
have the gauge transformations

eV 5 e Re Vil (B.329)

There are three field strengths left; let us look at the lowest dimensional ones, Fj,,
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and F ;. Using our solutions for the conaections,

Fuo = DyAs — DAy +i[Ayu Ag) ~ iTﬁ%AC

— 1 54— — _

= DAy = 0,°D,D; (¢ Dae™) (B.330)
—__._60‘ .. —_.1.'_'0 2 = 7%

= . DaDﬁAa 8auBD Ao = wuBW""

=2, . . ) ) o .

where W, = %D A, is obviously chiral (since three derivatives gives zero) and gauge

covariant. Similarly, .
Foo=—iz W

" (B.331)

with W, = (W,)!. From the Bianchi identities (and D"‘EQDO, = #Dzﬁd), we have

VoW, + VT = 0. (B.332)
The superfield, W,, is _
W, = %‘D‘QAQ — iﬁg D,V. (B.333)

Since our general superfield, V, is real, V" = 177, we can use equation (B.186) restricted
to real fields to write

V =C - ifx+ixd - %92 (M - iN) + %52 (M +iN) — 00484,

. : (B.334)
72 ( mr(~ 1m 1 072 1
+ 10 9()\——2- 6‘;2) — 10 G(A—gﬁx> —59 0 (D+§DC'),
and now, we calculate W, as
Wy = ~D'Dq|C — ix +iX0 — =62 (M — iN) + 28" (M +iN) — 604FA,
4 2 2
. . s 1 ) (B.335)
+i6°6 (A -2 6%) ~ i6°8 (/\ - %@x) - 6% (D + §DC>].
In the Wess-Zumino gauge, where C =y = M = N =0,
e — - - —_ 1
W, = %eﬁapdD 3Da [—90“0Ap +16°6) — i6°6) — §92921)]. (B.336)
After much algebra, along with switching to 4-component notation, we arrive at
W, e ) ) o -
W= | = e\ — 50#“9& + 10D ~ i62°g*V M|, (B.337)

where V, A = 0,A + i [A,, ] is the covariant derivative of the “gaugino” field.
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The action for the gauge fields is

1 ) .
Sy = G d*rd*0 Trt? + h.c. (B.338)

which is supersymmetric and gauge invariant. In components,
1 , i 1,
Lyy=Tr -ZFIJ-UF“ + 5/\’)’#V#/\ + -2-D . (B339)
The equations of motion are

1 —
VUFI_W = 5 {)\,’)’#A}

PV, =0 (B.340)
D =0.
In superfield language, '
VeW, — V,W* =0, (B.341)

which differs from the Bianchi identity (B.332) by the minus sign in the middle. The

action can be written as an integral over all of superspace, so we expect a wavefunction
renormalization.

The kinetic part of the action is given by interacting the V' superfield with ¢ as

Skin = % / d'z d*0d*0 6%V ¢, (B.342)

which is

) — 1
Liin =Tr lV#AV“A + }-VuBV“B + ii/f’Y“VM/J +IF? 4 le
2 2 2 2" T2
(B.343)
—iA[B, D] —ip [\, A] — ity [A,B]J .

The most general renormalizable N = 1 supersymmetric lagrangian is the sum of

Ly and Lg;,, along with gauge invariant self interactions. With indices denoting the
gauge group representation, we have

1 -~ 1 1 —a 1
L="Tr —ZF#VFMU + ’L')\O'“V#/\ + §D2j] + §V”AaVﬂATa + ilpaa“V#w + §FaFta

—a 1
— AT Yy — R Ay + A DA,
1

5 [0°Fs + m® (Fady + Yats) + 9% (AaAsFe + 20,4c) + hc] .

(B.344)
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In four component notation,

i

1 v
L= Tr{—ZF#,,F“ + 3

APV A+ %D?
+ i 1,4 4+ v, BveB, + ii/?q**v Y + lpey L
o 2 m<>1 1 2 F23 1 1 2 1 B 2 1 2 1
- i[4s B D = [0, A] = s, B

- %Zeijk @i W’j:Ak] - ib—i'YS [wj, Bi] + [Ai,Aj] Fy - [B;, Bj] Fy + 2[4, Bj] Gk)}-

ijk

(B.345)

B.9. Supersymmetric electroweak theory

In order to discuss the supersymmetric version of the electroweak theory, we will
have to construct a supersymmetric version of the non-abelian Higgs mechanism which
is required to break the gauge symmetry and generate masses. Therefore, we will have
to assign chiral superfields for each of the chiral components of the known fermions.
We also need Higgs scalars in our chiral superfields. The chiral supermultiplet, ®(E}),
which contains the electron and neutrino (v, er) will have a scalar doublet component
with the same electric charges (7, €1) which could perhaps be used to generate masses
for the down-like quarks and charged leptons.

We denote the three doublet superfields that contain the left chiral lepton doublets
by L"), where | = e, y1, 7, and the quark doublets are contained in the superfields, Q.
where f = 1,2,3 and there is an undisplayed color index running over the three color
labels of the 3 representation of SU(3). The singlet superfields are denoted by ¢, U</,
and D), where the three family labels indicate the flavors u, ¢, and t in U) as well
as d, s, and b in D). The superscript c indicates charge conjugate, and for the quark
fields, there is an undisplayed color index running over the three components of the
3 representation. We denote the two Higgs doublet superfields by H; and H,. Then,
the Yukawa couplings necessary to generate masses for the charged leptons and quarks
arise from the F'-part of a superpotential of the form

W= m (LOTirHy) 16+ " m$) (QUTir, Hy) DU
14 frg
+> m@ (QUTir, H,) U@,
fg

(B.346)

where m® and m(# are the up-like and down-like quark mass matrices, and there is
an implicit sum over the undisplayed color labels in the two terms involving quark
fields. Note that the factor ir, is just the matrix €,5 used to construct an SU(2) singlet
from two doublets of the internal symmetry group just like we did with the spacetime
spinors, x®%,. To write down the remaining parts of the lagrangian, we denote the
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field strength superfields of the SU(2) gauge theory by W, where i = 1,2, 3, and the
field strength of the U(1) gauge theory by B,. We have

Wi =D'DW' +ige* D" (DW*) W*

— (B.347)
B,=D'D,B,
where W* and B are the vector superfields.
The supersymmetric pure gauge lagrangian is then
Ly =& [Wmvw + WIw* +2B°B,] .. (B.348)

The interaction of the gauge supermultiplets with the chiral matter and the Higgs

supermultiplets is fixed by their weak isospin and hypercharge quantum numbers, and
is given by

Ly = [z LOtexp (igr - W —ig'B) LU + Z QW exp (ig‘r W+ %9’B> QY
l f

2
+ zf: UM exp (——%ig’B) U 4+ ; DN exp (?g’B) DY)
+ Zldr exp (2ig'B) I° + HI exp (ig7 - W +ig'B) H;
1

+ H] exp (igT - W — ig'B) H{l
D
(B.349)

B.9.1. Renormalization group equations

Recall that the renormalized coupling constants necessarily depend on the scale,
M, used in their definition. Since the physics described by the bare lagrangian is
independent of M, it must be that the coupling constants run with M, so physical
quantities calculated with different values of M have the same values provided that
they are calculated to sufficiently high order. The renormalization group equations
specify precisely how the renormalized coupling constants vary. For a general gauge
group, G, with coupling constant, g, the fine structure constant, a = g2/4, satisfies

da b
where ]
b=——CdG -—E:cg —§§:cx5) (B.351)

with C1(G)d% = f“" fb¢ and f°*¢ as the structure constants of G. The sum over R
is for Weyl fermions in representation, Tk, of G, and C»(R)d%® = Tr(T&T%). The sum
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over S is for scalars in representation, Ts, of G, and Cy(S)6% = Tr(T2T%).
In a supersymmetric theory, the gauge bosons are accompanied by gauginos in the
same (adjoint) representation of G. Thus, the vector supermultiplet contributes

b(V) = 1—31-01(@) - %cl(c) — 30,(C). (B.352)

Similarly, in a chiral supermultiplet, each Weyl fermion is accompanied by a scalar in
the same representation of G, so the contribution is

b(®) = —gcg(R) - %CZ(R) = —Gy(R). (B.353)

In all; we have
b=3C1(G) - > _Cax(R) (B.354)
R

with the sum over the representations, R, of all chiral supermultiplets. For the super-
symmetric standard model, we have for the QCD group SU(3)

by =9 — 2ng, (B.355)
where ng is the number of fermion generations. Similarly, for the SU(2), group we
have 1

b2 =6- 2nc - §TLH, (B356)
where ng is the number of Higgs doublets. For the U(1)y group,
10 1 -
bl = —-3—71(; - —2-1’LH (B3D7)

Integrating the renormalization group equation between the mass of the Z boson, mz,
and the unification scale, mx, gives

/ai(mx) 1 4 /mx b
—da; = — —dM
ailmz) O my 2mM

b M
-1 — -l - 2z
a; (Mz) a, (Mx) o In (IWX> .

(B.358)

The unification scale is defined as the point at which all three coupling constants are

equal.

5

az(mx) = az(mx) = gal(mx) = agur(mx), (B.339)

where the factor of g comes from the requirement that U(1)y is associated with a di-
agonal generator of SU(5) with normalization is determined by Cy(R)6% = Tr (T2T}).
From the electromagnetic fine structure constant, the the weak mixing angle, tan? 6y =
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ay/ag. We also have the relation

[8b3 - 3(b1 + bQ)] sin? ew(mz) = 3(b3 - bg) + (5b2 - 3b1)a—erz(ﬂz—) (8360)
az(mz)
Using our supersymmetric values of b; gives
(54 + 3ng) sin? Oy (mz) = 9 + g + (30 = ngg) Sem™2) (B.361)
z 2 az(mgz) '

which is independent of ng. In the minimal supersymmetric model, we have ng = 2.
With the fine structure constants, a;}(mz) = 128.8 and a3 '(mz) = 0.108 £ 0.005, we
have

sin? @y (mz) = 0.234 (B.362)

which is compared with the experimental value of sin? 8y (mz) = 0.233640.0018. This
result is to be contrasted with the non-supersymmetric prediction of 0.21. We can also
find the unification scale through

(18 + ng) ln% =27 [a;’nll(Mz) - gagl(Mz)] . (B.363)

With mz = 91.176 £ 0.023GeV, we have myx = 1.46 x 10'®GeV, which is only three
orders of magnitude from the Plank scale and consistent with the lower value of proton

decay. Non-supersymmetric theory gives myx = 5 x 10*GeV. The common value of
the three coupling constants is given by

(18 + ny)ag'(mx) = a3 (Mz) (—6 + 1—36-nG + nH> + (9 = 2ng)azl(AMz). (B.364)

Taking ng = 3 gives
ag'(my) = 25.8 (B.363)

as the grand unified coupling constant.
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APPENDIX C
INTRODUCTION TO STRING THEORY

In this appendix, we give a brief introduction to string theory. We begin with the
non-relativistic classical string and then continue to with the superstring. We refer
frequently to [6, 21, 39, 79, 80, 81].

C.1. The non-relativistic string

Let us begin with a discussion of the classical string [82]. We will model the classical
string as a string of length L which consists of a collection of N point particles of mass
m connected to one another by springs of spring constant k. We join the ends of this
string together so that it forms a closed loop. The equilibrium separation, [, of the
point masses will be considered small as compared with the radius of the loop so that
a small length along the circumference can be approximated as a linear system.

The loop of string contains N particles. We will denote the displacement of the itk
particle from its equilibrium position as ¢,. Since the first particle and the Nth particie
are actually the same, we have the following periodic boundary conditions.

50 = ?5N
4B, _ dy (€
dt ~ dt '

The kinetic and potential energy of the string will be the sum of the kinetic and potential
energies of the individual masses.

’ N-1 TN\ 2
1 do;
KE = 5m . (E{)
1 N-1 o
PE = §k Z @i-}-l e d’i)-

=0

The total length of the loop of string is given by L = NI since there is a distance. (.
between each of the NV masses. The mass density, or mass per unit length of the strirg,
is u = m/l, and the tension in the string is T = kl. If we parametrize the string wizh
coordinate z, we can write the position of the ith particle as a function of z and time
t so that @; = ¢;(z;,1).

Now we want to let the distance between the masses [ — 0 and let the number of
masses N — oo while keeping the total length, mass density, and tension of the string
constant. In this way, the displacement and energy of the string can be defined in terms
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of a continuous field ¢(z.t). Our kinetic and potential energy equations now become
N-1 T\ 2
1 do, _1m
KE = om Z ( ) =572 ( )
1=0 1=0
1 (Y (de(z,t)\
- d ’
bl /0 z( dt
1 &= 1 i
_ ; . i+l — ¥
E"§’“Z@i+1‘@: 5’9121( )

L fa(B)

We can now write down the hamiltonian, which is the total energy, and the lagrangian
for the classical string as

L 7 2 Y 2 L
H:KE+PE=/O dz{%u (d‘p;‘i’t)) +%T <d¢c(;’t)) }=/0 deH(z, 1),

L=KE-PE= /OLdz{.;_u (dsbfizt,t))z _ %T (da((;,t))z} _ /OLdz[,(z,i),

(C.4)

where we have defined the hamiltonian and lagrangian densities, # and £, respectively.
Let us now redefine ¢(z,t) to absorb the tension by letting ¢ — v/T ¢ = ¢. Since the
wave velocity is defined by v? = T/u, we can write our hamiltonian and lagrangian

densities as )
_ 1 [do -
H——[ (dt> +(dZ)J (C.5)
C1(1 (de\?  (dg\?
The actionis S= S (qb, @', ¢) with variation §S given by
0S

= —5 -———5 —4
¢¢ 55°% + 3% o
T
oL oL oL
= /dtdz (—6¢+ gg&b + *'g ¢>
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Since ¢ = 5 and ¢’ = 5‘2 we have

3§ = /dtdz <8£ d¢ §§/68¢ 8£5¢>

8 oL 0 oL d oL
/dtdz(at [—5¢:| [aé’é]——a_t&; d)—_c'?_qb’ ¢+—¢ ¢>

We see that the first two terms in the integral are total derivatives and should be
evaluated at the endpoints of the integration. In the first case, the endpoints are at the
infinite past and the infinite future. We will assume that the variation, d¢, is localized
in time and vanishes at infinity. We see that, since we are dealing with a closed string
with periodic boundary conditions, the second term, 3 ¢, L 5p(L) — (f,éqS(O), will also
vanish. We are left with

9oL 00L oL ‘
55 = /dtdz(————; 55 a¢>5¢ 0, (C9)

(C.8)

and, since the variation, ¢, is arbitrary, the term inside the brackets must vanish. We

b
ave oL 008L 8oL

% 5ig 5id9 0. (C.10)

Plugging in expression (C.6) for £, we get our equation of motion

1 8% 0%

We would like to solve the equation of motion for the function, ¢(z, t), which will give
us the shape of the string at each point of the string over all time. We use separation
of variables and write ¢(z,t) = F(t)G(z), giving

118°F _1_62G

v2F 8t G 022’
and since the left-hand side is a function of ¢ only and the right-hand side is a function
of z only, they must be equal to a constant, C.

(C.12)

1 18%F
wFor
= F = F(0)e*™"* where w = —v°C .
L G (C.13)
Go

= G = G(0)e***  where k* = ~C.
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We have

o(z,t) = qﬁ(O)eﬂ(k&“"t) where v = :i:%. (C.14)

Our periodic boundary conditions (C.1) tell us that

k= 2/—:{ = k, where n € Z. (C.15)
Thus, w,, = vk,. Our solution is

Bn(2,t) = ¢(0)eiFnztent, (C.16)

These quantities are the normal modes of vibration of the string (since the periodic
boundary conditions require the solutions to be standing waves). We have both positive
and negative frequency solutions depending on the sign in the exponential. k, takes on
positive and negative values depending on n, but we will choose the convention that
wy, is always positive so that —w, will denote the negative frequency waves.

To fix the constant factor, ¢(0), we write our solution as

Iz, ) = B0)e*a(E) = 6L (2 4 vt) + $R(z — vi), (C.17)

meaning we have left-moving and right-moving waves for the plus and minus signs in
the exponential, respectively. Mathematically, we have e ¢ = 1 and e ¥ = ¢*(~3)
so that ¢;(z,t) is a standing wave which is phase shifted by 7. If we integrate ¢},
over the entire string, we should simply get the length of the string since the waves will
have canceled each other out, leaving an unstretched string. Mathematically,

|zt ten(zt) = L= Lo (C.18)

which gives ¢(0)?> = 1. Instead, it is more convenient for us to redefine our wave-

functions so that ¢(0) = ﬁ which allows us to rewrite our normalization condition

as L
/ d26% (2, 1)6a(z,1) = 1. (C.19)
0

If we have two different modes, we have the condition

L L q ‘ . L 1.
[ 261 00m(at) = [ dagertateninGin - [7 o gimtesen

(C.20)
L bi(km—k k i(km —k L itk —kn)ut L j2n(m=n)
- I° e n)vt/ dzet( m=kn)z = € Wk ka0 / dze' L 7 = (Sn ms
L 0 L 0 .
which allows us to use the convenient normalization
L
/ dz¢:l(z7 t)¢m(z) t) = 5n,m- (021)
0
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Now, we have found the normal modes of the string, the standing wave solutions,
but we want to express a general real field, ¢(z,t), which is not necessarily stationary.
We write the field as a linear combination of the complete set of normalized modes.

+00
ozt)=Y —\j”—z[an(t)eik"2+a;(t)e'ik"z], (C.22)

where we have absorbed the time dependence into the a,(t) and a}(t) coefficients of
the expansion. The coeflicients must also be complex conjugates of each other in order
for ¢ to be real (complex conjugates added together give real). We will fix the real
normalization factor, c,, later.

Notice now that the coefficients, a,(t) = a,(0)e~*"¢, satisfy the equation of a simple
harmonic oscillator

n(t) + wian(t) =0,

meaning that each normal mode in the expansion behaves as an independent, simple
harmonic oscillator.

In plugging our expressions back into the equation for kinetic energy, we set the
constant, ¢,, so that the kinetic energy assumes the simple form

H = wna;(t)an(t). (C.23)

Now, we want to quantize this system. The a, and a}, will become annihilation and
creation operators of the states of the string. These states are called phonons. The
aran becomes a number operator. The total energy of the string is given by adding up
the number of phonons in each state, n, multiplied by the energy of the state, w, (in
units where i = 1).

To derive the energy, we first want to form the generalized position and momentum,

gn(t) and p,(t), from the a,(¢) and a}(¢). Since the position and momentum must be
real, we need to form them with a + a*. We choose

) = = lan(t) + 300

dgn,

palt) = 2 (C.24)

Wn .
= ——=[aa(t) — ai(t
which means that

1Dp + W
an(t) _ pn anQn
n
—1Pp + Wnqn
2wn

(C.25)
a,(t) =
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The hamiltonian becomes
H= ana;(t)an(t) = an (—1Pn = Wnln) (1Pn + WnGn)

2un (C.26)
- Z pn +wnqn

which is the sum of independent harmonic oscillator hamiltonians as can be seen by
Hamilton’s equations of motion

g _. (C.27)

The Poisson bracket is defined as

0A OB 0A 0B
14 Bl = Xn: (apn 0gn  Otn Bpn> ’ (C.28)

so we have

(091 0Pm _ Ogn Opm
{Qmpm}PB - ; (apk 3(1k an 3pk

= -3 %8 O

. dgx. Opx (C.29)
= - Zdnkdmk = _6mn
k

{Qm Qm}pB = {pn,pm}PB = 0.

To quantize, the Poisson bracket becomes the commutator as follows

{A,B},; — L[A.B], (C.30)

R

and we have the following commutation relations

[¢n, D] (C.31)
[QMQm] = [PQO] =0
Plugging in the expressions from equation (C.24), we have
[ana G.Zn] = 5mn
(C.32)

[an, am] = [a], al,] =0,

where we have generalized the complex conjugation to hermitian conjugation, and we
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have set /i = 1. Our fields now become

+00
1 i ; —i{kpnz—w -
o(2,t) = Z m[ane%’cﬂ-%tua;e (knzmwntl] = (1) (2,8) + ¢(7)(2,2), (C.33)

n—=-—-oo

and we can interpret ¢(*)(z,t) as an annihilation operator and ¢(~)(z,t) as a creation
operator.

Now that we have seen how to get a quantized string from a classical, non-relativistic
string, we want to generalize some of the aspects of our construction. What if we would
have started with a rubber membrane rather than a string? In that case, we would
have had to add one dimension to the space. Each mass would then be connected to
the other masses by springs in a 2-d lattice. Instead, add two dimensions of space to
our problem so that we have point masses connected by springs in each direction of
3 dimensional space. The way that these extra dimensions change our equations is as
follows. The hamiltonian and lagrangian densities (C.5 and C.6) become

C1[1 fde\? | (dg\? . (de\? ., (de\?] _1[1 [de\? .
ezl (%) < (2) (%) +(2) |37 (&) 7

L

-1 d¢ 2 d¢ 2 (d¢ 2 d¢>2- B -.}_(@)2 V2
(%) -(2)-(3) -(Z |Tajw\a) ~V°

(C.34)

o}
Il

[ SRR
| bt

or
L= %n’“’@,@ B, = %aw 8,0 (C.35)

which we recognize as the Klein-Gordon lagrangian.

Let us now return to strings of only one spatial dimension, allowing the displacement
of the string, @, to be in any of the three spatial dimensions. Let ¢° and ¢! be our new
string coordinates replacing the ones that we had previously called vt and z. Then, we
have do® = vdt and do' = dz. We write our displacement as a four-dimensional vector,
X*, so that our lagrangian density becomes

e — ( (1) _01 > . (C.37)

The action action for this system is then

where we have defined

S= | d® %0, X*8,X"G ., (X), (C.38)

M

where we have absorbed the factor of % The integration is over the world sheet of the
string, and G, (X) is a general metric on spacetime which may be a function of the
position of the points on the string, X*. In fact, our action is the same as the free
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string action that we have already seen in Chapter 4. equation (4.11).
If we consider a flat spacetime so that the metric, G, becomes the flat metric, 7,...
we can take the variation and find the wave equation analogous to equation (C.11)

n%0,0,X* = (0 — 6%) X* = 0. (C.39)

The solution is a sum of independent left- and right-moving degrees of freedom exactly
as before

XH(09,01) = X§ (00 + 1) + Xk(o0 — 01), (C.40)

and in the quantized case, these terms become annihilation and creation operators for
left and right moving modes of the the string. We are now in a position to consider a
generalization of the string theory that we have discussed in this dissertation by using
supersymmetry as outlined in Appendix B.

C.2. Superstring theory

In the conformal gauge where the world sheet metric is hqg = n4p€®, the free
superstring action is given by

S = _51_7; / d’c [BQX“B"‘X” _ iaﬁpaaail)u] ] (C.41)

The conformal factor, e?, drops out of the integration measure. The X*(o,7),u =
0,1,...,D —1 are coordinates for a bosonic string propagating in D spacetime dimen-
sions, and (o, T) are the usual world sheet coordinates. ¥ (c, 7) is a D-plet of Majorana
fermions, where A is a two component chirality index, and ¥ = ¢Tp°, as is usual for
real Majorana spinors. ¢ transforms in the vector representation of the Lorentz group,
SO(D - 1,1) and satisfies the equal time anti-commutation relations:

{44(0), ¥(0")} = mn*84pd(0 — o). (C.42)

The p* are the two dimensional Dirac matrices

s-(15) #=(20)

in an imaginary basis. They satisfy the Clifford algebra

{p*, P} = -2 - 1. (C.44)

Notice that p%p%T p° = —p* and @* = -0

C.2.1. World sheet supersymmetry

For an introduction to supersymmetry, the reader is encouraged to refer to Ap-
pendix B. The free superstring action (C.41) is invariant under the infinitesimal super-
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svmmetry transformations
SXM =gyt SyF = —ip®0, X e ¢ = 1gp®0, X" (C.45)

where € is a constant infinitesimal anti-commuting spinor.
The variation of the action (C.41) is given by

5S = —-21? / 2o (5 (B X 3°X,) + 6 (-M“ awu)). (C.46)

We will compute each of the terms above separately, beginning with the bosonic
piece.

§ (8aX"3°X,) = 20,(6X*)8°X,, = 20a(ep*)0°X,,

= 2(8,€)Y* 8 X, + 280, Y*0° X . (C.47)
Integrating the second term by parts leaves
6 (0o X 0%X,) = 2(0,6)Y*0% X, — 2(0a€)YH 0% X, — 2€9*0,0° X, (C.48)

= -2ep*0X,,.
The variation of the fermion piece is
6 (=" ) = —il59") P — " Do)

= —i(iE PX¥) P — iP" P(—i PX,€) (C.49)
= §X" Py, + E“(E]X#)e - E#Papﬁaafaﬂxu-

Integrating the first term by parts leaves
§ (=" Bu) = —(0a8) PX* %0, + 2" (OX,)e — 0P Buelp X, (C50)

Now, we use the fact that "¢ = e# and also a related formula given by

o0’ 0 Pu0s X* = Bae(p® p°1hy) Bp X ¥
= PP re1uBaeds X* = (0P p°1h,)T p00aeBp X *
= ¢Ep°TpﬂTp08a685X“ — lbfpopopanopopﬂTpopOpoaaeaﬁX“
= Pu(—p*)(—0?)0a€Bp X* = —@;pap‘g@aeagX“

(C.51)

which tells us that the first and last terms in the variation (C.50) are identical. We are
left with

5 (—@" aw,,) = —2(0aF) PX*p%U, + 240X, (C.52)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We can put the fermion and boson pieces back into the variation of the action

§S = —% / d20<—2€w*‘mxﬂ — 2(8,8) dX*p°Y, + 2€¢“DX#>
= ~71; / d%((aaz) @X“p"wu)

55 = X / dza((aaz)pﬂpw,,aﬁw) = % / 20(8,2)J°, (C.54

™

(C.53

Finally,

where we have defined the supercurrent as J* = %p‘g p°Y, 0 XH.

We can easily see that, if € is constant, then S = 0, and otherwise, it is proportional
to the supercurrent. Notice that supersymmetry transformations do not commute, and
in fact, the commutator of two supersymmetry transformations is a translation of the
string world sheet. Let us prove this fact for the commutator acting on first a bosonic
and then a fermionic field:

[61,09] X¥ = 61(02.X*) = 82(01.X*) = 61(€9") — G2 (€100*) = €(019") — € (G20*)

= Ez(—z'p"@aX“el) - El(—-ip“aaX“ez) = iElp"@aX“ez -+ iElp"BaX“eg
= 21€1p%€20, X" = a®F,X*

(C.55]
and for a fermion
01, 82] ¥y = 61(82%s) — d2(01%4)
= 51(—2',0‘}138(,){“623) e 62(—ipiBaaXu€13)
= —1p350.(01 X*)eap + 1p% 50 (02X )e1B (C.56

= —ipiBaa(Elc‘lﬁg)GzB + ipiBaQ(EZCQﬁg)elB
= ip%p [€1B€2c — €28E1¢] Oa¥e
= ip% pApcOatit

Expanding Apc in explicit components gives

1l

Apc = i[€10€21 — €20€11) —2t€50€20
4 — . .
21€11€91 1[610621 - 620611]

(0% b1 -
( by —a ) , (C.57

so we have (after a bit of work)

c _ . ibz(al - ao)wo - ia(al - 30)?,/11
[81,82] ¥ =1 ( i0(8y + Bo)o + iby (1 + Bo) ) . (C.58
A bit more work gives
— [ —€n€1(d1 = 0o)%o + €10€20(01 + Go) o ) ‘,
2 =2 . .
& Pty ’ ( —€11€21(01 — Oo)¥1 + €10€20(01 + Do)y (C.59)
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Substituting back in for b; and b, in equation (C.58) and using the Dirac equation,

(01 + Go)vo = (61 — Go)ihr = 0. (C.60)

We can easily see that equations (C.58) and (C.59) are the same but notice that they
are not the same without using the equations of motion.
This problem is made simpler by an identity derived as follows.

a - _ | €11€21(00 — O1) Yo — €11€20(Fp — O1)n
(oe1)4 (B20a¥) = [ €10€20(0o + 01)¥1 — €10€21(Go + 01 )1ho }

(0%€2) 4 (€10a¥) = [ €1 &> €2 |,

(C.61)

and if we define the chirality matrix, p? = p%p', with property p*p? = —p?p®, we have

("0 0ay) = i ( (8 — Bu)y >

(G0 + 1)t (C.62)
g1p°€2 = i (€r0€x + €11€20)
so that
. - %~ )y
2 e 20.1) = — ( €10€21 + €11€20(00 — O1) ) .
i€1p°€z (% p*0at) T erpen + erren(dn + 8)eho (C.63)

We also have

T PRI

which gives

€10€20(00 + 01) 1
thus we see that equations (C.63) and (C.65) combine to give

[01, 82 ¥y = i [(0%€1) (€20.0") — (p€2)(€10a9")]

(omea) (o°rP0) = 2 (= e ), (c.65)

C.66
= (e er) (0 PBu0") — i(Euper) (P But®). (.66)

Using the Clifford identity (C.44), we get
[61,82] ¥y = —i(e1p%€)(p* PU*) + i(glpﬁfz)(Pﬂ put) + 2i(31ﬂ6€2)(55?i’“) (C.67)

= 2i(&19%€2)(0p9*) = 2ia’ By

by the equations of motion, gy* = 0.
We have, therefore, shown that, for both fermions and bosons, the commutator of

two supersymmetry transformations is a translation of the world sheet. Hence, the
supersymmetry algebra closes on-shell.
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C.2.2. Superspace

In superspace, the supersymmetry algebra actually closes without the use of the
Dirac equation. We supplement the world sheet coordinate, %, by Grassman coor-

dinates, 6#, which form a 2-component Majorana spinor. A general function, Y*, in
superspace is then

Y# = XH 4+ 0y* + %593*‘, (C.68)

where B* is an auxilliary field. We call this generalized function a superfield.
Supersymmetry is represented on superspace by the generator

d
Qa=—5 +1(p°0) 4 Oa. (C.69)
BOA A

If we introduce an arbitrary anticommuting parameter, €4, then we have the transfor-
mation of the superspace coordinates as

564 = [6Q,0%] =

60% = [€Q, 0°] = i€p®, (C.70)
and the transformation of the superfield is given by
Y* = [€Q,Y¥] = eQY™*. (C.71)
Since
[6:Q,€Q] = —2i€p%€20,,
we have
[01,02] Y# = —a®0,Y* (C.72)

without using the equations of motion.
We want to write 6Y* in components so that we can pick out the variations of the
component fields and show that they are equivalent to our previous results.

Y =€QY* =€ ((% + z‘paeaa) Y*

K —
= E%—%— + %00, Y = €4 [ + 04B¥| + i€4pG p050a [ X* + OupH]

= E* + €404 B* + i€4p% 050 X" + i€4p% 50800V (C.73)
= E* + Baea B + 0% g0p€ 40, X* + 1€ap% p050cOatt:

- - 1 —
= eyY* + fe B — iOAp‘j,BeBBQX“ -+ iEApiB ("‘2'6306D6D> aa’dlé,
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where we used the Fierz relation, §.65 = —%(5 4p0c0c, in the last term.

SY* = e + 0eB* — i04p% gep0e X" — Bpbp %EApicaa%

_ 1 (C.74)
=Pt + 0 (eB* — ip®ed X*) + 506 (—1€p% Oq ™)
Identifying each of the coefficients as
SV = GXP 4 G50 + %5953#
gives the following variations
dXH =eH
SyY* = eB* — ip®ed, X* (C.75)

dB* = —1€p 0.

We recognize that these variations reduce to the supersymmetry transformations de-
fined earlier (C.45) if we set the auxilliary field, B*, to zero (which, as we will soon see,
is essentially putting B* on-shell since the equations of motion are B* = 0).

The product of two superfields is again a superfield since § = €Q is a first-order
differential operator, thus

§(nYz) = (6Y1)Y2 + 11(6Y2).

Now, introduce the superspace covariant derivative,

0

D= 5 10%00,, (C.76)
having the properties
{DAa QB} =0
{Da,Dg} = 2i(p*) 4 B0, (C.77;

{Da, D} = 2i(p*p?) 4 B,.

The covariant derivative of a superfield is again a superfield.

We define the superspace integration measure, [ d?cd?0, using the Berezin integral
as follows:

/d29(a + 6b, + 6%b, + 6'6°c) = c. (C.78i

Since 80 = 6p°0 = —2i0'6?, we have

/ d*666 = —2i.
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Integration by parts is valid due to [ d?09V/36* = 0 since 9V/99* has no §'6? term.

An action can be constructed out of an arbitrary product of superfields and their
covariant derivatives. Such an action will automatically be invariant under supersym-
metry transformations, S = 0. This fact can be easily be seen by noting that the
arbitrary product will again be a superfield due to the properties of the product and of
the covariant derivative. Hence, we need only prove it for a single superfield, Y, with

S = [ dod?6Y:
58 = / Pod?6(5Y) = / 0d%0(FQY)

- / d®0d?6e <¢ +[B+1i §X]6 - %59 W)

: (C.79)
= / d%z%(m;) Py = — / e,
= /d20(aa€)p“¢ =0
for constant e.
Now, construct the following action:
S = % / d*cd?9DY* DY, | (C.80)

Working out the derivatives gives

o ., .
Dy, = (55 —ip 98a> (Xu + 0y, + §QGB#>
=1, + 0B, — 1p°00, X, — 1p*600,, (C.81)
=, + 0B, — 0 §X, + %@9 P,

where we used the Fierz identity in the last step. The expression for DY is easily
computed by conjugation

DY* =9" + 0B + i pX* — %anaw"pa. (C.82)
We write down the action, noting that only the terms in 68 will survive.
S = % / d*od*f (%@“ B, — 0 p*0,) + B“Bu> 09 + (%g{p", pﬂ}aaX“égXu9>

- ZZ?E / d*od?8 (z@“ §v, + BB, — aaX“aaxu) 69
(C.83)
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which is

S = 2% / &0 ({u?“ P, + B*B, - aaxuaaxu)

1 B (C.84)
= - [ do (0 X"5° X, — " Py - B*B,).
The field equations say B* = 0, thus putting this auxilliary field on-shell gives us the
free action (C.41). Since this action is given by the product of two superfields, which is
again a superfield, it is automatically invariant under supersymmetry transformations.
This time, we do not even need to use the Dirac equation as we did previously. Hence,

a fictitious auxilliary field and superspace allow us to close the supersymmetry algebra
without the field equations.

C.3. Bott periodicity and the M-theory spectra

In this section, we want to outline the periodicity in the spectrum of M-theory.
Readers may find it useful to consult Appendix D if they find some of the topological
material unfamiliar.

The spectrum follows from supersymmetry and the algebra of spinors.
32,32, =[1] @ [2] ® [5],

where [n] is the n-fold antisymmetric tensor. The latter two terms are exactly the M2
and M5 brane charge.

The string theory solitons can be seen as the physical manifestation of SO(32) pe-
riodicity. Since massless Ramond-Ramond fields are differential forms, we think of the
nontrivial homotopy classes as representing the Ramond-Ramond charges. Table C.3.
gives string theory interpretations for the non-trivial groups.

The table stops at ¢ = 9 for ten dimensions. We only look at the U(N) and SO(XN)
columns in determining the spectrum. The Sp(NN) column is given for completeness
and has to do with stacked type I branes. The U(N) comes from a stack of NV type II
branes, and the SO(N) is actually SO(32) for the type I case.

The corresponding branes in the table are found by noticing that 7,(SO(32)) classi-
fies SO(32) bundles on S7*! which is equivalent to R*!. For example, 7; = Z classifies
a SO(32) bundle on R® in ten spacetime dimensions. The codimension is then 2, which
is the dimension of a string world sheet, so we write ‘1-brane’ in the corresponding type
I spot. The type IIA/B spots are found by using the fact that the non-trivial groups
correspond to the g-form charge on branes.

Notice that, since the brane world volumes of type IIA have odd codimension, we
actually use the eleven-dimensional spacetime. S* x M, to compute the spectrum rather
than just the ten-dimensional M as with type IIB. Consequently, we see the effect of
the U(N) charge shifted by 1 from that of type IIB. The 9-brane does not appear.
I suppose it is because it is not a dynamical object. It is used, however, in the KO-
theory construction of this table in the form of stacked annihilating 9-anti-9 brane pairs.
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Table C.1. Periodic table of the branes. m,(z) for ¥ +1 > (¢+2)/d
The right-hand side shows the manifestation of the nontrivial U(N)
and SO(N) homotopy groups in the string theory brane spectrum.

q U(1) | SO(N) | Sp(N) || Type IIA | Type 1IB Type 1
(d=2)|(d=1)|(d=4)

0 0 Zo 0 &-brane

1 Z Zy 0 8-brane 7-brane 7-brane

2 0 0 0

3 Z Z Z 6-brane 5-brane 5-brane

4 0 0 Z,

5 Z 0 Zs 4-brane 3-brane

6 0 0 0

7 Z Z Z 2-brane 1-brane 1-brane

8 0 Z4 0 O-brane

9 Z Z, 0 O-brane | (-1)-brane | (-1)-brane

10 0 0 0

11 Z Z Z F-theory? | F-theory? | F-theory?

Perhaps it is not surprising that the 9-brane does not “predict its own existence.”

The Bott periodicity looks like a mapping between branes of differing dimension.
It is tempting to hypothesize that branes in the same periodic equivalence class have
properties in common. In type II, one would never know since there is only one class
(or cycle), periodic with period 2. In type I, however, there is a period of 8, so, for
example, the D8-brane and the D-particle, or the D7-brane and the D-instanton may
have properties in common. Perhaps “Bott-dual” pairs -1, 7 and 0, 8 will pairwise
cancel each other in some way due to this periodicity, leaving only the 1-brane and
5-brane of the type I theory. Then the type I spectrum above, modulo the periodicity,
gives the actual type I brane spectrum. Indeed, it turns out that the D7 and D8 in
type I are still debated, and may be unstable. It may be that the octonions may be
relevant to the type IIA 2-brane, and the type IIB and type I D-strings.

The comment about F-theory is motivated by the following argument. We arrived
at the type IIA spectrum by looking at eleven dimensional spacetime compactified on
a circle. Perhaps twelve extended dimensions may give F-theory. The result is the
branes in the table shifting down two notches and a 9-brane appearing at the top.
Perhaps F-theory, compactified on a torus, gives type IIB the same way that M-theory,
compactified on a circle, gives type IIA. Perhaps M-theory, compactified on a circle,
with a T-duality [83] is the same as F-theory, compactified on a torus. The modular
parameter of the torus would somehow correspond to scalar fields in type IIB. In fact,
F-theory may possibly be a meta-theory which reduces to M-theory if one compactifies
on a circle and type IIB if one compactifies on a torus. This situation would be nice,
but we had better not speculate any further.
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APPENDIX D
INTRODUCTION TO HOMOTOPY THEORY

The fundamental group is the group of equivalence classes of loops starting and
ending at a fixed point in space. The equivalence relation that used to define these
classes is called homotopy. We begin this appendix by showing how a large number
of mathematical and physical concepts are unified by homology, and cohomology. We
then continue with an exposition of the fundamental group and covering spaces. We
have made extensive use of references on topology [84], algebraic topology [85], group
theory [86, 87], and algebra [88, 89)].

D.1. Introduction

It is exciting to see well-known physical laws re-cast with the precision and elegance
of algebraic topology. Often, one sees that seemingly disparate concepts (or at least
only vaguely related) turn out to be merely specific cases of an all-encompassing math-
ematical principle. The language of algebraic topology has become very common in
high energy physics theory, so it is important to be familiar with it. The concepts we
will discuss first are homotopy, homology and cohomology.

The first homology group of a space, U, is the the set of closed 1-chains (curves),
Z, modulo the closed 1-chains, B C Z, which are also boundaries. A closed 1-chain
is a boundary if it is homotopic (can be continuously deformed) to a point so that
removing a boundary will separate U into disconnected components. This group is
denoted Hy(U) = Z1(U)/B;1(U), where Z; are the cycles, or closed 1-chains, and B
are the 1-boundaries.

For example, on a torus, there are three homology classes of curves: ones that are
boundaries, ones that go around the outside of the hole, and ones that go through the
hole. The first homology group of the torus is, therefore, isomorphic to the free abelian
group with two generators. This group consists of two-dimensional vectors with integer
entries. The integer could be the number of times you go around each curve or merely a
weight attached to each curve. The curve which does not encircle a hole is a boundary
and is, therefore, equivalent to the zero element.

The boundary of a boundary is zero. For example, the boundary of a disk is a circle.
The circle has no boundary. A line, on the other hand, has a boundary consisting of
two points.

Not all curves without a boundary are themselves boundaries. If ¢ is the boundary
operator, there are curves, -, for which 0~ = 0 but which are not boundaries themselves;
i.e., there is no ¢ such that 0o = 7. To see an example of this, we examine the three
curves mentioned for the torus. The curve that is contractible to a point is a boundary.
The boundary of this curve is zero as required. The other two curves also have no
boundary but are not themselves bounding any region of the torus. They do not split
the torus into distinct connected components. If you removed either of these curves
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from the torus, you would be left with a surface which is topologically equivalent to a
cylinder. These two curves are exactly the ones that make the first homology group of
the torus non-trivial.

There is a duality between 1-forms and 1-chains, and all of the results above have
analogues for 1-forms (1-forms are integrated over 1-chains to give real numbers, i.e., an
inner product). The connectedness of the space we are integrating over defines whether
the 1-chains themselves are boundaries.

A 1-form w, (e.g., f(z)dz) is called closed if dw = 0, where d is the exterior derivative
familiar from differential geometry. This definition is analogous to the fact that a 1-
chain is closed (a cycle) if its boundary is zero (8 = 0).

A 1-form ,w, is called ezact if w = df for some 0-form f. This definition is analogous
to the case of a 1-chain being a boundary. A 0-form is a continuous function; a 1-form
is f(z)dz; a 2-form is f(z,y)dz A dy; etc. The “coboundary” operator, d, maps from
O-forms — 1-forms — 2-forms..., whereas the boundary operator, 3, maps the other
direction in chainsn —-n—-1—--. .

Applying the exterior derivative twice is zero, d°F = 0. This fact is equivalent to
the curl of a gradient being zero or that the boundary of a boundary is zero.

The first deRham cohomology group, analogous to the first homology group, is the
set of closed 1-forms modulo the set of exact 1-forms. The group is denoted

HYU) = 2 (U)/B'(U).

The group is trivial (consisting of only the zero element) if all closed 1-forms are exact.
If, as we mentioned before, the space that we are dealing with is multiply connected,
then there are closed 1-chains that are not themselves boundaries. Likewise, there are
closed 1-forms that are not themselves exact.

What does this mean physically? It means that just because V x f = 0 does not
mean that f = Vg for some g. Just because VB = 0 does not mean that there is a
potential function A such that B = V x A. Whenever we have a region in our space
that the field cannot penetrate (e.g., an infinite solenoid in the case of the Aharonov-
Bohm effect), the space is multiply connected. We cannot, therefore, expect a global
potential function to exist.

Green’s Theorem, Stokes Theorem, and the fundamental theorem of calculus are all
special cases of the generalized Stokes theorem, which can be stated as

/dw=/ w.
¥ oy

If any form, A, can be written as dw for some w (i.e., it is exact), then fa~, A=0.1If
f = dA for some A, then the integral only depends on the values of A on the boundary.
In particular, if f is a 1-form, then A is a O0-form (i.e., a function), and = is a 1-chain.
d~ is a set of two points. The integral then depends only on the value of F' at those two
points (the endpoints). This statement is the fundamental theorem of calculus. The
other theorems arise simply by considering higher-dimensional n-forms and n-chains.

Let us look at an application of these ideas to electromagnetism. We can add an
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exact 1-form to the vector potential without changing the electric and magnetic fields,
E and B So E and B depend only on the deRham cohomology equivalence class of
A and not the actual A. The curvature is unaffected by an exact addition to the
connection. Also, if ' = dA (i.e., The curvature is exact.), the homogeneous Maxwell’s
equations, dF' = 0, become trivial. The inhomogeneous Maxwell’s equations come from
dx F = J, where the * denotes Hodge dual.

If A= fdz is a 1-form in R3, then

dA = 0;Adz A dx + 0,Ady A dz = —0,Adz A dy

1
3-1!
= dAdy Adz,= 0. Adz A dy Ndz.

dxA=d (A 6123dy Ndz + 6132d2 A dy)

The adjoint of d is § = — *xdx and §dw = 0, and the laplacian on a manifold is (d + )2
Definition: The winding number, W, of a curve, 7, about a point, p, is defined as

1
W(y,p) = g/wp,o, (D.1)
Y

where
=(y — p)dz + (z — zo)dy

(z = 20)? + (¥ — 10)?
and v : [a,b] — R? \ p is a map from the closed interval [a, ] to the complement of a
point in the plane. Basically, ¥(t) is a curve in the plane minus p (doubly connected)
with endpoints at (a) and y(b).

The winding number counts the angle that a ray drawn from point p to the curve
traces out as one traverses the curve. If the curve is closed, the winding number is an
integer, being the number of times one has gone around the point. Notice that our
curve could also be the orbits or trajectories of a vector field on the plane, and in this
case, p would simply be a singular point (a zero) of that vector field.

Now, if we write the “angle function,” wy, in the complex plane instead of R? by the
identification (z,y) — (z + iy), we see that the angle function becomes w — 1dz. The
winding number is, of course, still an integer. By the definition of the winding number,
what do we get when we integrate this angle function around a curve surrounding p?

/wz 2miW
N

The ¢ comes from dz = dx + idy which, for a curve of radius 1 in polar coordinates, is
dz = d (re”®) = ie*df. If you only go around once, then the winding number is exactly
the residue of the function 1 since the coefficient of } in the Laurent expansion of 1 is
just 1 here.

Cauchy Integral Theorem: If v is a closed chain in U with winding number
around any point not in U being zero and if f is an analytic function in U, then for

Wp, =
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any a in U that is not in the support of v (closure of the region where ~ is not zero:.

flz
%4
(7,) 271'1 / - a

The physicist will notice that the Dirac delta function can be defined in the complex
plane as §(z — a) = 5=~

27t z2—a”

Residue Theorem: If f is analyticin U — ay, ..., a, and 7 is a closed 1-chain such
that W(y, P) = 0 for all P not in U, then

2m/f dz—ZW v, a;)Resq, (f)

with f(z)dz a 1-form. Winding number, which is deeply related to the fact that closed
curves cannot be contracted to a point, leads to the residue theorem.

The Euler characteristic of a surface tells us (among other things) the number of
sources, sinks, and saddle pomts of a vector field on a surface (the “index”). It is
basically an alternating sum, Zz_o 1)!C;, given by a triangulation (closed graph)
drawn on the (N-dunensxonal) surface. C; is the number of i-chains on the graph (the
ith Betti numbers). For example, on a disk or plane, R?, we have any graph containing
vertices, edges, and faces. The Euler characteristic is then #V —#E++#F since vertices
are O-chains, edges are 1-chains, and the faces are 2-chains. An important point is that
any graph in the space will have exactly the same Euler characteristic! We need only
compute it once. Why is this point useful? Let us list a few examples:

e There is a direct relationship between graphs and vector fields:
Vertices = sources, zeros
Edges = saddles
Faces = sinks

Any vector field on a disk will have index 1 since we can find a single vector field
that does, and the index, or Euler characteristic, is an invariant. The field we are
thinking of is the one that consists of increasing circles about the origin with one
singular point (zero).

e On a sphere with ¢ handles v — e+ f = 2 — 2g, so a torus being a sphere
with 1 handle has v — e + f = 0. You can “comb the hair® on a torus; ie.,
there are vector fields on the torus with no zeros. Any planet (sphere) will have

# Mountains — # passes + # valleys = 2 since any vector field on a sphere has
two zeros (can’t comb the hair on a sphere!).

¢ In classical mechanics, the phase space of a system of particles is the cotangent
bundle, and when the energy (or any function of the cotangent vectors) of the
system has periodic boundary conditions, the cotangent space can then be consid-
ered as the universal covering space of the space of observables. For example, in
a system consisting of a particle in a box, with coordinates (g, p) in the cotangent
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bundle, the energy of the system is a function of the coordinates (¢',p’) given
by the projection of the cotangent bundle onto its base space which is the torus.
Since it is a function on the torus, it can be expanded in terms of the basis of
1-forms on the torus, which are the two equivalence classes of the deRham co-
homology group on the torus. These classes can be represented by e?™™dp and
e?™"dq for coordinates 0 < p < 1 and 0 < ¢ < 1 on the torus (Fourier modes).
These modes are closed 1-forms which are not exact. They are not global coor-
dinates since they are only defined modulo 1 and they form a basis for the first
deRham cohomology group.

¢ In Dynamical Systems (chaos theory), attractors are sinks, etc. ..

The list of applications continues.

D.2. Groups

A path in a topological space, X, is defined as a continuous map, v : [0,1] = X,
which runs from a point, z = v(0), to another point, ' = (1). Saying two paths are
homotopic is the same as saying there is a continuous deformation, called a homotopy,
deforming one into the other. A homotopy is a function of two variables, H(t, s), where
the first variable ¢ denotes the position along path +,(t) and the second variable denotes
which of a continuous selection of paths we are following. The value s = 0 denotes the
original path while s = 1 denotes the final path homotopic to it.

The product of two paths is given by first traversing the first path and then the
second. For example, if o(t) is a path from z = ¢(0) to 2’ = (1) and 7(t) is a path from
z’ = 7(0) to " = 7(1), then the product path, (o - 7)(t), is a new path, parametrized
by t € [0,1] from £ = (0 - 7)(0) to z” = (0 - 7)(1) wherein (¢ - 7)(3) = 2.

The inverse of a path formed by traversing the path in the opposite direction, which
amounts to reparametrizing the original path by ¢t — (1 —t) so that o~ !(¢) = o(1 — ).

The identity is a constant path: we stay at one point without moving. We denote
this path by €;(t) =z, 0<t< 1.

Finally, there is a notion of equivalence given by homotopy. We say that two paths
are equal if there is a homotopy between them. We denote a path as an equivalence
class, [0], rather than o since any path that is homotopic to o is equivalent.

We have a product, an inverse, an identity, and an equivalence relation. We can,
therefore, form a group. To form a group, one begins with an algebraic structure. An
algebraic structure with one composition® is a set (in our case a set of loops) with a
composition, allowing us to combine two elements of the set to get a third. In our
present case of interest, the composition is the product of paths as defined previously.

We will define our set as, not the set of paths between two points, but the set
of closed paths, or loops, starting and ending at a point, z, in our space, X. This
set, along with our composition, gives an algebraic structure. If our composition is
associative, we have a semigroup, and if the composition is also commutative, we have

! An algebraic structure with more than one composition leads to a ring rather than a group.

237

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



an abelian semigroup. To prove that our product is associative, we need only show that,
for three loops (or more precisely, the equivalence classes of three loops via homotopy
equivalence), (o], {7], and [u], we have ([o]-[]) - [u] = [¢]- ([7]- [1]). This equivalence is
proven by finding a homotopy between the left-hand and right-hand sides of the equal
sign. One such homotopy is seen to be

o(sL) if0<t<i(l+s)
H(t,s) =< 7(4dt—s~1) if%(l+s)§t§%(2+s) .
p(2E=2) if $(2+s) <t <1

If we set s = 0 in the above homotopy, we get the left-hand side of our equation,
and when s = 1, we get the right-hand side. Since we have a valid homotopy we see
that our product operation, or composition, is associative. Thus, we have a semigroup,
and we can now omit the brackets and just write the product of the three paths as
oc-T-p=lo-7-u.

If our composition satisfies two further requirements, we will have a group rather
than merely a semigroup. First, our composition must have a neutral element defined
by the property that the product of any loop in our set with the neutral element leaves
the loop unaffected. In fact, we have already defined a neutral element called the
constant path, e.(t), 0 <t < 1. (We will drop the label, z, attached to ¢ and just keep
in mind that our entire group is defined with respect to a single point, z, in our space
X.) To show that the element is indeed neutral with respect to our product, we need
to show that, for a loop o, we have that -0 =0 -¢ =[0] - [¢] = [0 - €] is homotopic to
o. It is easy to see that the following homotopy works fine:

€(2t) fo<t<i(l-s)
Hit s) = { o(EEs) if f(1-s5) <t <1
Second, we need every element in our set of loops to be invertible with respect
to our composition; i.e., for a given loop o, we need an element, o=}, such that the
composition of the two is homotopic to the neutral element, o - 0! = €. A homotopy
which shows that (1 —t) =07 is

cM(&E) f0<t<i(1-9)
H(t,s) ={ e(B=l) ifll-s) <t
o(3=50) if3(1+8) < 3(1+5) <

which is equal to =1 - ¢ for s = 0 and equal to € for s = 1.

To summarize, we have an algebraic structure with an associative composition
(loops, with “traversing them in order” being the composition), making it a semi-
group. We also showed that the composition had a neutral element (identity, constant
loop) and each element had an inverse (traverse in opposite direction) with respect to
the composition. Thus, we have defined a group at each point z € X.

This group is called The fundamental group of the space, X, with basepoint, x. It is
denoted by (X, z) and is the set of equivalence classes of loops at z under homotopy
equivalence.
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D.2.1. Homomorphisms

The fundamental group is defined at a specific point. How do we relate the funda-
mental groups at two different points? How do we relate, or find functions between, the
fundamental groups defined in different base spaces? The answers to these questions
involve finding group homomorphisms.

A homomorphism is a mapping, ¢, from one group, G, to another group, G', which
preserves the group product. If ¢;, g, and g3 are elements of G such that ¢, - g2 = g,
then ¢(g1) - #(g2) = &(gs) in the group G'. In another way, ¢(g: - g2) = B(g1) - B(92)-
Homomorphisms are not, in general, one-to-one (injective), so several elements of G
may be mapped through ¢ to the same element in G'.

If the identity element in G is e, then ¢(e) = €' will be the identity element in G’ since
g1 - e = g implies ¢(g;) - #(e) = ¢(g1) due to the definition of group homomorphisms.
Let us assume, since a homomorphism may be many-to-one, that elements g;,-- -, gn
of G all map to the identity, €/, of G’. Then choosing some other element, g, of G,
we find n distinct elements of G given by gx - g1, -+, gk - gn Which are all mapped to
the same element, ¢(gx), in G'. Although our homomorphism is many-to-one, it is of a
specific type in that the same number of elements of G will map to each of the elements
of G'. This number is uniquely specified when we find how many elements are mapped
to the identity, ¢’. The equation, g- g~! = e, implies that ¢(g) - #(¢7!) = €. Thus, if
g is mapped to the identity, then g~! also is. Hence, the set of all elements of G that
are mapped to the identity in G’ form an invariant subgroup of G, which is defined as a
subset of G which is also a group and is invariant under multiplication by elements of
G'. This subgroup is called the kernel of the homomorphism, ¢. Each of the elements
in this kernel is mapped to the identity in G’ so that if a different element, gk, of G is
multiplied by any of the elements in the kernel, it will not change the element in G’ to
which gx is mapped. The moral of the story is that we can easily create a one-to-one
map out of this many-to-one homomorphism by dividing out the kernel. Create a new
homomorphism, ¢ : G/Ker(¢) — G', where two elements in G/Ker(¢) are equivalent
if their difference is an element in the kernel of ¢. If @ is surjective, then every element
in G’ has an element in G that is mapped to it, and ¢ is an isomorphism. The groups
G/Ker(¢) and G' are identical. We note that homomorphisms are not invertible, in
general, since many-to-one maps project out structure.

There may be many different homomorphisms between two groups. The set of all
possible homomorphisms from G to G’ is denoted Hom(G,G'). If N is an invariant
subgroup of G, then Hom(G/N, G') is equal to {¢ € Hom(G,G") : ¢(N) = €'}.

D.2.2. Normal subgroups

A subgroup, N, of a group, G, is normal in G if g7*Ng C N for all g € G. This
relationship is denoted N < G where we are now suppressing the symbol - since the
group composition is understood.

An interesting normal subgroup of G is called the commutator subgroup, denoted
[G, G], consisting of all products of the form

(9:9;97'97%) - - (grqugi o)
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If G’ is abelian, then any homomorphism from G — G’ sends all of these commu-
tators to the identity in G'. Hence, Hom(G/[G, G}, G") = Hom(G,G’). Often, when
groups are abelian, the composition is written as + rather than -; the identity is written
as 0 rather than e or 1; and the inverse of an element, g, is written —g rather than ¢—!.

D.3. Fundamental group homomorphisms

We have developed group theory and defined the notion of a homomorphism between
groups. We are now prepared to find homomorphisms which relate the fundamental
groups at two different points in a space and between two different spaces.

Let f : X — Y be a continuous function from the space X on which we have
a fundamental group to a space Y on which we also have a fundamental group. If
f(z) =y, then f determines a homomorphism of groups,

foim(X,z) = m(Y,y),

that takes the class [¢o] in X to the class [foo]in Y.

We need to verify that this is well defined and that it is indeed a group homo-
morphism. Since f is continuous, each z in X will map to a single y in Y, and the
fundamental group, 7 (X, z), will map into a well-defined fundamental group, m (Y, ).
To show that it is a group homomorphism, we need to show that it preserves the group
composition. If ¢ - 7 = p in m (X, z), then the map gives [f o g] - [f o 7]. If o(t) goes
from z = ¢(0) to 2’ = o(1), then foo = f(o(t)) goes from y = f(z) to ¥ = f(z').
Similarly, f o 7 goes from y' = f(z') to y" = f(z"). Now, u(t) is defined as

2t if0<t<
(a-T)(t)={ :((2t)-—1) ;f%gt§1 '

Hence, f(o - 7(t)) then goes from y = f(z) to y” = f(z") as required. The product is
preserved, and f is a homomorphism. Our equivalence relation is given by homotopy
so that, if two loops in X are homotopic, they will still be homotopic in Y. On the
other hand, if two loops are not homotopic in X, it is not necessarily true that they
will not be homotopic in Y. Homomorphisms can be many-to-one, and two distinct
(non-homotopic) elements in X may be mapped to the same element (homotopy class)
in Y (homomorphisms may project out structure), as may happen, for example, if
X has more than one connected component. For example, if the order of m (X, z:
is greater than that of m(Y,y), then there are no homomorphisms, f, and g,, suck

that the composite 7(X, ) LN m(Y,y) 25 m(X,z) is the identity. If (X, z) is
a non-trivial group such as the integers in the case of the circle and 7, (Y, y) is trivia!
as in the case of the disk, then X cannot be embedded in Y as a retract; one cannct
continuously retract a disk to its boundary circle.

We have shown how to relate the fundamental groups of two different spaces, .\
and Y, at basepoints z and y. We will now show how to relate the fundamental groups
at two different basepoints,  and z’, in the same space, X. The idea here is similar

to that of finding a connection in differential geometry or the theory of fibre bundles
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relating the tangent spaces or fibres on a manifold at two different basepoints.

If X is path connected, the fundamental groups at two different base points will
be the same up to isomorphism. Suppose 7 is a path from z to z’, and define a map
 c m(X,z) > mX, )by [y] = [v7' - (y-7)] = [(+"!-v) - 7]. This map is a
homomorphism and an isomorphism since (77!)4 gives the inverse homomorphism.
What this map essentially does is take a class of loops at z and leave them exactly as
they were, changing only the basepoint; i.e., start at the point z’, travel the inverse of
path 7 to the basepoint z; traverse the loop, and finally travel back along 7 to end up
at 7/. Since we travel both directions along 7, this line is homotopic to the constant
path ', or the identity. In essence, we have merely substituted basepoints. If the space
was not path connected, this method would not work since we would not be able to
find a suitable 7 connecting x to each possible z'.

This isomorphism shows us that, for path connected spaces at least, the basepoint
need not be stated. The same fundamental group would result had we chosen any other
point in the space X as our basepoint. It is clear that any choice of 7 works as long as
they are all homotopic.

Proposition: The fundamental group of a Cartesian product is the product of the
fundamental groups of the spaces:

m(X x Y,z x y) Zm(X,z) x m(Y,y).

Proof: Let m (X,z) = {g1,..., 9o} and m (Y, y) = {h1, ..., hm}, where each element
represents a different equivalence class of loops at the basepoint in the respective spaces.
Let I : m(X x Y,z xy) = m(X,z) x 7 (Y,y) be the map that takes the product,
gi - hi = (g, hx). Then, I is an isomorphism.

a

Proposition: If & is a topological group, then 7;(®, e) is commutative.

Proof: A topological group is a topological space which is also a group such that
the multiplication and inverse maps are continuous. A topological space is a space
with a topology. The topology consists of open sets, and these open sets are the group
elements. For example, we say “a neighborhood of the identity” to mean that open set
which represents the identity element e of the group. To say that a group is commutative
means that its composition is abelian as we defined previously for abelian semigroups.

Our space is topological group ®, and our basepoint is the neighborhood of the
identity e. A loop is, therefore, a sequence of open sets which begins and ends at the
identity open set. Let m(®,e) = {e,gs,...,gn} be the equivalence classes of loops in
®. We want to show that our composition, -, is such that, for loops g; and g;, we have
Ggi gj = 95 Gi-

Since & is a topological space, the union of elements in any subcollection of & is an
open set which is itself an element of &. Thus, if a; U...Ua, form a loop in &, then the
union is also an element of &, say ax. Hence, the group elements forming equivalence
classes of loops in & are merely a subset of the open sets of &. The product, g; - g;, is
a union of open sets: a; forming the loop g; and b; forming the loop g;. The resulting
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loop (equivalence class) formed by the product. call it gx, is given by the union
gi'gi=a;Ub; =b,Ja;=g;" g

and our product is, therefore, commutative.

D.4. Homotopy

We have shown how two paths can be homotopic with homotopy H(t, s), where t
labels the position on the curve and s labels the particular curve we are traversing.
We now want to show that two functions can also be homotopic. The point will be to
give a simple relation between the 74 map defined earlier relating groups at basepoints
and the f, map relating groups in different spaces. We say that two continuous maps,
fo: X =Y and f; : X — Y, are homotopic if there exists a continuous mapping,
H: X x[0,1] =Y, such that H(z,0) = fo(z) and H(z,1) = f1(z) for all points, z, in
X.

Let z be a basepoint in X, and let yo = fo(z) and y; = fi(z). Then, fy and f, map
the same basepoint in X to two different points in Y. H(z,t) is a homotopy between
the two functions (sets of points) in Y and is, therefore, a path in Y for each z. We
will call it 7(t). We have a path between the two points, thus we also have a map
between the fundamental groups at these points. This map (isomorphism) is called 7
and takes an element of the group (Y, yo) to an element of the group (Y, y1). Since
fo and f; are maps between basepoints in two different spaces we need another map
(homomorphism), (fy). and (f1)., mapping the fundamental group in X at basepoint
z to the fundamental group in Y at basepoints fo(z) and f;(z), respectively.

The point of this discussion is that 74 o (fo). = (f1).. In other words, we map the
fundamental group in X at z to the fundamental group in Y at y, and then follow this

"map by mapping the group in Y at yo to the group in Y at y;. This process is identical
to simply mapping the group in X at z straight to the group in Y at y; directly via
(f1)s

To prove this equality, we need a homotopy between the left- and right-hand sides,
i.e., between loops 771 - ((foo ) -7) and f; 0~. Our homotopy is given by H(7y(t),s) =
7(s) = 77!.7.7. When s =0, we have 7% - 7(0) - 7 = 77t - fo(¥(¢)) - 7, and when
s =1, we have 7(1) = fi(7(t)) = f1 o~ as required. If the point fo(z) = fi(z) and if
H(z,s) =y for all s, then the map (fo). = (/1).

One last point worth mentioning is this: If f : X - Y and g : ¥ — X are two maps
such that go f is homotopic to the identity in X and go f is homotopic to the identity
in Y, then the two spaces are the same in that they have the same homotopy type. If
such a g exists, then f is called a homotopy equivalence. The spaces will have the same

fundamental groups, and the map, f. or g.. will provide an isomorphism between the
fundamental groups.

Proposition:

(a) Homotopy type is an equivalence relation.
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(b) Homotopy equivalence f : X — Y determines an isomorphism f. : 7:(X,z) —
71 (Y, f(z)) of fundamental groups. In particular, if i : X — Y embeds X as a
deformation retract of Y, then 4, : m (X, z) — m1(Y,4(z)) is an isomorphism.

Proof:

(a) An equivalence relation is an identification of elements of sets which is reflexive,
symmetric, and transitive. In our case, the set is that of spaces which have
fundamental groups. Having the same homotopy type is reflexive, X = X. This
reflexivity is clear since a space always has the same fundamental group as itself.
It is also symmetric in that, if X =2 Y, then Y = X. The fundamental groups
are the same. The fact that it is transitive is only slightly more difficult. Being
transitive means that, if X 2 Y and ¥ & Z, then X = Z. Let f, g, h, and

. p be maps such that (as in the definition of having the same homotopy type)
fog=1idy,gof =idx, hop=1idy, and poh = idz. Then, idz = poh =
poidyoh = (poflo(goh)and idy = gof =goidyof =(goh)o(pof)
which shows that it is transitive. Therefore, having the same homotopy type is
an equivalence relation.

(b) An isomorphism is a function, f,, which is injective and surjective (a bijection)
such that f.(g1 - g2) = fu(g1) - fo(g2) for fundamental group elements, ¢; and
g2, of m (X, z). (This composition rule actually comes from the fact that f, is
a homomorphism.) The fact that f is a homotopy equivalence means that it
has an inverse g and is, therefore, a bijection. If r; and z, are two elements
of X such that f(z;) = f(z;) in Y, then go f(z;) = g o f(z;), meaning that
idx(z,) = tdx(z2) = z = 2, so it is injective. If y € Y, then g(y) € X and
fog(y) =1dy(y) =y, so f is surjective. We have then that f, is also a bijection
between fundamental groups since g, : m (Y, f(z)) = 71 (X, g0 f(z)) = m (X, z)
is its inverse, and our previous method follows the same way with replacements
z— X,y—Y, idx — ey, etc. Therefore, f, is an isomorphism.

O

We can use the proposition to prove that, if the identity on X embeds X in Y as
a deformation retract, then ¢, is an isomorphism. A deformation retract is a subspace,
X, of a space, Y, which has a continuous mapping, called a retract r : ¥ — X, such
that the identity map in Y is homotopic to the map i o r, where ¢ is the inclusion of X
in Y. so i and r are the f and g as in the above proposition since ¢ o r is homotopic
to the identity in Y. Therefore, by our previous argument, we have an isomorphism
i m (X, z) = m(Y,i(x)).

We can see that, if X is a deformation retract, the retraction itself forms a map
between all loops in Y. Therefore, the fundamental groups must be the same.

a

Proposition: The mapping from S? to itself that takes (z,y,2) to (—z, -y, z2)
is homotopic to the identity map. The mapping that takes (z,y,2) to (z,y, —2) is
homotopic to the antipodal map.
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Proof: The map, (z,y,z) — (cosfsin¢,sinfsin @, cos @) is the identity map on
S?. The map (z,y,z) — (— cos@sin @, — sin § sin ¢, cos ¢) is homotopic to the identity
through the homotopy, H(Z,s) = (cos(f + sm)sin @, sin(f + sm)sin @, cos ¢), so that
H(Z,0) = ids: and H(Z, 1) is that map given.

The map, (z,y,z) — (cos 8 sin ¢, sin § sin @, — cos ¢), is homotopic to the antipodal
map (z,y,2) — (—z, -y, —z), through the homotopy,

H(Z,s) = (cos(f + s7)sin @, sin(f + s7) sin ¢, — cos @),
so that H(Z,0) is the map given and H(Z, 1) is the antipodal map.

O

Proposition: If n is odd, the identity mapping on S™ is homotopic to the antipodal
mapping.

Proof: At first glance one might expect the following method to work: An expression
for the identity map in S™ is

(€1, ey Tnt1) — (cos(6y), sin(6) cos(6,), sin(6) sin(fs) cos(bs),
..., sin(fy) - - - sin(6,)).

The antipodal map is

(T1, <oy Zns1) — (—cos(6;), — sin(6;) cos(bz), — sin(6;) sin(f2) cos(63),
«.y — sin(6y) - - -sin(6,)).

The homotopy between the two is given by

H(Z,s) = (cos(f; + sm),sin(8), + s7) cos(bz),sin(f; + s7) sin(62) cos(63),
ooy Sin{6y + s7) - - - sin(fp-1) cos(bn), sin(f; + sm) - - -sin(6,)).

This expression is the identity for s = 0 and is the antipodal for s = 1.

The problem with this homotopy is firstly that it seems to work for n both, even or
odd, which is in contradiction to the stated problem. The serious flaw is that it is not
continuous. '

The homotopy map has to be one that changes the entire coordinate system in a
continuous fashion. In S?, there is no problem since the antipodal map and rotation
of all of S? by 180° are the same thing. However, in S?, there is no way to change all
of the vectors into their antipodal counterparts by a continuous change of the entire
sphere. This reason is the same reason why you cannot comb the hair on a sphere.
There are going to be fixed points, and in fact, only the points in a subset, equivalent
to S, will be mapped to their antipodal points by any homotopy. If we were looking
at S? in a 4-dimensional space, we could turn the entire thing inside out using the 4th

dimensionl It would be a perfectly reasonable homotopy of the identity to its antipodal
map.
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Four dimensions notwithstanding, the homotopy that we need is as follows:

H(Z,s) = (cos(6y + sm),sin(f; + s7) cos(6,(1 — 25)),
sin(6; + s7)sin(fa(1 — 2s)) cos(f3 + s7), ..., sin(fy + s7)
«+8in(fp-1(1 — 25)) cos(6, + s7), sin(f; + s7) - - -sin(fy, + s7)).

if n is odd.

Notice that all we have done is set §; — 6; + s7 if 1 is odd and 6; — 6;(1 — 2s) if ¢
is even. We see that, for s = 0, we get the identity. If s = 1, we get a net minus sign
in each term which gives the antipodal map. If n is even by this method, we would get

H(Z, s) = (cos(f; + sw),sin(f; + sm) cos(f2(1 — 2s)),
sin(6; + sm)sin(f3(1 — 25)) cos(f3 + s7), ..., sin(8; + s7)
<+ +sin(fp—1 + sm) cos(fp(1 — 25)),sin(f; + s7) - - -sin(G, (1 — 25))),

which is still the identity if s = 0, but if s = 1, we have

(T1, .oy Tng1) = (—Z1e ey =T, +Tny1),

where the last term (which contains all sin functions) remains positive. The reason
is that, in our mapping, all sin functions give a minus sign and all odd indexed cos’s
give a minus sign. Each component gets an odd number of minus signs in this fashion
except the last which has an even number of sin factors.

We can see that implicit in the definition of S?*, we need to specify that it is em-
bedded in a 2n + 1 dimensional space and no higher, or there would be no difference
between even and odd dimensions. It is interesting that the presence of another compo-
nent, even if it is zero, can make a difference. For example, (z,y, z) has much different

properties than (z,y,z,0) in homotopy theory. These ideas lead to stable homotopy
and K-theory {90, 91}

O

Proposition: An element of O,,; determines a mapping of S™ to itself. Two map-
pings are homotopic if and only if they have the same determinant. The determinant
of a map homotopic to the identity is +1, and the determinant of a map homotopic to
the antipodal map is —1.

Proof: An element A of O,y is an orthogonal (n + 1) X (n + 1) matrix with one
condition on each of its rows given by OTO = 1. Tt is, thus, a map between unit vectors
in R**! i.e., a map from S™ to S™. Notice:
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det(AT A) = det(AT) det(4),
det(1) = det(A) det(A),
1= (det(4))?,
= det(A) = x1.

(D.2)

Let A and B be two such maps which are homotopic and such that det(A) > 0
and det(B) < 0. Then, there exists a homotopy, H(z,t), such that H(z,0) = A(z)
and H(z,1) = B(z). Also, det(A) = 0 is a condition that represents a surface in
R*+1D(V+1) | Removing this surface by the requirement that the determinant be either
1 or -1 separates the space into two connected components. Hence, we cannot have a
path connecting a point on one side with any point on the other. (They are in different
connected components.) Since our homotopy, H(z,t), for a fixed z is defined as a path
from the point H(z,0) = A(z) on one side to the point H(z,1) on the other side, we
have a contradiction. Therefore, A and B must have the same determinant in order
that a homotopy exists.

Now, we want to show that, if a matrix has determinant 1, it is homotopic to the
identity map and, if it has determinant -1, it is homotopic to the antipodal map. The
identity map is a matrix with 1’s on the diagonal and, hence, has determinant 1. The
antipodal map is a matrix with -1’s on the diagonal. Therefore, if n is even (i.e., n +1
is odd), then the determinant will be -1. It is clear that each connected component of
the space is, in itself, path connected (trivial homology group). Therefore, all matrices
of determinant 1 are homotopic to each other (We can easily construct a homotopy
in a path connected space.), and in particular, since the identity has determinant 1,
they are all homotopic to the identity. A similar argument applies for the matrices of
determinant -1.

It is important to notice that, if n is odd, n + 1 is even and the antipodal map itself
now has determinant +1. The antipodal map is then homotopic to the identity. In
particular, in R?, the orthogonal 2 x 2 matrices form a map from S* — S?! such that

the identity is homotopic to the antipodal map. We saw this homotopy in the previous
proposition.

O

As an example we will compute the fundamental group of the real projective line.
The antipodal map, a, is homotopic to the identity on S*. Therefore, we have

(St z) = 7(SY, a(x)) = 7(RP,z) 2 7(S',z) = F;, = Z.

The fundamental group of the real projective line is Z, exactly like S*.

D.5. Homology

We want to relate homotopy and the fundamental group to homology and the
homology groups (closed chains modulo boundaries). For any topological space, X, with
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basepoint z, there is a homomorphism, AB : 7, (X, z) — H1(X), from the fundamental
group, 71(X, z), to the homology group, H;(X), taking the class [y] of a loop v at z
to the homology class of <y, regarded as a 1-chain. It takes the constant path, €., to 0.
Homotopic paths define the same homology class.

The homology class of a product, o - 7, of loops is the sum of the homology classes
of the individual loops. AB(o7) = AB(c) + AB(7), where + is the composition in
the group H;(X). By the definition of homomorphisms, AB is a well-defined group
homomorphism.

Proposition: If f : X — Y is a continuous mapping and f(z) = y, the following
diagram commutes:

m(X,2) 2 m(Y,y)
ABl lAB
Hy(X) 7‘* Hy(Y).

Proof: We simply need to show that AB o f, = f. o AB, where the equivalence is
that they are homologous. The difference between the 1-chain on the left and the one
on the right must be a boundary.

We are finished if we show that, for two 1-chains, ¢ and 7, in X, 0 —7 is a boundary if
o and 7 are homotopic. We essentially want to prove that the notion of being homotopic
implies that of being homologous.

If two loops, ¢ and 7, are homotopic, there is a continuous homotopy between them.
The set of all points, H(t,s) 0 <t <1, 0 < s <1, is a region in X which is bounded
by the curves H(t,0) = ¢ and H(¢,1) = 7. Hence, 0 — 7 is a boundary. Therefore,
homotopic implies homologous.

O

Observe that homologous does not imply homotopic, since the abelianization homo-
morphism, AB, may project out structure (many-to-one). In fact, if X has more than
one connected component, the fundamental group will be different in each component
and, hence, the fundamental group at one point, z, will not determine the homology
group.

Since H,(X) is an abelian group and (X, z) is not in general, the homomorphism
must vanish on the commutator subgroup, [m(X,z),m (X,z)]. This subgroup is a
normal subgroup. We define the abelianized fundamental group as (See our previous
discussion of commutator subgroups.)

WI(Xa x)abel = 71'1(X,$)/[7T1(X, SL‘), WI(X7 .’13)]

If X is path connected, the abelianization homomorphism is an isomorphism from
(X, Z)aber t0 Hi1(X). To show this fact, we find a homomorphism from the group of
1-cycles to m (X, z)abe and show that the 1-boundaries map to zero (constant paths).
This homomorphism will give a map back from H;(X) which is the inverse that we
need.

Proposition: If X is a path-connected space, then the canonical homomorphism
from 7, (X, Z)apet to Hi(X) is an isomorphism.
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Proof: We must define a homomorphism from the abelian group, Z;(X), of 1-cycles
to m (X, z)aber and show that the 1-boundaries, By(X), map to zero. This homomor-
phism will be a map from H;(X) back to m; (X, z)ape- Then, we will show that the two
homomorphisms are inverses of each other which tells us that the canonical homomor-
phism is an isomorphism.

Let v = Y_,ni7; be a 1-cycle so that each of the ~; are a side of some little rectangle.
Define a weight factor, n;, such that the endpoint of the last path is equal to the starting
point of the first one and the sum of all the coefficient weight factors is zero. Now, let
the paths, +;, have endpoints, a(z) and b(z), in X. For each point ¢ that occurs as an
endpoint of any 7;, choose a path, 7., from z (which is our basepoint) to c. Let 7. be
the loop at z defined by

711 = Ta(i) “ Vi * Tb_(il),

where ~; starts at the basepoint z, travels via 7,; to a(i) (the starting point of 7;),
then travels along the small path ~;, and finally Tb_(il) leads from the final point of ~;
back to the basepoint z. Hence, we have a small loop.

Define the map from Z;(X) to m(X,z) by sending v = 3, n;v to the class of
IL;[y/]%. The order in the products is unimportant since the group m(X,z)ape is
abelian. We see that sums in Z;(X) are sent to products in 7 (X, z)zpe (similar to
exponentiation). Composition in 71 (X, Z),pe is defined by first traversing one and then
the other path (with the reparametrization of t as you will recall) and similarly with
loops. Since an element of 7;(X,z) (no abelianization) depends on the basepoint, it
generally matters which order you take. This dependence can be seen by imagining
two paths from say a to b. Together, they form a loop. The basepoint of the loop
depends on which order you take the paths. The composition in Z;(X) which we
call summation is defined by traveling around one loop with a weight factor in di-
rect sum with traveling around the other with a weight factor (taking values in some
field). For example, you can write any group element as a vector, say (ny, .., ng), where
each component represents the weight factor associated with an equivalence class of
homologous loops and can, therefore, be re-written using the loops as basis vectors
as (ny,...,ng) = My + - + ngyx. We see that a subset of the elements of 7 (X, z)
should be equivalent to the elements of H;(X) with the difference being the basepoint.
Abelianization is, therefore, making every point on a loop an equivalent basepoint.
Taking (X, z), modulo the points on each loop, gives equivalence classes of loops
which do not depend on the basepoint. These equivalence classes are the elements of
Z,(X) as required.

To continue, we want to verify that this map is independent of the choice of paths,
T.. Suppose T, is another path from z to c for each c. Let

Yi = Tati) Vit 7-6-(-1'1)'
Let O be the loop 7. - 7! Then, [%] = [Oqu)] - [7i] - [Ob_(,l)] as can be seen by canceling
all paths which are traversed in both forward and backward directions (leaving 7;). We
have written (using O.) the new loop, 4/, in terms of the old loop, /. We take this
loop to the 71 (X, z),be Space via our map (changing sums of the path segments i to
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products) to get

[]™ = ly]™ - (L[ Ougq)™ - T Oy)] ™) TL[7i]™ (D.3)
= IL[y]™,

where we have used the fact that the product in (X, z)ape iS commutative and n; is
the weight factor associated with each segment. The last equality comes from the fact
that the entire loop, v, is a 1-cycle so that each point ¢ (vertex) occurs as many times
as an endpoint, b(1), of a segment as it does a starting point, a(¢). Thus the term in the
bracket will be the identity since each different subscript, b(), in [Oy;)]™™ will have
a corresponding subscript, a(i), in {Oy;)™. These points are, in fact, the same point,
hence they are inverses.

A further comment on this. Recall that we had a subgroup, G’, of a group G as a
normal subgroup if, forall g € Gand ¢’ € G', g-¢'- ¢! € G'. We have used this closure
under conjugation to rewrite our ¥}, which is an element of the normal subgroup of the
1-chains, C1(X), called the 1-cycles, Z1(X), in terms of another element in the normal
subgroup called «,. We used the elements, O, of the group of chains, C;(X). This is
a useful trick since we know that in 7(X, z).pe to which we are mapping, the product
commutes, allowing us to get rid of the O’s.

We have now shown that the choice of 7, is irrelevant to the map, so the map is
now a homomorphism. We separate our loop into tiny segments, making the segments
into tiny loops, sending the loops to 7 (X, )b, and then reassembling them. In this
way, a path surrounding a hole can be mapped in a well defined way.

Now that we have shown how to perform the map, we need to show that it maps
boundary cycles to zero. It suffices to show that v maps to zero when

y=0=m+v -7 —7,

where T': [0,1] % [0,1] — X is a continuous mapping and the boundary paths, =;, are
the straight line segments around the four sides of a small square (given by I'). Recall

that, by “maps to zero,” we mean that the resulting path in (X, z).pe is homotopic
to the constant path, ;.

Let 71 and 7» be paths from z to the starting and ending points of 7;, and let 73

and 74 be paths from z to the starting and ending points of 3. Then, v maps to the
class of

R P I P P P B R P ot B R P ol
= [7‘1 Y1 Yt 73—1 . 74_1 . 7-1—1]
=[rn-m-7) (177" (D.4)

To show that this last equality is, in fact, trivial, we need a homotopy which identifies
(1171 - ¥2) with (7 - y4 - 73) with fixed endpoints. In fact, it is enough to show that
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(71 - 72) and (74 - 73) are homotopic. The following homotopy works

_f T(2t(1 +s),2ts)
H(t,s) = { T((2t-1)s+1-s,(2t=1)(1—s)+s)

—t N[

IAINA

i O
INIA

‘We can see that

H(ta0)=71°72
Ht,1) =77

Now that we have shown that it is indeed a homomorphism and that boundaries
do map to zero, we need only show that this map is, in fact, the inverse of the map
AB : m(X,z) = Hi(X) defined previously. Both maps will be isomorphisms, and our
proposition will be proven.

It is immediate from the definitions that the composite

(D.5)

771(X: J3)abel - Hl(X) - 7r1(-Xa$)abel

is the identity. For the other composite,
H](X) — 7l'1(X, .’L‘)abd — Hl(X),

we have that, for a 1-cycle y = ). n;7;, and «; defined as before, the element II;[v;]™
in m1(X, )aper maps to

an{ = Zni(Ta(i) +7— T = Zni'Yi =7,
; i i

where we used the fact that the boundary of v is zero. (i.e., v is a 1-cycle so that a(i)
and b(7) are the same point.)

O

D.6. Covering spaces

Let X and Y be topological spaces. A covering is a continuous map, p: Y — X,
with the property that each point of X has an open neighborhood, N, such that p~!(V)
is a disjoint union of open sets, each of which is mapped homeomorphically onto N. If
N is connected, these sets must be the components of p~*(N). A covering, p, is called
a trivial covering if p is isomorphic to the projection of X x T — X, where T is any
set with the discrete topology.?

An isomorphism between coverings p: Y — X and p' : Y’ — X is a homeomor-
phism, ¢ : Y — Y’, such that p’o ¢ = p.

An n-sheeted covering is a covering p such that p~!(z) has cardinality n for each
z. Usually, the covering space will not have n distinct sheets unless it is trivial (but

2The discrete topology is defined such that every point is an open set and every subset is open.
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locally it will). If p : Y — X is a covering and f : Z — X is a continuous mappm-
define a continuous mapping called a lifting of f by f:Z—>Ysuchthatpof=7f L

Z is connected, a lifting is determined by which sheet it maps one point. For example.
if a lifting is the image of a curve in the base space on one of the sheets, then Z = [0, 1
is connected, £ € X = f(t € Z) and f(t) = y € Y, such that p(y) = z. There are tw>
useful propositions that we will state without proof.

Path Lifting Let p: Y — X be a covering, and let v : [a,b] = X be a continuous
path in X. Let y be a point of Y with p(y) = v(a). There is a unique continuous patt.
7 : la,b] = Y, such that ¥(a) = y and p o ¥(t) = () for all ¢ in the interval [a, b].

The uniqueness is due to the fact that we specified the sheet. We can use the
Lebesgue lemma (defined below) on the open sets, y~}(NN), where N varies over open
sets in X which are evenly covered by p. We have now subdivided the ¢ interval such
that each «([ti1,%]) is contained in some open set of X evenly covered by p. The
lifting of each of the path segments combines to give a lifting of the entire curve.

Lebesgue Lemma: Given any covering of a compact metric space, K, by open
sets, there is an € > 0 such that any subset of K of diameter less than e is contained in
some open set in the covering.

Homotopy Lifting Let p: Y — X be a covering, and let H be a homotopy of paths
in X. i.e., H : [a,b] x[0,1] — X is a continuous mapping. Let vo(t) = H(¢,0), a <t <
b, be the initial path. Suppose 7, is a lifting of 4o. Then, there is a unique lifting, H,
of H with initial path 9. Hence, H : [a,b] x [0,1] = Y is continuous, with po H = H
and H(t,0) = 7(t), a < t < b.

Proposition: The following maps are covering maps, where C* = C ~ {0} is tke
group of non-zero complex numbers:

(a) the nth power mapping C* — C*,z — 2" and
(b) the exponential mapping exp:C — C*.

Proof: To show that these maps are covering maps, we must show that they are
continuous, the inverse image of open sets are disjoint unions of open sets, and they

map each of the disjoint open sets in the covering sets homeomorphically to the open
set in the base space.

(a) The nth power map is obviously continuous. Since

z— 2",
re? — rhetn?, (D.6)
7 (cos(8) + isin(#)) — r™ (cos(nb) + isin(nd)),

we have that all points of the form {/ae gt , where k is an integer, will map
to the same point, ae®, in the base space. For each k, we have an open set
in the covering space surrounding the point which is disjoint from the open set
surrounding a point given by a different k. Each open set in the covering space
is homeomorphic to the open set in the base space which it is mapped to since
the map and its inverse are both continuous bijections.
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(b) Due to the identity e*™¥ = e (cosy + isiny), the exponential mapping here is
similar to part (a). The argument is the same as part (a) with r = e* and y = né.

a

D.6.1. G-coverings

A left action of a group G on Y is a mapping G x Y — Y with (g,y) — ¢y such
that

(@) g-(h-y)=(9-h)-y VgheGandyeY.
(b) e-y=1y Vy €Y, where e is the identity in G.
(c¢) The mapping, y — ¢ -y, is a homeomorphism of Y Vg € G.

G defines a group of homeomorphisms of the base space Y so that G x Y is a covering
of Y and each sheet is homeomorphic to Y through a homeomorphism given by one of
the group elements. Two points, y and y’, are in the same orbit if there is an element
of ¢ in G that maps one to the other, ' = g - y. Since G is a group, the property of
being in the same orbit is an equivalence relation. The sets of orbits X = Y/G are the
equivalence classes. There is a projection map, p: Y — X, which maps each point to
the orbit containing it. The orbit space is the set of equivalence classes in Y/G. These
classes consist of points that are not related by an application of a group element. A
group G acts evenly if each different ¢ in G will map a neighborhood in the base space
to a different sheet in the covering space, G x Y. A covering p:Y — X is called a
G-covering if it arises from an even action of G on Y with the base space being the
space of orbits. An isomorphism of G-coverings is an isomorphism of coverings that
commutes with the action of G. To be precise, an isomorphism of p : ¥ — X with
' : Y’ — X is a homeomorphism, ¢ : Y — Y’ such that p’o¢ = p and ¢(g-y) = g-9d(v)
for g € G and y € Y. The trivial G-covering of X is the product X x G — X, where
G acts by (left) multiplication on the second factor. A section of a covering p: Y — X
is a continuous mapping, s : X — Y, such that po s is the identity mapping of X. If a
G-covering has a section, then it is a trivial G-covering.

For example, let the group, Z, act on R by translation, n-r = r + n. The quotient,
R — R/Z, can be identified with the covering map from R to S! given by p(r) =
(cos(2nr),sin(27r)). Our covering is simply 1 — p(r) since n-r - r+n=r € R/Z
and p(n - r) = (cos(27r + 27n),sin(27r + 2mn)) = (cos(277),sin(27r)) = p(r) € S*.

We have R as the covering space over S'. This covering space can be visualized as
an infinite helix where, above every point in S!, we have a finite disconnected point set.
The covering map takes each of these points down to the base space, and the group
elements move along the fibre in the covering space.

For any covering p : Y — X, there is a group, Aut(Y/X), of deck transformations
such that

Aut(Y/X) = {¢:Y — Y such that ¢ is a homeomorphism and po ¢ = p}.
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Aut(Y/X) is a group by composition of mappings, and it acts on Y in the sense of the
group action above. We can use this group to map along orbits, mapping points in the
covering space to other points in the covering space so that their projections to the
base space do not change.

For a G-covering, G acts transitively on each fibre p~*(z) of p. For y and ¥ in a
fibre, there is a ¢ in G with g -y = 3. In addition, this action is faithful in that the
element, g, taking y to 3’ is unique.

We can visualize what G is doing: Any element, ¢, will move a point in the covering
space to another point in the same fibre, and each point in the cover will be moved to
a unique point by a g.

D.7. The fundamental group and coverings

We will now show how the fundamental group controls the possible coverings a
space can have. Coverings correspond to subgroups of the fundamental group. There
is a correspondence between G-coverings and homomorphisms from the fundamental
group to G. We have seen that a a G-covering will have a group, G, which moves
points transitively along the fibres and that each sheet corresponds to a different group
element. The fundamental group is such a group. For example, consider the infinite
helix over S!. The element corresponding to looping once around S* will lift to a path
(not a loop) in the covering space that moves along the fibre between two points above
the same z. Hence, there is a relationship between the group, G, in a G-covering and
the fundamental group of the base space. It turns out that the group G in a G-covering
will be a subgroup of the fundamental group of the base space. The reason for this
relationship is as follows. If you have a homomorphism from m (X, z) to a group, H, it
may be many-to-one, but H will always be a subgroup of m; (X, z). This subgroup will
define a G-covering with H = G. Hence, each different homomorphism from m (X, z)
to G will define a covering and will correspond to a subgroup of 7 (X, z).

Proposition:

(a) If 0 is a loop at z and & is the unique lifting of ¢ to a path starting at y, & ends
at y if and only if its class is in the image of p,. i.e., {0] € p.(m(Y,y)).

(b) If ¢ and ¢’ are two paths in X from z to z’ and 6 and &’ are the lifts to paths
in Y starting at y, & and &' have the same endpoint if and only if [0’ - 07!} is in
Ds (7‘—1 (Y’ y))
Yyxo=yxo & [U, 'U—l] € p.(m(Y,y)).
Recall that yxo = &(1) is the endpoint of the curve in the covering space starting
at y.

Proof: Note first that in the double cover of S!, m;(S?, z) = Z, the group elements
given by the number of times you go around the circle. The loop in the base space that
goes once around the circle lifts to a path that goes from y € p~*(z) to ¢ € p~(z).
which are two different points. The endpoint is not the same as the starting point, and
the path is not in m;(Y, y). Thus, the loop in the base space is not in p.(m(Y,y)). On
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the other hand, the element whick loops twice around the circle maps up to a path
that goes from y up through y' and then back down to y (since it is a double cover

= Z/Z,). This path is a loop in ¥ at y and is, therefore, an element of m (Y, y). The
original loop in S? is then an element of p, (m (Y, y)).

(a) Since p. is an injection, if [0, € p.(71(Y,y)), then [o] € m(X,z) has a unique
pre-image, (5], such that p.[g] = [0]. We have ¢(0) = y and pod(t) = o(t) by
path lifting. Since [o] € m (X, z),

pod(l) =0o(l) =z =0(0) = p(y)
= p((1)) = p(y)

= 5(1) =y.

Hence, if [0] € p.(m1(Y,v)), then & ends at y.

Now, we must show the converse. If & ends at y, then [o] € p.(m(Y,y)). If &
ends at y, then, since p(y) = z, we have that p(6(0)) = p(6(1)) = z so that
o € p.(m(Y,y)) by path lifting. If o and ¢’ are homotopic paths in X, then, by
homotopy lifting, & and 6’ are homotopic paths in Y. Thus, if G ends at y, then
[0’] € p*(ﬂ'l (Y7 y))

(b)

y*xo=yx*xo
- @5 =y
=[5 em(Y,y
=[G -G 1)]':
— [ o71)

= [0 071 € p(m (Y, 1))

)
(57

since p, is an injection.

lo" - 07" € pu(m (Y, 1))
= p(6(0)) =z = p(&'(0))
= p(6(t)) = o(t), by path lifting
and p(a'(t)) = o'(t), by path lifting
since (¢' - 07') € m (X, 1)
=0'(1) =0o(1)
= p(5'(1)) = p((1))
=d'(1)=25(1)
yxo=y*o
g
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The preceeding proof has shown that all elements of the fundamental group in the
covering space will have images in the fundamental group in the base space at z = p(y)
due to the fact that p. is an injection. The second part tells us that two paths will form
a loop in the covering space only if they also form a loop in the base space. Essentially,
this comes from the fact that, if two paths have the same starting and ending points,
they will be in 71 (Y] y) (since they will be a loop), and they will be injected into 71 (X, z)
via p..

Notice that a path starting at y and going around the covering space to end at 3’
could project down to a loop in X if p(y) = p(y'). Thus, a path that was not a loop in
Y is now a loop in X. This path in Y would then not be a loop in Y and would not
be an element of 71(Y, y). In fact, p. is not an injection unless the domain is restricted
to the loops in Y as our proof shows.

Proposition: If 3 is another point in Y with p(y') = z, and y and 3’ can be
connected by a path in Y, the image of m(Y,%’) in (X, ) is a subgroup conjugate
to the image of 7, (Y, y). In fact, if o is a path from ¢ to y and v = p o o is its image,

p(m(Y,9) = (7] pa(m (Y 9) - Y]

Proof: Let H be a subgroup of G. Choose an element, ¢ € GG, and form the set
g+ h-g ! If we let h run through all of the elements in H, we have another subgroup
conjugate to H. Choosing various elements of G gives different conjugate subgroups.

The first part of our proof is to show that the image of the group m (Y, ') at our
new point, ¥, in 71(X, z) is a conjugate subgroup of the image of the group 7(Y,y)
at our old point. This is not too difficult since the two points are connected by a path.
The group of all paths in Y that project down to loops in X is analogous to G, whereas
the group m(Y,y) of loops is analogous to the subgroup H. Let the path from y' to
y be called 7. We have that y' = 7(0) and y = 7(1). 77! is a path back to y'. Also,
p(y) = p(y") = z. Now suppose [5] is a class of loops at y such that p.[6] € m (X, z)
(which will be the case since p(y) = = and p. is an injection of m,(Y,y) into m (X, z)).
Form the loop 7+ & - 7=} This loop starts and ends at ¥’ and is, therefore, an element
of m;(Y,y'). Since y and y' are path connected, the fundamental groups at each point
will be the same (recall there is an isomorphism between them given by 7.}, thus any
element of 71(Y,y’) can be written in this way. An arbitrary element of m(Y, ') is
given by 7+ 6 - 7-!. Hence,

7‘-1(Y’ y’) =7 7rl(Y'a y) ) 7-:-.1 = ~#(7r1(}: yl))
We have shown that 7 - m;(Y,y) - 7~} is a conjugate subgroup of m(Y,%'). Since p, is
an injection, the images of these groups will also form ¢ onjugate subgroups.

We want to show further that, if 7 is a path from 3’ to y, and 7 = po 7, the image
of the group at 3 will, in fact, be an invariant subgroup of the image of the group at
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y. We can project down to X by

Since p, is an injection, 7 - m (X, z) - 77! is a conjugate subgroup of 7 (X, z).
a

Consider what the proposition means. It says that the paths between any two
points in the fibre above z will project down to loops in X via the covering map
and will be elements of the fundamental group of X. Those paths in Y which form
loops are elements of 71 (Y, y) and will project down to loops in X forming a subgroup
of m(X,z). Each sheet of the covering space corresponds to a different conjugate
subgroup of m(X,z). The number of possible conjugate subgroups determines the
number of sheets in the cover since each element will lift from one sheet to the other.
Further, if we take one of these group elements that move you along the fibre and apply
it to the entire m (X, z), it will give us back 7,(X, ), but the sheets will be permuted.
Thus, we can think of these elements as the group of automorphisms of the covering
space.

We will now define a group action that will move us between points in a fibre in the
covering space above a point in the base space.

Given a covering, p: Y — X, for any point y with p(y) = z, and any loop o at z,
we defined y * 0 to be the end point of the lift of o (¢) that starts at y. This point,
y * 0, is also in p~!(z). (Recall that p~}(z) is a set of points, one on each sheet in the
cover.) If ¢’ is a loop that is homotopic to ¢ then y *x o’ = y * 0. For any homotopy
class, [o], in ™ (X, z), we can, therefore, define y * [0] to be y * o. This definition gives
a right action of the fundamental group, (X, ), on the fibre p~!(z):

p ) x m(X,z) = pHz), yx[o]—yx[o],

taking y x [o] to the endpoint of the lift of o that starts at y.

The fundamental group in the base space moves you along the fibre in the cov-
ering space. To visualize this, consider the covering of S!, p : R — S! given by
p(r) = (cos(2nr),sin(27r)). This is an infinite helix of R coiling upwards over S*. The
fundamental group of the covering space, R, is trivial, whereas the fundamental group
of S* is not. If one takes a path from a point r to a point r + 27 in the covering space,
both endpoints map down to the same point in S'. This path defines the element, {1},
in m1(S?, ). We call this element “1” since it loops once around S!. In this way, we
would call the identity element “0”. Similarly, the path from r to r 4+ 47 would project
down to {2} in the base space. We see that r x [1] = r*[1] = r + 2 since it is the end
point of the path given by the lift of [1] starting at r, which is 7 + 27. We then have
T X [2] = 7 + 47 since the lift of the group element, 2], is a path from 7 to r + 27. We
see how this map really does move between fibres. Given a point in the fibre, p~(z),
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we can apply all possible group elements and move to a unique new point in the fibre
for each one.

In this example, the covering space is trivial in that its fundamental group is the
identity. Therefore, p.(m(Y,y) = {e:}, and the only conjugate group is the entire
group (X, z). Every element of m;(X, z) will move you along a fibre and will also act
as an automorphism of the covering space if applied to the rest of m(X, z).

The fundamental group is useful for finding maps between spaces. If there is no
map between the fundamental groups on the spaces, then there is no map between the
spaces. We will now show that, if there is a map between the fundamental groups, then
there is also a map between the spaces. If two coverings of a space X give conjugate
subgroups of the fundamental group of X, then the coverings are isomorphic. They
will differ only by a permutation of the sheets corresponding to the group element
which makes them conjugate. We can decide whether two spaces are isomorphic by
testing whether the images of their fundamental groups are conjugate subgroups. If the
images of the fundamental groups are the same, then there is an isomorphism between
coverings that also preserves the basepoints.

Proposition: Suppose p: Y — X is a covering and f : Z — X is a continuous
mapping with Z a connected and locally path-connected space. Let z € X, y € Y,
and z € Z be points with p(y) = f(z) = z. For there to be a continuous mapping,
f:Z =Y, withpof=fand f(z) =y, it is necessary and sufficient that f,(m(Z, z))
be contained in p,(m (Y, y)). Such a lifting, f, when it exists, is unique.

Visualization: Let f,(m,(Z, z)) be a bigger subgroup of 7 (X, z) than p,(71(Y,v)).
Then, we cannot map to Y and then down to X since the most we can get is the elements
of p.(m(Y,y)). When we map a space with a bigger fundamental group to one with
a smaller fundamental group, there is nowhere to put the extra group elements. They
would be mapped to elements in a many-to-one fashion. Mapping from the second
space down to the base space would not distinguish those elements that got projected
out in the first mapping. This proposition says that if we want to map Z to Y so
that the projection to the base space is preserved, Z cannot have a bigger fundamental
group than Y. For example, the real line is a cover of S! which has one element in
its fundamental group: the identity. (It is a trivial or universal cover.) On the other
hand, the double cover of S! has Z elements in it. Mapping the double cover of S! to
the real line will project out elements of the fundamental group. (They will all map
to the identity.) If we then mapped to the base space, S!, the net result would be the
entire fundamental group of the double cover mapping to the identity in S*. Mapping
straight to S! from the double cover has 7,(Z, z) = Z mapping to the Z/Z, subgroup
of (S, z) = Z. We could map from the real line to the double cover and then down
to S! since the fundamental group of the real line maps to the identity and nothing is
lost.

Proof: The necessity is clear from our visualization (which is a result of the fun-
damental group being a “functor”). The uniqueness is given by the following lemma.

Lemma: Let p: Y — X be a covering, and let Z be a connected topological space.
Suppose f; and f, are continuous mappings from Z to Y such that po fi=pofo. If
f1(2) = fa(2) for one point, z, in Z, then f; = fo.
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Proof: Since we have the condition po f = f on our function, f, we are fixing a
point in Y for it to map to and, hence, makes it unique. Now to show that f.(m(Z, 2))
being contained in p,(m(Y,y)) is enough to guarantee a mapping, f (the sufficient
condition), we construct f.

Given a point w in Z, choose a path, v, in Z from z to w, and let 0 = foy. o is
a path starting at z in X. Define f(w) to be y * o so that f(w) is the endpoint of the
lifted o which starts at y. f(w) defines our continuous map from Z to Y which has the
required property that

po f(w)=po(yxo)=0a(1) = (foy)(1) = F((1)) = f(w).

To make sure that we have a valid map, we must show that it is independent of our
choice of v and that it is continuous at w. Let 4’ be another path from z to w; then,
fo(¥ -y71)=0"-071, but since [o' - 07}] is in the image of p. (because we are saying
that f.(m1(Z, 2)) is contained in p,(m;(Y,y)) and v/ -v~! € m(Z, z), then it comes from
a group element in 7, (Y, y), a loop, thus &’ and & end at the same point in Y. To show
that f is continuous at w, we have to show that, if V is an open neighborhood of f(w),
we have f~1(V) open. Let N be any neighborhood of f(w) that is evenly covered by
p. Let V be the open set in p~!(N) that maps homeomorphically onto N (by covering
mappings) that contains f(w) (by po f = f). Choose a path-connected neighborhood,
U, of w so that f(U) C N (using the fact that f is continuous to X'). We need to show
that f maps U into V. For all points, v, in U, we may find a path, o, from w to @' in
U. We can use 7 -« as the path from z to w'. The lifting of fo(y-a@) = (fov) - (foa)
is obtained by first lifting f oy to & and then lifting f o . Since the latter lifting stays
in V, we have f(U) C V.

O

Corollary: Let X be a connected and locally path-connected space. Letp: Y — X
and p' : Y’ — X be two covering maps with Y and Y’ connected. Let p(y) = = and
p'(y') = z. In order for there to be an isomorphism between the coverings preserving
the basepoints, it is necessary and sufficient that

p.(m(Y,y)) = p. (m(Y',9))-

Proof: The fact that it is necessary is clear since the spaces cannot be isomorphic if
they have different fundamental groups. (They would have a different number of holes.)
The sufficient part comes by assuming that these two subgroups agree. The proposi-
tion then works both ways, with p.(m(Y,v)) C pl(m(Y'.y)) and p,(m(Y",y")) C
p.{m(Y,y)) giving two maps, ¢ : Y - Y  and ¢ : Y’ — Y. Apply the lemma with
fl =¥ o ¢ and fg = ¢ o 1. Since they agree, ¥ and Y’ are isomorphic.

The only time that the basepoints are not preserved is when the fundamental groups
have images that are conjugate subgroups rather than the same subgroup.

O

Corollary: A simply connected and locally path-connected space has only trivial
coverings.
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Proof: The proof is an obvious result from the proposition. For it to be a proper
covering, it would have its fundamental group map to a subgroup of the fundamen-
tal group on the simply connected base space (trivial fundamental group); therefore,
pe(m(Y,y)) = p.(m1(E,x)), where FE is the trivial covering space. Hence, by the last
corollary, there is an isomorphism between them.

O

The fundamental group of a base space determines an automorphism (an isomor-
phism of a group onto itself) group of the covering space. We have shown how each
different fundamental group element in 7;(X, z)/p.(m (Y, y)) will map to a different
sheet in the covering space. We can build another group from this one which will map

between the sheets in the covering given by projecting down to the base space and then
up to the new sheet.

We state two theorems and refer the reader to [85] for proof.
Theorem: Let p: Y — X be a covering, with Y connected and X locally path-

connected, and let p(y) = z. If p.(m(Y,y)) is a normal subgroup of (X, z), then
there is a canonical isomorphism

(X, 2)/p.(m (Y, ) — Aut(Y/X).

The covering is a G-covering, with G being the quotient group, m1 (X, z)/p.(m: (Y, y)).
Theorem: The following are equivalent:

(a) The covering is regular
(b) The action of Aut(Y/X) on p~! is transitive
(c) For every loop, o, at z, if one lifting of o is closed, then all liftings are closed.

These last statements result from the fact that, if the covering is regular, we have
removed all the elements of the group which do not lift us to a new sheet. The other
elements are unique (if [o] - y = [0'] - y = [0] = [¢]), so the action is transitive on the
fibre. If a lifting is closed, then it is in p,(m;(Y,y)) and cannot lift to an open path in
another sheet. Hence, all liftings will be closed.

Notice that if Y is a simply connected space and if X is a locally path-connected
space, we have 71(X, z) & Aut(Y/X). This is because, if Y is simply connected, it has
a trivial fundamental group and all of 7;(X, z) will be in the quotient group.

If a group G acts evenly on a simply connected and locally path-connected space
Y, and X = Y/G is the orbit space, then the fundamental group of X is isomorphic to
G. This is because G must then be isomorphic to Aut(Y/X), and if we choose a point
yin Y over a point z in X, then m;(X, z) is also isomorphic to 4ut(Y/X) = G.

The universal cover of a space is a simply connected cover and the automorphism
group is isomorphic to the fundamental group of the base space. If we find an abelian
automorphism group of the universal cover we have found the fundamental group of the

base space (recall that an automorphism maps disconnected open sets to disconnected
open sets).
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Proposition:

(a) If the Klein bottle is constructed by identifying the sides of a rectangle in the usual
fashion (See Section D.9.4.), the fundamental group has two generators, a and b,
with one relation, abab=! = e. The fundamental group is not abelian.

(b) The torus is a two-sheeted covering of the Klein bottle given by R?/H, where H
is the two-element group, (z,y) — (z + 1,y) and (z,y) — (z,y + 1). (This is
an obvious generalization of the covering of S'.) The fundamental group of the
torus is a normal subgroup of the fundamental group of the Klein bottle.

Proof:

(a) Given any point, z, in the Klein bottle, there are two different closed loops that
can be made as can be seen by the usual diagram of the Klein bottle as a square
with two oposite edges identified and the other two identified with a twist. The
closed loops are vertical or horizontal lines on the diagram. The path traversing
the entire edge is homotopic to the identity and gives our relation. The relation
is ab = ba~!, showing that the group is non-abelian.

(b) The typical diagram of the torus made from a square shows that it has two elements
in its fundamental group, with ghg=*h~! = e, so that it is abelian. Our covering
map is mapping both of these group elements to the generators, a and b2, of the
Klein bottle (since twice around b and once around a correspond to ¢ and A,
respectively). The remaining generator for the Klein bottle corresponds to going
halfway around one of the circles in the torus; i.e., one loop around the Klein bottle
maps only halfway around a loop on the torus. Another application of this element
maps the rest of the way around the torus. Hence, 71(X, z)/p.(m1(Y,y)) = {e, b}
such that 4> = e on the torus. We have Z/Z,. Odd multiples of b map to a
new sheet. Even multiples are the identity. To show that this group is a normal
subgroup, we show that gH g~ ! is in the subgroup, where g is in the original group
{e,a,a?,...,b,b%,...}, and H are {e, b2,b*,...} which form p,(m;(Y,y)) in this case.
Now, abab~! = e on the Klein bottle, so 576**b~" = bnb?* " = b2k,

a"b*a " =aa---abb---bata7! a7
=aa---(ba”')b---ba"ta7t - a7t
=aa---bla”b)b---ba"ra7t 07!
=aa---b(ba)p---ba et --a™?

: permuting 2k times gives (ab) — (ba)
=aa---bbb---(ba)a ta"t - -at
=aa---bbb---ble)a™t a7
=bbb---b=b*

It is indeed a normal subgroup. Therefore, S! is a double cover of the Mébius

band by the same reasoning. Hence, R is also a cover of the Mdbius band (called
the universal cover).
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D.7.1. The universal covering

A covering is called a universal cover if Y is simply connected. The fundamental
group of the base space is then itself isomorphic to the automorphism group. The
universal covering is automatically a G-covering with G being the fundamental group
of the base space. The universal covering is unique up to canonical isomorphism since
any group which acts evenly on a simply connected and locally path-connected space,
with X = Y/G being the orbit space. The fundamental group of X is isomorphic
to G. Therefore, any other universal covering will also have its automorphism group
isomorphic to G.

Now, we want to find the condition that guarantees the existence of a universal
covering. Suppose we have a universal covering, p : ¥ — X. Any point in X has
an evenly covered path-connected neighborhood, N. Any loop, o, in N (note that it
must be in N) lifts to a loop & in Y, and since Y is simply connected, this loop is
homotopic in Y to a constant path. It follows that the loop 0 = p o & is homotopic
to a constant path in X. A space, X, is called semilocally simply connected if every
point has a neighborhood such that every loop in the neighborhood is homotopic to
a constant path in X. Being semilocally simply connected is a necessary condition
for the existence of a universal covering. Note that, if X is locally simply connected,
then it is semilocally simply connected. (Locally simply connected means that every
neighborhood of every point contains a simply connected neighborhood.)

For example the clam shell (the union of all circles, Cy, of radius 1/2" centered
at (1/2",0) in the plane) is connected, locally path connected, but not semilocally
simply connected. In fact, let X be the cone over C, meaning every circle becomes
the base of a different cone which goes up to the same point (0,0,1). Then, X is now
semilocally simply connected (and, therefore, has a universal covering) but not locally
simply connected. The point, (0,0,0), has a simply connected neighborhood, but not
every neighborhood contains a simply connected neighborhood. (Any neighborhood in
the plane does not have one.)

Suppose we have a universal covering with p(y) = z. For any point z in Y, there is a
path, v, from y to z which is unique up to homotopy since Y is simply connected. The
image, @ = p o+, is a path from z to p(z) which is unique up to homotopy (with fixed
endpoints). Conversely, a path, «, in X starting at = determines a point, z = y * o, in
Y. This observation identifies Y, as a set, with the set of homotopy classes of paths in
X that start at a given point, z. We can use these homotopy classes to construct the
universal covering. First note that the universal covering must be simply connected by
definition. The projection of its fundamental group on the fundamental group of the
base space must form the identity element. We know that the normal subgroups of the
fundamental group of the base space define all possible coverings that the space may
have. Then, the entire fundamental group is the automorphism group of the universal
covering space. At any point in the fibre over z, we can apply any of the elements of
the fundamental group to get another point in the fibre over . Hence, constructing
the universal covering is as simple as drawing all of these. For example, to find the
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universal cover of S', we simply start with a point y = p~'(z), and since there is one
generator of the group, we apply it and its inverse. From each of these new points. we
do the same thing again. In this fashion, we get the helical covering R. Similarly. for
a base space consisting of two circles joined at a point z, we get four paths leaving the
point, y = p~!(z). These paths correspond to each of the generators and their inverses.
At the new point, we draw four more lines leaving it (including the one we just came
from, corresponding to the inverse of the group element or some multiple of it).

There is a correspondence between subgroups of the fundamental group and the
coverings that a space has. Assume that X is connected, locally path-connected, and
semilocally simply connected so that X has a universal covering.

Proposition:

(a) For every subgroup H of m(X,z), there is a connected covering, pg : Yy = X,
with a basepoint, yi € pg (z), so that the image of m (Yg, yg) in m (X, z) is H.
Any other such covering (with the same basepoint) is canonically isomorphic to
this one.

(b) If K is another subgroup of 7 (X, z) containing H, there is a unique continuous
mapping, pgx : Yy — Yk, that maps yg to yx and is compatible with the
projections to X. This mapping is a covering mapping, and if H is a normal
subgroup of K, it is a G-covering with G = K/H.

Proof: Let u : X — X be a universal covering with u(%) = z and identify (X, 1)
with Aut(X/X). Any _subgroup H of m,(X,z) acts evenly on X. The quotient, X —
X/H = Yy, makes X the universal covering of Y. For example, since R? is the
universal covering space of the torus and the torus is a double cover of the Klein bottle,
then R? is also the universal cover of the Klein bottle. The fundamental group, Yy
(with basepoint yy as the image of ), is canonically isomorphic to H. The projection
from Yz to X/m(X,z) = X is a covering. The image of fundamental group of this
covering in m; (X, z) is H. If H is contained in K|, there is a canonical map on the orbit
spaces, X/H — X /K.

O

The covering, Yy — X, corresponding to H can be identified with X JH = X,
where H acts on X as a subgroup of Aut(X/X) = m(X,z). We can form Yy by
simply starting with the universal covering and identifying all points that differ from
each other by an application of an element of H. The regular coverings correspond
to normal subgroups, H. Every connected G-covering, p : ¥ — X, has the form
X/H — X, with

m(X,z)/H = Aut(Y/X) =G
For an example, if we take the universal covering of the Klein bottle, (R?), and identify
all points differing by an application of the subgroup of the generators given by a
and b* (where a is the twisted one), we get the torus. Also notice that the subgroup,

a?,b?, of the generators of the Klein bottle also gives the torus as a quotient space of
the universal cover. It is a quadruple cover since the torus “squares” in the universal
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covering space now cover four of the original Klein bottle “squares.” We have found
the covering space, Yy, which is the double cover of the Klein bottle given by the torus
corresponding to the subgroup generated by {a, b’}

This correspondence is similar to that seen in Galois theory where subgroups cor-
respond to field extensions and smaller subgroups corresponding to larger extensions.
Here, smaller subgroups of the fundamental group correspond to larger coverings of the

space: )
X,z {e}
i) N
Yu,yu H
) N (D.8)
YK1 Yk K
d N
X,z G

If H is a normal subgroup of K, then the covering, Yy — Yk, is a K/H-covering.

For example, if X = S! is a circle, the coverings correspond to subgroups of
71(S1, (1,0)) = Z. The trivial group corresponds to the universal covering, R — S*.
The subgroups, Z, C Z, correspond to the n-sheeted covering, p, : S = S*. Up to
isomorphism, these coverings are the only connected coverings of a circle.

The covering corresponding to the commutator subgroup of the fundamental group
(The commutators of group elements can easily be shown to be a subgroup of the

fundamental group, hence there is a covering corresponding to them.) of X is a covering
we may denote by Xpe:

Xave = X/[m(X, 2), m(X, )] = X.

Xaber is a G-covering with G = X JIm(X, z), 7 (X, z)] and is the first homology group,
H,(X). It is sometimes called the universal abelian covering of X.

The universal covering of the complement of the origin in the plane can be realized
as the right half plane, via the polar coordinate mapping (r,8) — (r cos(6), rsin(8)),
and as the entire complex plane, C, via the mapping z — exp(z). We will find an
isomorphism between these coverings.

This map indeed covers the entire plane (minus the origin) since the negative y-axis
gets wrapped around counterclockwise to the negative z-axis and the positive y-axis
goes there, too. The other map does precisely the same thing to the right half of C
also as can be seen by —im > exp(—in) = —1 and ¢7 — —1. An isomorphism is given
by (r,0) — log(r) + i since exp(log(r) + i0) = r exp(if).

D.8. General homology and homotopy

In this section, we will discuss the Siefert-Van Kampen theorem and how it can
be used to construct the fundamental group for a union of two spaces by a knowledge
of the fundamental groups on the two spaces. This theorem is quite important since
it allows us to easily say things like: The fundamental group of n circles joined at a
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point is the free group® on n generators. It allows us to find the fundamental group for
a sphere with g handles and other such surfaces by merely knowing the fundamental
group of the sphere with one handle (the torus).

Suppose the base space X is a union of two opens sets, U and V. A covering of X
restricts to coverings of U and of V' which are isomorphic over UNV. The isomorphism
is given by first projecting down to the intersection using one covering map and then
projecting back up using the other.

We will show the generalization of this: Suppose we have a collection, X,, of open
sets, o € A, the union of which is the base space X. For each a, we have a covering
map, p, : Yo = Xo. Then, for each o and g, we have an isomorphism

fas : P51 (Xa N Xp) = p3'(Xa N Xp)
of coverings of X, N Xz. Assume these coverings are compatible, i.e.,
(1) 0, is the identity on Y,; and
(2) 0o =0,5085, on p;' (XoN XN X,) forall @, B, v in A

Then, we can patch these coverings together to obtain a covering p: Y — X. We have
isomorphisms, ¢, : Yo — p7!(Xa), of coverings of X, such that 6, = qSEl o ¢ On
P21 (Xo N Xp). In addition, the space Y is the union of the open sets, @qo(Ys).

If each p, : Yy, = X, is a G-covering with fixed G and each 63, is an isomorphism
of G-coverings, then there is a unique action of G on Y so that each ¢, commutes
with the action of G, i.e., ¢o(g - Ya) = g - da(ya) for g € G and y, € Y,. The patched
covering, p : ¥ — X, then has the structure of a G-covering so that each ¢, is an
isomorphism of G-coverings.

Let X be a space that is a union of two open subspaces, U and V. Assume that
each of the spaces, U, V, and their intersection, U NV, is path-connected, and let
be a point in the intersection. Assume also that all these spaces X, U, V,and UNV
have universal covering spaces. We have a commutative diagram of homomorphisms of
fundamental groups:

nUNnV,z) 2% m(U, z)

izl le (D.9;
mViz) — m(X z).
J2

The maps are induced by the inclusions of subspaces. Commutativity means that

J1o1 = jp 01
We will describe how 71 (X, z) is determined by the other groups and the maps
between them. The description is not direct but through a universal property. Any
homomorphism, h, from 7;(X, z) to a group G determines a pair of homomorphisms.

3The free group on two generators, a and b, is given by the set of all words of the form a™ - b™ .
a™ .- ™, where the n; are integer powers which are all non-zero except perhaps the first and last.
The identity element is e = a°3°. The product is formed by simply placing two words of this form
next to each other and canceling factors as necessary. The other free groups are constructed similarly.
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hy = hoj from 7y (U, z) to G and hy = h o jy from m(V, z) to G; the two homomor-
phisms, hy 04; and hy 0%, from = (U 'V, z) to G, determined determined in this way
are the same. The Van Kampen theorem says that m;(X, z) is the universal group with
this property.

Siefert-Van Kampen Theorem: For any homomorphisms hy : m(U,z) — G and
hy : m(V,z) — G, such that hy oi; = hy 01, (They agree on the intersection.), there is
a unique homomorphism, A : m(X,z) — G, such that hoj; = h; and ho j; = hy. (It
agrees on the intersection.)

Proof: The homomorphisms, h; and h,, determine G-coverings, ¥Y; — U and
Y, — V, together with base points y; and y, over z. The fact that h; o, is equal to
h; o i, means that the restrictions of these coverings to the intersection are isomorphic
G-coverings. There is then a unique isomorphism between these G-coverings that maps
y1 to yo. Using our patching method, we can patch these two coverings together and
use this patched isomorphism on the intersection to give a G-covering, Y — X, that
restricts to the two given G-coverings (and has the same basepoint). This G-covering
corresponds to a homomorphism, A, from 7, (X, z) to G, and the fact that the restricted
coverings agree means precisely that h o j; = h; and ho j; = hs.

a

The group m (X, ) is generated by the images of m (U, z) and m(V,z) in G. The
implication is that if, say, a hole is shared between U and V, then the group elements
will overlap when homomorphically mapped to G, and they will together count as only
a single element of m (X, z).

Corollary: If U and V are simply connected, then X is simply connected. Notice
that one of the hypotheses of the Van Kampen theorem is that the intersection is
connected! There is no forming an annulus from two elongated disks.

Corollary: If U NV is simply connected, then, for any G,

Hom(m(X,z),G) = Hom(m (U, z),G) x Hom(m(V, z), G).

m (X, z) is then the free product of m, (U, z) and m(V, z).

An example would be the case where we have a torus with 7, (U, z) being the free
abelian group on two generators {a,b} with relation aba™*b~! = e and another torus
with m;(V, z) being another free abelian group {c,d} with a similar abelian relation.
The space, X, made from the union of the two with simply connected intersection has
71(X, z) being the free product of the two. Thus, it has generators, {a,b, c,d}, with
the relation aba='b~'cdc™'d™! = e and is, therefore, non-abelian.

The following generalization can be used to compute the fundamental group of an
increasing union of spaces, each of which having a known fundamental group.

Theorem: Suppose a space X is a union of a family of open subspaces, X,, with
the property that the intersection of anyv two of these subspaces is in the family. Assume
that X and each X, are path-connected and have a universal covering, and that the
intersection of all the X, contains a point z. When Xj is contained in X,, let i,5 be
the map from 7,(Xg,z) to m (X4, z) determined by the inclusion, and let j, be the
map from m;(X,, z) to m1(X, z) determined by inclusion.
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With these hypotheses. 7;(X, z) is the direct limit of the groups, m(X,,z). That
is, for any group G and any collection of homomorphisms, h,, from 7(X,, z) to G
such that hg = h, 04, whenever Xg C X,, there is a unique homomorphism, h, from
m1(X, z) to G such that h, = ho j, for all a.

O

To understand this theorem, we will describe the fundamental group of R? \ Z. This
space is the plane with a point removed at each of the integers on the z-axis. We want
to use the theorem to find the fundamental group, so we construct open sets given by
the strips

sl -i<z<i ifz2<0
(z,y) = —%<x<% ?fz=0,
—l<z<lz+3 ifz2>0

where z is an integer. The union of these strips covers R? and the intersection of
any two strips is in this family of strips since we have made the intersection of any
two of them equal to either the smaller of the two or the strip about zero. These
strips correspond to the subspaces, X,, from the theorem. The zeroth strip is given
by (—3,+3) X (—00,¢) and has one point removed from it which is the origin, z = 0.
Now, the map, jo : m(Xo,2) — m (X, z), is just the inclusion of the fundamental
group in the zeroth strip in the total. This fundamental group is the free group on
one generator. The fundamental group of the entire space is the direct limit of the

fundamental groups of the subspaces which is Fy,, the free group on countably infinite
generators.

Example 1:

The n-sphere is simply connected if n > 2. To see this, write it as the union of two
hemispheres homeomorphic to disks. The intersection is then connected (it is S™~1).
Therefore, the corollary, tells us that the n-sphere is simply connected. (We needed
n > 2 so that the intersection would be connected.)

Example 2:

Consider a figure eight as the union, X, of two circles, U and V, meeting at a
point z. Let 3 and 2 be loops, one around each circle. The fundamental group of
each circle is infinite cyclic, generated by the classes of loops. It follows that to give a
homomorphism from 7; (X, ) to a group G is the same as specifying arbitrary elements
g1 and ¢ in G. There is a unique homomorphism from 7;(X, z) to G mapping [v;] to
g1 and [7o] to go. m (X, ) is the free group on the generators, [11] and [7,).

Let a = [y1] and b = [y,]. We will show that every element in m (X, z) has a unique

expression in the form
Q™ . p™ g™

as per the definition of the free group on two generators.
Every element in 7, (X, ) will map the point z to a unique point y in the universal
covering space of X via a universal covering, p: X — X. All of the equivalence classes
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of paths in X will map onto X Since the universal covering space is simply connected,
the group acts evenly on it. (It is the space with two choices of path at each element
of p®.) Therefore, if a-z = b- z, then a = b. That the expression is of the proper form

follows from the fact that any point in p~!(z) will consist of products of loops around
a orb.

Example 3:

If G is a free group on n generators and H is a subgroup of G that has finite index,
d, in G, then H is a free group with dn — d + 1 generators. This result can be seen
as follows. Take G to be the fundamental group of a connected graph X that has v
vertices and e edges, with n = e — v + 1 (number of faces). For simplicity, we assume
each edge of X connects two distinct vertices. The subgroup, H, corresponds to a
connected covering, p: Y — X, with d sheets and with the fundamental group of Y
isomorphic to H. Y is a connected graph since the d points over each of the vertices of
X can be taken as the vertices of Y and the inverse images of the edges are the edges

of Y. Since Y is a graph, the fundamental group is free (same as n circles joined at a
point on each of the d sheets) with

de—dv+1l=dle-v+1)—d+1=dn—-d+1

generators.

Example 4:

We will construct the universal covering of n circles joined at a point and compute
the fundamental group. The universal covering will look very similar to the universal
covering of the lemniscate, or figure eight. It will be an infinite tree or connected
graph, but instead of having four choices at each vertex, we have 2n choices at each
vertex. Starting at the center, we have 2n paths from origin, one forward path and one
backward path for each circle. After traversing any path, we come to another vertex
(which is mapped to the first one via the covering map), and we again have 2n choices,
including the path backward.

A corollary to the Siefert-Van Kampen theorem is as follows: If X = UUV is a
path connected space and UNV is simply connected, then (X, z) = m (U, z) *m1(V, z).

Therefore, the fundamental group of n circles joined at a point is simply the direct
product (all words formed from the elements) of the fundamental groups each circle
individuallv. Note that the union of the circles is a single point and is simply con-
nected since there exists a neighborhood of it which is simply connected. Therefore,
mi(n circles,z) = F,,. We are using an induction argument with X = U; U - U Uy,
writing 7 (X, z) = 7 ([L7 U -+ - U Up-1],z) * 71(Un, ) and then applying the corollary
again, etc.

Example 5:

We will use the Van Kampen theorem to compute the fundamental group of
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(a) The complement of n points (or small disks) in a 2-sphere.
(b) The complement of n points in a Torus.

(c) The sphere with g handles.

(a) The complement of one point in a 2-sphere is the open disk. Therefore, the fun-
damental group is trivial. The complement of two points is the same as the
complement of one point in the disk, making the fundamental group equal to the
free abelian group on one generator, a, with aa™! = e and so it is then Z. We can
use the Van Kampen theorem to find the group of the complement of three points
in the sphere from two copies of the complement of two points in the sphere. We
merely think about each of them as the complements of one point in the disk. So
now we have two disks. We join them so that the overlap is simply connected.
The result is a disk with two holes removed or a sphere with three holes removed.
The Van Kampen theorem tells us that the fundamental group will be the free
product of the fundamental groups of the two original disks. Namely, the funda-
mental group is the free group on two generators. We can extend this result to n
points by continuing the process so that, if we have the complement of k£ points,
we generate the complement of k£ + 1 points by forming the union of the disk with
k — 1 points removed and the disk with one point removed with the intersection
being simply connected. We get a disk with & points removed or, equivalently,
a sphere with k£ + 1 points removed. We see that the fundamental group of the
complement of n points is the free group on n — 1 generators.

(b) The complement of n points in a torus can be derived in the same way as the sphere.
First, we notice that the torus has the same fundamental group as the complement
of two points in the open disk, the free abelian group on two generators. If we
remove a point from the torus, we are left with a surface that has a figure eight as
a deformation retract. This is identical to a disk with two points removed. Now,
we form the union with disks having one point removed in the exact same fashion
as we did for the sphere. The result is that the complement of two points in the
torus is the same as the complement of three points in a disk, the free group on
three generators. As before, we continue in this fashion until we find that the
complement of n points in the torus is the free group on n + 1 generators.

(c) A sphere with one handle is a torus. A sphere with g handles is the same as g tori
joined (say each joined to another at a point so that the intersection is simply
connected). The group is, therefore, the free product of all of them, Z%.

Example 6:

The free group on two generators is the fundamental group of the complement
of a point in the torus. The complement of a point in a torus has a figure eight as a
retract. Since a covering of the figure eight is a grid covering, R?, with lines vertical and
horizontal, intersecting at each of the integer coordinates the same covering will cover
the torus minus a point if you “thicken” the lines and make them 2-dimensional strips.
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This covering is the same as the plane minus a countably infinite number of points
corresponding to the points at the center of the squares. The fundamental group of this
covering space is the free group on a countably infinite number of generators. Now, since
this covering is a covering of the torus minus a point, there is a homomorphism given
by p. which maps its fundamental group onto a normal subgroup of the fundamental
group of the torus minus a point. This map is an injection if one point y is given so

that p(y) = z. Hence, the free group on two generators has as a subgroup which is not
finitely generated!

D.9. Simplicial homology theory

Simplicial homology is a standard technique used in computing the homology groups
of various surfaces.* An n-simplez is the n-dimensional analogue of a triangle. It is
built by drawing n orthogonal lines and then closing the ends. For a 3-simplex, you
would draw three orthogonal lines and then connect the ends of these lines to each other
via three more lines to give a tetrahedron. A 0O-simplex is simply a point; a 1-simplex
is a line; a 2-simplex is a triangle; etc. We can use simplexes to triangulate a surface
and compute the Euler characteristic and other topological properties in this fashion.

We write an arbitrary simplex algebraically as

On = (PoP1° " Pn) : (D.10)

where each p; labels a vertex point. One could think of this notation as a formula for
drawing a simplex in that you connect the adjacent points with straight lines

Do — D1 — DPp — Do.

Since the p; are all geometrically independent, we can think of the simplex as a
vector in R™ where m > n. We, therefore, express the simplex as

On = {x € R™ such that z = Zc"pi’ ¢; > 0, and Zci = 1} . (D.11)

=0 1=0

The coordinate (co, ..., ¢,) is called the barycentric coordinate of z.

If we choose g + 1 points out of our n-simplex, we are left with a ¢-simplex called
a g-face of our simplex. o, is called a proper face if it is a face of 0,. To clarify this,
consider a tetrahedron thought of as a 3-simplex. We can write it as < popipaps >.

Any subset of these points is a proper face of the simplex since it will always form a
lower-dimension simplex. The number of g-faces in an n-simplex is given by

(n+1)! B ( n+1 >
(g+ Dl (n—qg-1)! g+1
4There is another common method that is more convenient in higher-dimensional homotopy theory

and K-theory which uses cells and CW-complexes. These cells are lines, squares, cubes, and their
generalizations rather than triangles.
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since they are formed by choosing g + 1 points from n + 1 points without regard to the
ordering of the points. There are (n+1)!/(n— g — 1)! ways to pick a set of ¢+ 1 points
from n + 1, and there are (¢ + 1)! ways to reorder each of these sets that results in the
same simplex.

We can fit simplexes together to form simplicial complexes. Simplicial complexes
are formed by attaching simplexes together at points; along edges; on faces; or, in
general, by identifying a proper g-face of one with a proper g-face of the other. The
rules for putting two simplexes, o and ¢’, together to form a simplicial complex, K,
can be summarized as

(a) An arbitrary face of a simplex of K belongs to K. That is, if o € K and ¢’ < 0,
then ¢’ € K.

(b) If o and ¢’ are two simplexes of K, the intersection, o N ¢, is either empty or a
face of 0 and ¢'. That is, if 0,0’ € K, then either cNo’' =0, or c N0’ < o and
cNo' <o

The first rule means that an arbitrary simplex is a subset of the points in the longest
simplex. The second rule can be exemplified by our 3-simplex. The possible ways to
combine two 3-simplexes would be so that

oNd =0,< py >, < pep1 >, < pop1pP2 > -

The union of all of the simplexes in the simplicial complex is called the polyhedron,
|K|, of the simplicial complex K.

Definition: (Triangulation) A topological space X is said to be triangulable if
there exists a simplicial complex, K, and a homeomorphism, f : |K| — X. The pair
(K, f) is called the triangulation of X.

When forming triangulations, it is important to remember that the intersection of
any two simplexes in the polygon must either be empty or a simplex. They cannot
intersect in a disjoint fashion. For example, Figure D.1.(a) is a valid triangulation
while Figure D.1.(b) is not.

We assign an orientation to each of our n-simplexes by assigning an orientation to
each of its edges. Write an oriented simplex, 0, = (pop1-:-Pa), SO that cyclic and
anti-cyclic permutations, P, of the points give

(Piopn cepi) = Sgn(P)(Popl © D).

We define the positive orientation as the one which is given by the right-hand rule on
each of the faces.

We can now give a new definition of the group of n-chains defined earlier. Let
K = {0,} be an n-dimensional simplicial complex where the simplexes, o4, in K are
oriented. The r-chain group, C.(K), of K is a free abelian group generated by the
oriented r-simplexes of K. If r > dimK, C,(K) is defined to be 0. An element of
C,(K) is then an r-chain.

Thus, r-chains are defined using simplexes rather than curves as we did earlier,
allowing a generalization to higher dimensions in a more convenient way. Let there be
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Do D2 D4 Do Do D2 Do
i A A Vi
D P3 b5 N D1 D3 b1

Figure D.1. (a) is a triangulation of the cylinder while (b) is not.

I, r-simplexes in K, denoted by o,;(1 < i < I). Then, ¢ € C,(K) is expressed as

I
c=3 cor, GEL

i=1

The group product is given by addition in the obvious fashion. The identity is ¢ = 0.
The inverse of a simplex is the simplex with the opposite orientation. Thus, C,(K) is
a free abelian group of rank I,

C(K)2Z® 9L
I,

We can define the groups of boundaries and cycles in a general fashion. Let 0, :

Cr(K) = C,-1(K) be the boundary operator on r-chains. It acts on a 0-simplex and a
1-simplex as before:

0poo =0, 0101 =p1 — Po-

It is easy to show that the boundary operator commutes with the group product oper-
ation which is simply addition. For a general r-simplex, we have

r

O.0r =Y (=1)(pops---Bi- -~ pr), (D.12)

=0

where the hat indicates that we have omitted that vertex in the sum. For example,

Oa2(pop1p2) = (P1p2) — (Pop2) + (Pop1),
O3(pop1p2p3) = (p1p2ps) — (Pop2p3) + (pop1p3) — (Pop1P2),
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and acting on a general r-chain, we have

Orc = Z ¢iOror.
i

Let K be an n-dimensional simplicial complex (and, therefore, homeomorphic to an
n-dimensional space, as an n-simplex is homeomorphic to an n-sphere). There exists a
sequence of free abelian groups and homomorphisms called the chain complex which is

an exact sequence. (The image of one map is the kernel of the next map.) The chain
complex is given by

05 Cu(K) B Cosi(K) 23" - B oK) B Co(K) B o,

where ¢ is the inclusion map. We can define an r-boundary, c, as an r-chain such that
there exists and r + 1-chain with the property that ¢ = 3,4:d. The set of r-boundaries
forms a subgroup of C,(K) denoted by B,(K). An r-cycle is an element of the subgroup
Z.(K) of C.(K) with the property that d,c = 0 for all ¢ € Z,(K). B,t(K) C Z,(K)
since all boundaries are closed chains (cycles).

The group of 1-chains of a triangle and that of a square are, respectively,

C1(K1) = {i(pop1) + §(Prp2) + k(P2po)li, J, k €L} LSO LDZ (D.13)

and
Ci(K)) 2 ZPZSZ DL (D.14)

The triangle and the square are homeomorphic spaces and are, therefore, topologically
equivalent. Hence, the group of 1-chains is not a topological invariant.

Let K be an n-dimensional simplicial complex. The rth homology group, H.(K),
where 0 < r < n, associated with K is defined by

H.(K) = Z.(K)/B:(K)

and is the set of equivalence classes of r-cycles. Each equivalence class, [z], is called
a homology class. Two r-cycles are homologous if their difference is a boundary (and
hence the identity in H,(K)).

If a topological space, X, is homeomorphic to a topological space, Y, and (K, f) and
(L,g) are triangulations of X and Y, respectively. then H,.(K) = H,.(L). This result
is clearly independent of the triangulation so that H,(X) = H.(Y). The rth homology

group is a topological invariant. We have generalized what we have established earlier
for the case r = 1.

D.9.1. Homology of the Mobius band

Figure D.2. shows a triangulation of the Mdbius band with orientations chosen for
the 2-simplexes. We see that, since there are no 3-chains, Bo(K) = 0. A 2-cycle,
z € Zy(K), will be a linear combination of oriented 2-simplexes shown in Figure D.2..
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Figure D.2. A triangulation of the Mdbius band.

We write it as

z = a1(pop1p2) + a2(P2p1Ps) + a3(papap3) + as(Pspsps) + as (pspsp1) + ae(p1pspo)-

Since z is an element of Z,(K), it is a 2-cycle, or a closed 2-chain. Being closed gives
the following requirement (using (D.12)):

02z = ay [(P1p2) — (Pop2) + (Pop1)]
+ a2 [(p1ps) — (p2p4) + (p2p1)]
+ a3 [(paps) — (p2p3) + (P2p4)]
+ a4 [(paps) — (paps) + (P3pa)]
+ a5 [(psp1) — (p3p1) + (P3ps)]
+ ag [(pspo) — (P1po) + (P1P5)] =

(D.15)

Examining this equation, we see that the 1-chains that lie along the edge of the Mdbius
strip only appear once. The others are traversed twice each, once in each direction
and, hence, with a relative minus sign. Since a 1l-chain from the edge, i.e., one of
(pop2), (P2p3); (P3p1), (P1P4), (P4ps), (Pspo), appears in each term, there is no way they
can cancel each other unless a; = - - - = ag = 0. Therefore, we have Z(K) = 0. (There
are no closed 2-cycles.) Thus, we have

Hy(K) = Zy(K)/Ba(K) = {0}. (D.16)

The second homology group of the Mobius band is trivial. This statement is intuitive
since the Mdbius band encloses no volume. If the second homology group was non-
trivial, it would indicate that the complex, if embedded in R?, actually separates the
region into two connected components: the inside and the outside of the complex. The
second homology group is similar to the zeroth homology group (when the complex
is embedded in R® at least) in that the zeroth homology group tells the number of
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connected components of the complex, whereas the second homology group (in R?)
gives the number of connected components (dim Ho(K) — 1) in the complement of the
complex.

Since the Mobius band is connected, we have that the zeroth homology group has
one generator. The generator has an integer coefficient defining the elements. (The
closed zero chains, or points, are all boundaries of one chains.®) The group is, therefore,
Ho(K) 2 Z.

The first homology group, H,(K). is given by the group of 1-cycles modulo the
1-boundaries. By examining the diagram in Figure D.2., we see that the closed circuits
along the edges of the 2-simplexes are 1-cycles. They are also 1-boundaries since they
bound the 2-simplex which they circuit. The 1-cycles that do not bound a 2-simplex
are the ones that traverse the Mdbius band from one side to the other and connect
when we identify the edges. For example, (pips) + (paps) — (p1ps). All such 1-cycles
are homologous in that their difference is a boundary. For example, take the difference
between (pop1) + (p1ps) + (p4ps) + (pPspo) and our previous example, giving

(p1ps) + (Paps) — (P1ps) — (Pop1) — (P1P1) — (Paps) — (Pspo)

= ~ [(p1ps) + (pspo) + (Pop1)] (D17)

which is a 1-boundary. We have that this class of 1-cycles generates H;(K). Thus,
Hy(K) = {n[z]|n € Z} = Z. In Section E.1., we will show that the M&bius band also
forms a generalization of a covering space called a fibre bundle.

D.9.2. Homology of the projective plane

The projective plane, RP?, is the sphere with antipodal points identified. Mapping
the upper hemisphere of the sphere to the lower hemisphere, we are left with a disk.
The projective plane is this disk with the S boundary (which was the equator of the
sphere) having its antipodal points identified. We now have a convenient method to
triangulate the projective plane. Using the rules defined earlier for building a simplicial
complex, we triangulate the projective plane as shown in Figure D.3..

Since there are no 3-chains in the projective plane, we have Bo(K) = 0. Taking all
of the 2-simplexes and adding them together with coeflicients, a;, and then setting the
boundary to zero (It is a cycle.), we find that all of the coefficients have to be zero.
Hence, Z,(K) = 0 and Hy(K) = {0}.

Examination of the diagram reveals that any 1-cycle is homologous to the 1-cycle
given by z; = (psps) + (psps) + (p4p3). Adding all of the 2-simplexes with the same coef-
ficient, m, and taking the boundary, we arrive at 0y2p = 2m ((psps) + (psps) + (pap3)).
This boundary is an even multiple of our 1-cycle, z;. Anv even multiple of our 1-cycle
is a boundary. The first homology group is given by

Hy(K) = Zy(K)/Bi(K) = {[z)llz) + [} ~ [0} 2 2/22 = Z,.  (D.18)

51f there were more than one connected component, the 0-chains in one component would not be
boundaries of the 1-chains in the other. We would then have more generators, one generator for each
component.
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Figure D.3. A triangulation of the real projective plane RP?.

The first homology group is not free abelian but is a finitely generated abelian group
(cyclic group of order 2). The zeroth homology group is Ho(K) & Z, as expected, since
the projective plane has a single connected component.

D.9.3. Homology of the genus-g torus

A sphere with ¢ handles is homeomorphic to a torus with g holes in it. Since there
are no 3-chains, By(T,) = 0. Since the surface has no 1-chain as a boundary (It is
closed.), the surface itself freely generates Hy(T,) = Z. Hence, the complement of the
g-torus in R3 has two connected components.

H,(T,) is generated by the 1-cycles which are not themselves 1-boundaries. These
cycles are simply the 1-cycles surrounding each of the g holes. We have

H(T)=Ze¢ oL (D.19)
29

There is only 1 connected component, so Hy(T,) = Z.

D.9.4. Homology of the Klein bottle

For the Klein bottle, we have By(K) = 0 since it is a 2-dimensional surface and
there are no 3-chains. From the triangulation in Figure D.4., we form a 2-cycle by
adding together all of the 2-simplexes with the same coefficient. The result is z, =
Y ;noq;. Taking the boundary, we see that the inner 1-simplexes cancel, leaving only
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the boundary

0929 = —2na = =2n|[(pep1) + (P1p2) + (P2p0o)] - (D.20)
For this boundary to be zero, we must have n = 0, so H2(K) = Z5(K) = {0}.

Do D1

Oye
O

()
@
)

P4 n
/ (N
A N VA
" ayile
) \/O )
Do D2 g D1 Do

Figure D.4. A triangulation of the Klein bottle.

Every 1-cycle is homologous to na + mb for n,m € Z. Any 1-cycle that is itself the
boundary of a 2-chain (i.e., z; = 0,2;) must have the form z; = 2na since 1-boundaries
must have this form. Hence, 2na ~ 0 (is homologous to the identity) and thus

H(K)={nlg]+ m[b]ln,meZanda+a=0}=Z, & Z. (D.21)

Again, Hy(K) £ Z since it is connected.
The subgroup of the rth homology group that contains finite cyclic groups is called
the torsion subgroup. It is interesting to notice that, since the dimension of a finite

group is zero, the Euler characteristic (since we are taking coefficients in R rather than
Z) does not distinguish torsion subgroups

n n n

X(K) =) (-1)"dimH(K,R) = Y (=1)b,(K) = > _(~1)"I(K), (D.22)

r=0 r=0 r=0

where b.(K) is the rth Betti number of the surface and I, is the number of r simplexes
in the simplicial complex triangulating the surface.
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Draw a graph on a surface with edges (1-simplexes/chains) corresponding to the sad-
dle points (points of zero local curvature) of a vector field, vertices (0-simplexes/chains)
corresponding to sources, and faces (2-simplexes/chains) corresponding to sinks. Any
two of these numbers will give us the third by the Euler characteristic since the graph
is nothing but a triangulation of the surface. (This was mentioned briefly in the intro-

duction.) Hence, knowing the global topology of a surface gives information about the
possible vector fields that can live on the surface.

Example 7:
We prove that a (triangulable) compact, non-orientable surface has a normal form
a1y - - QR0R.

In a polygon describing an arbitrary compact, non-orientable surface, the operation
shown in Figure D.9.4. replaces two separated edges by two edges that are adjacent.

B

Figure D.5. Operation moving the two edges together.

The operation does not affect the relationships between edges residing in regions
A and B as far as adjacency. It changes the orientation of the edges in A so that
A — A7l Also, a'a™! = aa since the edges are identified in the exact same way in
each case. We can, therefore, write a 'a~! — aa when it occurs.

Let .4, B, and C be arbitrary sequences of letters, and let v and «; represent edges.
We have the following algebraic rules.
(a) o1 - apay - rap = af

(b) 7't =mm
(c) ABC = BCA=CAB
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(d) vAyB = AB™'y* = BA™!4?

Our problem is reduced to algebraic manipulations rather than trying to deal with
all of the cutting and pasting of polygon diagrams.® Suppose we have a sequence,
AyB~. We can use (c) and (d) to write it as AB~'y? = v?AB~!. Now, suppose there
is another pair somewhere in AB~!. We can then continue the same procedure and
pull them out until we are left with 42 --.42C = GC, where G is our +s and C contains
only o; and o ! in some sequence. It can be shown that we can leave the G untouched
and put C into the form o; f1a7' B! - -akﬂkaglﬂk'l.

So far, we have that an arbitrary, non-orientable surface can be put into the form

arfrog Bt - 'akﬁkalzlﬁ;l’)’f e

Using our identities

ConBrai' By 172G = GCoyBymPrawmn, from (d)
= 1nGCarBimBrak, from (c)
= nGOB B et = ogmGCB Y B,
= o1 GCm (B = (5;:1)20271@071, (D.23)
= GC’h(ﬁk—l)zai’h = GC(c; ") Bivi = CG,
Where C = ayf107' 7" - ak 1Br—10521 85y,
and G' = (o 1) 51:71

Clearly, this process can be continued until the code is of the form

5% e/ W}

which is what we wanted to show.

Example 8:

For a non-orientable, compact surface, X, with normal form,
a1Q; - - QpQp,

we will compute the fundamental group and the first homology group of the surface. We
begin with the polygon representing an arbitrary, non-orientable surface and designate
regions U, V, and U NV similar to those shown in Figure D.9.4..

We call the entire boundary of the polygon K. K consists of generators, o, ..., as,
and its fundamental group is, therefore, the free group, Fj, on h generators. Since
K is a deformation retract of U, we have 7 (U,z) = m(K,z). The region, V, is
homeomorphic to a disk and, therefore, has a trivial fundamental group, m(V,z) =
{ez}. The intersection, U NV, has circle S! as a deformation retract and, therefore,

6Notice that (a) can be trivially proven from (d), or shown by beginning with the projective plane
and adding factors of the identity. (b) and (¢) are tautological.
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Figure D.6. Regions U, V, and U NV of an arbitrary non-orientable surface.

has m,(U NV,z) = Z. The Siefert Van-Kampen theorem tells us that the following
diagram commutes.

(UﬂVa:) ]\

The inclusion, i, of UNV in U takes the single generator of m (UNV, z) to a2 - - - a2
in m;(U, z) = F,. The commuting diagram tells us that

hl o il = hg 0 '1:2 = hg(ez) = ch (D24)
= hi(a?---al) = idg, (D.25)

which means that h; is a homomorphism from F, — G such that o?---a2 — idg.
Since it is a homomorphism,” the normal subgroup N, = {a;(a? - - -a?)a; '} = idg.
Siefert Van-Kampen implies
hoj = h,

which means that
Hom(m (X, z),G) = Hom(Fr/Ny, G).

Thy is a homomorphism because we have

h(ai(od ---af)ai ') = h(a)h(ad -+~ aR)h(ei ') = h(a] - of)h(ai)h(ai )

=h(a?---alaia!) = h(a?--- o) = idg.
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Thus 71 (X, z) = F,/N, where N is the least normal subgroup containing a? - - - a2.
The first homology group H;(X) is given by the abelianization of the fundamental

group. This group is the subgroup formed by sending all commutators to the identity.
A commutator is of the form

[a,8] = aBa™'pt = e,

8 = afa !B, D.26
B? = o*B? by problem # 1, rule (d) above, (D.26)
e=a?

and we have o — e which is = 2Z. Our homology group is, therefore,

h

e ——
HX)=720 --©2/22, -
- (D.27)

e ———
=2& DL DL,

Example 9:

Let X be a compact, oriented surface. We will show that there is a perfect pairing
HAX) x HY(X) =R (1) [ f
X

For a compact, orientable surface, dim H?(X) = 1. If, for every 2-form, u, and
locally constant functions, f and f, in H%(X), we have

/Xfu=/xf'u,

/U—fw=0¢f=f-
X

/Xfu=/xf#’

/Xf(u—u’) =0.

If [y w =0, then w = dv is exact so that f(u — ') is an exact 2-form and® that p — u'
is an exact 2-form. We have shown that there is a unique f € H°(X) and a unique
p € H?(X) such that

then

If

for every f, then

(k) f) = /Xfu-

8Set the arbitrary function, f, to be the constant function, 1, and the result follows.
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Therefore, we have a perfect pairing.

Example 10:

If X is a non-orientable, compact surface, H%(X) = 0.

We realize our non-orientable surface as a sphere with h disks removed and h Mébius
put in their places. Let X = U UV, where U is the disk with holes removed and V
is the disjoint union of the Mobius bands. Then, H'(U) = R*, and H'(V) = R".
The intersection U NV, is on copies of S! around the removed disks. Therefore,
HYUNV) = Rh. We also have H2(U) = H%(V) = 0 by the fact that there are no
closed 2-chains in a Mobius band. (It has an unidentified edge.)

RroR SR S H(UUV)So0. (D.28)

The image of — is the entire H*(U N V) which is then the kernel of §. The image
of 4 is, therefore, zero. Hence, the kernel of + is zero, but since H*(U) & H%(V) = 0,
we have Img(d) = 0 and H3(U UV) = 0.

Example 11:

As a final example, we will show that, for any triangulable surface (orientable or
non-orientable), if triangulated with v vertices, e edges, and f faces, the equality

2

Z(—l)i dim H'(X)=v—e+ f

1=0

holds. (See Figure D.9.4..)
We have the following results:

orierﬁable non-origntable
dim H(X) =1 dim H*(X) =1
dim H*(X) =29 dim HY(X)=h -1
dim H3(X) =1 dim H}*X)=0

(D.29)

The formula for the Euler characteristic, x = v — e + f, gives x = 2 — 2g for orientable

surfaces (sphere with g handles) and x = 2 — h for non-orientable surfaces as can be
seen from Figure D.9.4..
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Figure D.7. Triangulation of a non-orientable surface to compute
the Euler characteristic. There are 2 vertices, 3h edges, and 2h
faces giving Euler characteristic x =2 -3h+2h =2 — h.
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APPENDIX E
INTRODUCTION TO FIBRE BUNDLES

Fibre bundles are a generalization of the covering spaces discussed in Section D.6.

Therefore, many of the results derived for covering spaces have corresponding results
in the theory of fibre bundles.

E.1. Definition of a fibre bundle

A fibre bundle, B, consists of at least the following (See [92].):
(a) A topological space, B, called the bundle space.
(b) A topological space, X, called the base space.
(c) A continuous projection map, 7 : B — X, from the bundle to the base.
(d) A space, Y, called a typical fibre.

(e) For each z € X, there is a neighborhood, V, of z and a homeomorphism, ¢ :
V xY — 7~ Y(V), such that né(z',y) =2’ forz’ € Vand ye Y.

(f) A group, H, of homeomorphisms of Y called the group of the bundle.
(g) A group, G, of homeomorphisms of ¥ called the group of the fibre.

We will give some examples of bundles and some additional terminology, but let us
first review each of the mathematical concepts pertaining to the definition.

Topology: A topology on a set, S, is a collection, 7, of subsets of S having the
following properties:

(a) @ and S are elements of 7.
(b) The union of the elements of any subcollection of 7 is an element of 7.

(c) The intersection of the elements of any finite subcollection of 7 is an element of

T.

A set for which a topology has been defined is called a topological space.

Topological subspace: Any subset Y of a topological space, B, with the induced
topology is called a topological subspace. The induced topology consists of open sets
of the form UNY for U open in B.
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Product topology: If X and Y are topological spaces, the cartesian products,

UxV,of opensets, U C X and V C Y, form a basis for the product topology of
X xY.

Discrete topology: In the discrete topology, every subset of the space is open,
and the points are all defined to be open.

Continuous map: A map, p: Y — X, from one topological space to another is
continuous if p~}(U) is open in Y for every U open in X. Hence, if a set in the image
space, X, is open, it necessarily came from an open set in Y. A closed set in X, on the
other hand, could have come from either an open or a closed set in Y.

Homeomorphism: A bijection, f : Y — Y”, is a homeomorphism if f and f~! are
continuous.

Group Axioms: A group (G,-) is a set, G, together with any binary operation -
such that

(G1) - is closed, i.e., for every ordered pair (g1, g2) of elements of G, there is a unique
element, g; - go, also in G.

(G2) - is associative.
(G3) There is an element, e (identity), in G such that g-e=e-g=g forall g in G.

(G4) For every element g in G, there is an element, g~' (inverse), in G such that
-1 _ -1
g-g7t=gt-g=e

A cross section of a bundle is a continuous map, f : X — B, from the base space
into the bundle satisfying 7 f(z) = z for each z € X.
The set, Y, defined by Y, = n~1(z), is called the fibre over the point z of X. This

set can be seen as the points in the bundle that project down to the point z in the
base.

Examples of bundles

Product bundle: The first example of a fibre bundle is the product bundle, B =
X x Y. It is just the direct product of the base space and the fibre. For example.
R? = R x R is a product bundle. The topology on the product bundle is just the
product topology. In the case of R?, the open sets in the topology of the bundle are
just the cartesian product of the open sets in two copies of R; i.e., they are open
squares or open disks. The projection map is simply 7(z,y) = z, picking out the first
component of any ordered pair denoting a point in the bundle space. The typical fibre
is simply R. Since the entire bundle is a direct product in this case, every point has a
neighborhood which is a direct product. Axiom (e) is satisfied by taking V = X and ¢
being the identity so that ¢(z,y) = (z,y) and, therefore 7¢(z,y) = 7(z,y) = . Notice
that ¢ is a function that takes a point from the fibre and a point from the base, and
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returns a point in the bundle space. In this case, the point in the bundle is simply
the direct product of the two points. The cross sections of B are the graphs of maps
X — Y since 7(z, f(z)) = z. The fibres are all homeomorphic to R and to each other.
The natural homeomorphism Y, — Y from the fibre over z to the typical fibre Y given
by (z,y) — y. Thus, the group H of the bundle is the identity. The group G of the
fibre is translations since the fibre is R and is unchanged by translation by any real
number.

Modébius band: A more non-trivial example is the Mobius band. The base space is
the circle S* obtained from a line segment L by identifying its ends and the typical fibre,
Y, is a line segment. The bundle is obtained from the product, L x Y, by matching the
two ends with a twist when forming S* from L. In this fashion, the resulting bundle
is not just the direct product, S! x Y (which would be a cylinder). The open sets
are just direct products of the open neighboorhoods of the points in the base space
with those of the points in the fibre space. The projection is the same as the product
bundle, as is the homeomorphism ¢(z,y), since the bundle is locally a direct product
of the neighboorhoods, V;, of any point, £ € X, and the fibre, Y;, over z. The cross
sections are any graph (curve) in the bundle which matchs up with its endpoints after
the twist. Any two cross sections will have at least one point in common since each
curve must cross the line y = L/2 in the bundle (where L is the length of Y) in order to
meet itself again since the bundle is twisted. There are two classes of homeomorphisms
of the fibre Y, with the typical fibre Y. If we move Y, around the bundle, we can
see that it matches with some of the other fibres via the identity map, but we will
eventually have to flip Y; upside down to match. In other words, if the typical fibre is
represented by an arrow of orientation, then some of the fibres in the bundle will have
to be flipped over first before they can be identified with the typical fibre. A good way
of thinking about this bundle is to choose a fibre and call it your typical fibre. Then,
find all the ways that you can move it around the bundle and identify it again with
itself. If you do not move it at all, you can identify it with the identity map, and if
you move it all the way around the S? and come back to itself, you will need to use the
reflection map to identify it to itself. It is important to notice that you cannot rotate
the fibre Y, in the bundle to achieve the identification with itself. (See the twisted
torus example, given later, to see why this fact is important.) Therefore, we have the
identity and the reflection maps as our two homeomorphisms. The group of the bundle
is the cyclic group of order two, Z, generated by the reflection element g (g% = e).
For example, if we take the base space, X, to be the circle at the center of the bundle
so that the points in B can be labeled (6,y), where § € (0,27n] and y € [-L/2,L/2],
then the homeomorphisms are just multiplication by 1 and multiplication by -1, i.e.,

(0, y) — (0, +y). We can summarize all of this discussion by writing our generic bundle
as

B = {base X, fibre Y, projection 7, local trivialization ¢, structure group G} (E.1)

so that the Mobius band is

B={X=58Y=[0,1],n(z.y) = z,6(z,9) = (z,9),G = Ly} .
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For a cylinder, we would have
B= {X =S\ Y =[0,1],7(z,y) = z,0(z,y) = (1,y),G = 1} .

We see that the only aspect of the bundle which distinguishes the two is the structure
group. The group of homeomorphisms which maps an arbitrary fibre to the one we
have chosen as our “typical” fibre is a measure of how the bundle twists.

Klein bottle: The next example is the Klein bottle

B={X=85Y =5 n(z,y) =z,¢6(z,9) = (£.¥),G=Z,} .

The structure group is generated by reflection in the diameter of Y = S (not equivalent
to a rotation about the center).
Torus: The torus is

B={X=8.Y =8 n(z,y) = z,¢(z,9) = (z,v),G =1},

and we see that the difference between the Klein bottle and the torus lies only in the
group of the bundle.

Twisted torus: The Twisted torus is constructed by twisting the fibre 180° about
its center before identifying it. The bundle is, therefore,

B={X=8.Y =S5 7(z,y) = z,8(z,9) = (z,¥),G = L} .

We now have a bit of a problem. This bundle looks identical to the Klein bottle! It is in
fact homeomorphic to a direct product (i.e., the torus). This is because we can identify
a fibre with itself using the identity or with the reflection map. The reflection in this
case is not the same as that of the Klein bottle. In the case of the twisted torus, it is
the same as rotation by 7. The difference is that this rotation generates a subgroup of
G. The rotation group is the full symmetry group, SO(2), of the fibre, and our G = Z,.
in this case is a subgroup of the symmetry group of the fibres G C SO(2) whereas for
the Klein bottle, G is not a subgroup of SO(2). For the Klein bottle, it is a reflection
in a diameter of Y rather than a reflection through the center of Y and is, therefore, a
subgroup of O(2).

The moral of the twisted torus story is that if G is equivalent to the identity up
to a transformation in the group of the fibre, then the bundle is homeomorphic to
the product space (trivial bundle). To see this equivalence clearly, we notice that, for
one bundle to be G-equivalent to another, the coordinate transformations must satisfyv
(Lemma, 2.10 in Steenrod [92]):

95 = As(2) " gja(@) Ai(2),

where A; : V; = G.
Hence, if the transition functions for the two bundles are in the same conjugacy
class in G, the bundles are G-equivalent. In particular, the trivial bundle has gj; =1
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so that, if a bundle is G-equivalent to the trivial bundle, it must have

gii(z) = A (2)Aifz) ™

which is given in Section 4.3 of Steenrod [92].

In the case of the circle, take the base space S!; cover it with two open neighbor-
hoods, V; and V4, i.e., semi-circles. The intersection of the two neighborhoods is the
union of two small arcs, U and W. Define gy = 1in U and gyo = —1in W. This “1”
is the same as rotation by 180° in G = SO(2). Take A2(V2) = e, and take A (z) be a
function over V; which forms a continuous path in SO(2) from 1 to -1. Therefore, the
twisted torus is SO(2)-equivalent to the product bundle.

In the case of the Klein bottle we cannot use SO(2) since the group of the bundle
is not even in SO(2) so it cannot be SO(2)-equivalent to the product. If we think for
a second that it might be O(2) equivalent to the product bundle, we immediately see
that it is not. We attempt the same construction that we did for the twisted torus
by defining g12 = 1 in U and gy = —1 in W This “1” is the same as the reflection
operation in O(2). In order for the Klein bottle to be O(2) equivalent to the trivial
bundle, we need to find a continuous path, A;(z), leading from 1 to -1 in O(2). Finding
such a path is impossible since 1 and -1 live in different connected components of O(2)
and there can be no continuous path connecting them. Hence, the twisted torus and
the Klein bottle are not equivalent bundles in any sense.

Covering spaces: We will now discuss some examples which are not so typical. A
covering space, B, of a space, X, is an example of a fibre bundle where the fibres, Y;, are
discrete. The projection is the covering map. The local trivialization is just ¢(z,y) =y,
or in other words, a discrete point. If X is arcwise connected, then motion of a point
z along a continuous curve from z4 to z; in X is covered by a continuous motion in B
from Y,, to Y;,. The action of closed curves in X can put any Y, in correspondence
with a typical fibre, Y,,. The correspondence depends only on the homotopy class
of the curve. The fundamental group, m(X), is then a group of permutations on Y.
Any two correspondences between Y, and Y will differ only by a permutation of Y
corresponding to an element of 71 (X ). The structure group of the bundle is, therefore,
a factor group of the fundamental group of the base space. We can write our bundle as

B={X,Y ={y1, %2, -y ¥n}, 7(z,y) = z,0(z,y) =y, H =m(X)/nZ,G = S, },

where H = m;(X)/nZ means that the structure group of the bundle which maps fibres
to the typical fibre is a factor group. You can visualize this bundle by thinking of the
double cover of X = S! given by S* which loops twice around. Moving once around
the base space will move from the first point in Y, above z to the next point above z;
then, moving around the loop again will bring you back again. Hence, twice around the
loop in the base space is the identity in the structure group. The fundamental group
of the base space is Z. The structure group is Z, = Z/2Z. Notice also that S, which
is the permutation group on two symbols, is simply isomorphic to Z,. We refer the
interested reader to Section D.6. for a very elaborate discussion of covering spaces.
Coset spaces: Coset spaces form another example of a fibre bundle. Let B be
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a Lie group operating as a transitive group of transformations on a manifold X. We
first define the projection map by selecting a point, zo € X, and defining 7(b) = b(z,).
Thus, we have defined the projection of all elements of the Lie group by their action on
To, b(zg) = z for some z € X. With the projection map, we can see that the fibre Y
is the subgroup of B which leaves z, fixed. The other fibres are just the left cosets of
Y in B since the elements of B which do not leave z¢ fixed will move it. For example,
let by € B not in Y and let by € Y. Then, b;(zy) = z; for some z; € X. However,
since bo(zo) = Zo, we have bybg(zo) = by(xo) = z1. biby = by for some by € Bnotin YV
and by(z9) = z; is then in the fibre over z, (It projects down to z; according to the
definition of the projection operator.), hence the fibre over z; is given by b,Y, etc. It is
clear that all of the fibres are given by the left cosets of Y in B. The correspondences,
Y — Y., are given by any b € Y, in the same way by letting y — by. However, any two
such correspondences, say y — b-y and y — b' - y, differ by the left translation of Y
corresponding to b~4'. Thus, the structure group of the bundle coincides with Y and
acts on Y by left translations. Finding a cross section is the problem of constructing a
simply transitive continuous family of transformations. The bundle is

B= {X,Y = {b € B|b(zo) = 2o}, 7(b) = b(z¢), ¢(z,y) = (z,y),
(E.2)
G(bundle) = Y,G(fibre) = B x B}.

We will return to this type of bundle later.

Tangent bundle: Define the Tangent Bundle of a manifold as follows. Let X be
an n-dimensional, differentiable manifold, and let B be the set of all tangent vectors at
all points of X. Define the projection to assign to each tangent vector its initial point.
Then, Y, is the tangent plane at z. Choosing a typical fibre, Y, we can form linear
correspondences, Y, — Y, and the group of the bundle will be the general linear group,
GL(n), acting on Y. A cross section is a vector field over X.

The problems that one deals with in the theory of fibre bundles are numerous. We
will elaborate on these problems as we go along. For starters, the existence of a cross
section is an important question. If we wanted to construct a tensor field over a certain
manifold, then we would be asking whether a cross section of a tensor bundle over that
manifold exists and how to construct it. There are also many problems relating to

classification of space, homology and homotopy of bundles, and differential geometry
on bundles.

E.2. Coordinate bundle

We will now modify our definition of a fibre bundle to allow different constructions.
First, we modify the structure group so that it becomes a topological group. (In the last
two examples in Section E.1., the structure group also had a topology.) We then modify
the local trivialization so that it becomes a coordinate function, and we choose open
neighboorhoods from the topology and index them. We will need to choose specific
open sets from the topology on X.
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A topological group is a set which has a group structure and a topology such that
(a) ¢! is continuous for g € G.

(b) g1g2 is continuous simultaneously in g; and g2, meaning that the map, GxG — G,
given by (g1,92) — 9192 is continuous when G x G has the usual topology of a
product space.

If G is a topological group and Y is a topological space, G is called a topological
transformation group of Y relative to amap - : G XY — Y. If - is a continous map,
e-y =y for e, the identity of G, and g, - (g2 - y) = (91 - 92) - y- We assume - is effective
in that, if g-y =y for all y € Y, then ¢ = e. G is then isomorphic to a group of
homeomorphisms of Y.

We can now define a coordinate bundle by the following ten axioms

(1) A space B called the bundle space.

(2) A space X called the base space.

(3) A map 7 : B — X called the projection.
(4) A space Y called the typical fibre.

(5) An effective topological transformation group, G, of Y called the group of the
bundle.

(6) A family, {V;}, of open sets, covering X and indexed by a set J, called coordinate
neighborhoods.

(7) For each j € J, a homeomorphism
¢ V;xY — 1 (V3)
called the coordinate function.

(8) mpj(z,y) = z for € V; and y € Y, which means that the coordinate function
preserves the base point.

(9) If the map ¢;, : Y — 7n7}(z) is defined by setting

$ia(y) = ¢5(z,y),
then, for each pair, ¢,j € J, and each x € V; NV}, the homeomorphism,
$720iz Y =Y

coincides with the operation of a unique element of G.
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(10) For each pair i,j € J, the map
gij - V; N VJ -G

defined by
9i;(7) = ¢, 0jq (E.3)

is continuous. These transformations are called the coordinate transformations
of the bundle.

The coordinate functions are maps from the direct product space formed by V; x Y
back into the bundle. From axiom (9), mapping to the bundle and then back to the
typical fibre is the'same as acting on the typical fibre with a group element. In other
words, two different coordinate functions will only differ from each other by an element
of the group. The coordinate transformations defined in axiom (10) relate the open
sets to group elements and, therefore, directly tie the topology of the bundle to the
group.

We immediately see from the definition, g;;(z) = ¢; xlqu,x, that the following identi-
ties are satisfied by g;;:

(a) 9ijGik = Gik
(b) gi = e, the identity in G
(c) Gij = (gji)-l'

We now introduce a map that projects a point in the fibre bundle in a coordinate
neighborhood to a point in the typical fibre. Let

i N (V;) =Y and 7;(b) = ¢;1(b), where z = m(b),

1z

then 7, satisfies

(a) m;;(z,y) =y

(b) ¢;(m(b), m;(b)) =b

(€) g;i(m(b)) - mi(b) = m;(b) for w(b) € ViN V.

We can think of the coordinates of a point b in the bundle as being (7(b), 7;(b)) with
respect to the neighborhood V; since ¢;(w(b),7;(b)) = b. If we have two different
coordinate systems for the bundle (two sets of coordinate functions), the union of them
will also be a set of coordinate functions for the bundle. Two bundles that differ only in
coordinate system are equivalent. If {¢,} is one coordinate system and {¢}} is another,
then

9(@) = (Bho) 052 TEV;NY

coincides with an element of the group. One can define a fibre bundle as an equivalence
class of coordinate bundles since a fibre bundle has all open sets in the topology and
not the restricted set of coordinate neighborhoods.
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E.3. Maps between bundles

Let B and B' be two coordinate bundles having the same fibre and the same group.
Define a map h : B — B’ having the following properties:

(a) h carries each fibre, Y, of B homeomorphically onto a fibre, Yy, of B', thus
inducing a continuous map between the base spaces, h : X — X', such that

7'h = h=.
b) IfzeV;Nn Y (V) and hg : Y, — Y, is the map induced by A, then the map
J k

gkj(m) = (¢lk,x)—1hzoj,x = W;chx¢j,z (E4)
of Y into Y corresponds to a group element in G.

(¢) The map
9 V;NR (V) =G
so obtained is continous.

h maps the bundle B to the bundle B’, where h is the restriction of this map to the
base space and h, is the map from the fibre Y, to Y. Looking at the trivializations of
each bundle, we can see that h, induces a map between the typical fibre to itself. First
map from Y to B with ¢;;; map to B’ with h;; and then map back to the trivialization
with (¢} ,)~'. We have then mapped Y onto itself. This map must correspond to one
of the group elements. (The two bundles have the same group.) We have called this
element G;(z). It is important to become fluent in manipulating the objects that we
have defined. We will, therefore, work out a typical problem.
Problem: Prove the following relations:

— -— —‘;1 !

9k (2)g5i(z) = gii(z), zeVinV;nh (V)

— —_— r —1 ! 1
g (h(2)) 9ki(7) = g;(z), zeVinh (VinV{)

Solution: We use the definitions (E.3) and (E.4) to write the relations (E.5) as

(E.5)

¢;c—:cl'h $j.29;, Pz = Ok lhzétz Tri(T)
zh I)¢k h(z) k,x’hI¢j:$ =C 1.1:' hx¢j,x = glj(fc)a

where we used the fact that h(z) = z'.

E.3.1. Construction of fibre bundles

Given M, {U:}, gij(p), F, and G, we can construct a unique fibre bundle. To
perform this construction, we need to find a unique 7, E, and ¢;. Define X = |J,U;x F.
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Introduce an equivalence relation ~ between (p, f) € U; X F and (g, f') € U; x F by
(p, f) ~ (g, f') if and only if p = g and f' = g;;(p)f. A fibre bundle is then defined by

E=X/~.
Denote an element of E by [(p, f)]. The projection is given by

m: (o, f)] = p,

and the local trivialisation, ¢; : U; x F — n~}(U;), is given by
¢i : (paf) = [(p7 f)]

If ES M and E' 5 M’ are two fibre bundles, a smooth map, f : E' — E, is
called a bundle map if it maps each fibre, F, of E' onto a single fibre, Fy, of E. The
map, f, naturally induces a smooth map, f : M’ — M, such that f(p) =¢. If fis a

diffeomorphism and the induced map, f, is the identity map, then the two bundles are
equivalent.

E.3.2. Pullbacks and homotopy

Let E 5 M be a fibre bundle with typical fibre F. If a map, f : N — M,
is given, the pair (E, f) defines a new fibre bundle over N with the same fibre, F.
Let f*E be a subspace of N x E consisting of points (p,u) such that f(p) = =w(u).
f*E = {(p,u) € N x E|f(p) = w(u)} is called the pullback of E by f. The fibre, F,, of
f*E is just a copy of the fibre Fy, of E. If we define f*E = N by 7, : (p,u) — p and
7y : f*E — FE by (p,u) — u, the pullback, f*E, may be endowed with the structure
of a fibre bundle. If N = M and f = idy, the two fibre bundles, f*F and E, are
equivalent.

For example, let M and N be differentiable manifolds with dim M = dim N = m,
and let f : N = M be a smooth map. The map, f, induces a map m : TN - TM
such that the following diagram commutes

TN I TM
nl
N —T) M

Let W = W? 5‘3—,, be a vector of T,N and V = V¥ be the corresponding vector in
TypyM. IfTN is a pullback bundle, f*(T M), 7, maps T, N to T M diffeomorphically.
This diffeomorphism is possible if and only if w5 has the maximal rank, m, at each point

of N. Let ¢(f(p)) = (f'(¥), ..., f™(y)) be the coordinates of f(p) in a chart (U, ¢) of
M, where y = ¥(p) are the coordinates of p in a chart (V,%) of N. The maximal rank

condition is given by det(3f*(y)/0y"), # 0 for p € N. We state the following theorem
without proof.

Theorem: Let E 5 M be a fibre bundle with fibre F, and let f and g be homotopic
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maps from .V to M. Then, f*E and g*F are equivalent bundles over N.

E.3.3. Vector bundles and line bundles

A quasi-vector bundle is denoted by £ = (E,w, X), where E is the total space; X
is the base space; and = is the continuous projection map, 7 : E — X. £ is a finite
dimensional k-vector space, E,, for every point, z, in the base space X which has a
topology defined on the disjoint union of the fibres, E;, over each z, and k is one of
the fields, R, C, or H. These are the reals, complexes, or quaternions, respectively.

Definition: A general morphism from & = (E,m, X) to § = (E',n', X') is given by
a pair (f, ) of continuous maps, f : X — X' and g : E — E’, such that

o The map g, : E; — EY,, from the fibre over z one bundle to the fibre over f(z)
in the other is k-linear.

o The following diagram commutes:

E L FE
Tl (o
x L x

In this way, we can construct a category with objects being quasi-vector bundles
and arrows being general morphisms. If the base spaces, X and X', of the two bundles
are the same, then f is simply the identity map and can denote the morphism by the
single map, g. These quasi-vector bundles form a subcategory.

For example, let E” be the quotient of £/ = S! x R by the equivalence relation
(z,y) ~ (-z,—y). Then, E” is the total space of a quasi-vector bundle over P;(R)
called the infinite M6bius band. Indentify P;(R) with S by the map z — 22. Then E”
is also the quotient of I x R by (0,y) ~ (1, —y). Restricting y to have norm less than
1 gives the classical Mébius band.

Notice that the bundles, E' and E”, are not isomorphic since we would then have an
isomorphism, g : E' — E”, and E'— X' would then be homeomorphic to E” — X", where
X' and X" are the base spaces and are both circles {(z,0) € E' or (E")|z € S'}. We
see that E” — X" is connected, whereas E' — X' is two cylinders and is not connected

(their zeroth homotopy groups mo(E"” — X") # mo(E' — X') so that they cannot be
isomorphic).l.

Definition: A vector bundle is a quasi-vector bundle which is locally trivial. For

every point 7 in the base space X, there exists a neighborhood which is isomorphic to
a trivial bundle (i.e., a direct product).

For trivial vector bundles with the same base, E = X xV and E' = X xV’, we have
a morphism, g : E — E', for each point z in the base space X. Therefore, g induces a
linear map, g; : V — V', and we define a §: X — L(V,V’) so that g(z) = g..

1This example shows how it is not obvious as to whether a given quasi-vector bundle is isomorphic
to a trivial bundle.
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Theorem: The map, § : X — L(V,V'), is continuous relative to the natural
topology of L(V,V'). Conversely, let h : X — L£(V, V') be a continuous map, and let
h: E = E' be the map which induces h(z) on each fibre. Then h is a morphism of
quasi-vector bundles.

Proof: To prove this theorem, we choose a basis e, ...,e, of V and a basis ¢y, ..., ¢
of V'. With respect to this basis, g, may be regarded as the matrix, a;;(z), where a;;
is the ith coordinate of the vector g;(e;). Hence, the function, r — a;;(z), is obtained
from the composition of the following continuous maps

XBxxv S xxv BV B

where §,(z) = (z,¢;), v(z,v") =/, and p; is the ith projection of V' D kP on k. Since
the functions, a;;(z), are continuous the map, §, which they induce, is also continuous
according to the definition of the topology of L(V, V).

Conversely, let b : X — L(V, V") be a continuous map. Then, & is obtained from
the composition of the continuous maps

XxVISX XLV, V)XV SXxV,
where §(z,v) = (z,h(z),v) and e(z,u,v) = (z,u(v)). Hence, h is continuous and
defines a morphism of quasi-vector bundles.

a

We see that any continuous map from a space X to the space of k-linear functions
between vector spaces will induce a morphism of quasi-vector bundles over X. If f :
X' — X is any continuous map where X' could be a subspace of X or even a different
section of the total space, F, we can let E], = Ef(y to make a new bundle called the
fibre product, X' xx E. X' xx E is then the subset of X’ x E given by the pairs (z', €)
such that f(z') = m(e). The fibre product is essentially replacing X by X’ in E. The
new bundle has 7'(z,e) = 2’ and is a quasi-vector bundle over X’. For example, we
could redefine the zero section of a bundle in this way, or we could rotate or transform
the base space X and form a new bundle by leaving the fibres over each z € X fixed.
Then, operating with f on X' is given by projecting the fibre over =’ with the projection
map, =, of £, giving z, i.e., f(z') = m(e). Hence, given a map from X’ to X and a
bundle over X, we can construct a bundle over X'. If X' C X and f is the inclusion
map, then f*(§) = &|x. The new bundle is written §' = (E', 7', X') = f*(¢) = f*(E),
where f*(E) is the inverse image of £ by f. We also have (f - f')*(§) = f™(f*(¢)).
Given a : E — F, a morphism between bundles £ and F', we can define a morphism
o = f*(a), where o}, = af() from bundles E’ to F".

The correspondence, E — f*(E) and a — f*(a), induces a functor between the
category of quasi-vector bundles over X and the category of quasi-vector bundles over
X'. We can devise maps to add to vectors in the same fibre and to multiply a vector
by a constant (from k) by s: Exx E — E by s(e,e') =e+¢€e andp: kx E— E by
p(\ €) = Je.
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Define the rank of a vector bundle as a function, r(z) : X — N, which assigns to
each z € X a natural number which is the dimension of the fibre space over z. If the
base space is connected, then r(z) is a constant.

Theorem (clutching of bundles): Let (U;) be an open cover of a space X. Let
& = (E;,m;,U;) be a vector bundle over each U;. Let gj; : &lvinu; — fj'Uint be
isomorphisms which satisfy the compatibility condition, gk:|v,nv;nv, = gi; - g5:, where
9k; = Gkjluinv;nu, and gj; = gjilvinv;av, . Then, there exists a vector bundle, &, over X
and isomorphisms, g; : & — &|u,, such that the following diagram commutes

%i;
Glvwnw, —  &luiny;
gilviau;  95lvinu;
fIUiﬂUj

Let S™ be the sphere in R"*! which consists of all vectors of length 1, i.e., the set
of points, = (21, ..., Tns1), such that ||z]|? = 377 (2:)> = 1. Let S? denote the
upper hemisphere (the set of points in S™ with z,4+; > 0). Let S™ denote the lower
hemisphere. The overlap of these two subsets is the equator which is S*~* = ST N S”
and has z,4; = 0. Now, let f: S"! — GL,(k) be a continuous map so that, for each
point on the equator, we associate a p x p matrix with entries from k. Then, there is
a bundle, Ef, over S® which is naturally associated with f. It is obtained from the
clutching of the trivial bundles, E; = S% x kP and F = S” x k?, on the overlap by the
“transition function” g, = f : S"! x kP — S™~! x kP. (Note that g;; and g are the
identity map.) Hence, a bundle is defined over the entire space when we have defined a
trivial bundle on each half and a collection of transition functions at the overlap (one
transition function for each point in the overlap) which map the fibres of one bundle
to the fibres of the other and glue them together along the equator.

Theorem: Let ®f(X) be the set of isomorphism classes of k-vector bundles of
rank n over the topological space X. Then, ®%¥(X) is naturally isomorphic to the set
HY(X;G), where G = GL,(k).

Proof: We define two maps
h:®(X)— HYX;G) and b’ : H(X;G) — ®5(X)

such that A’ = AL,

Let ¢ = (F,w,X) be a vector bundle. and let (L;) be a trivialisation cover of
X. (The bundle is trivial over each set, U;, in the cover.) Choose isomorphisms.
¢i : U; x k™ — Ey,, and let g;; be the map from U; N U; to G = GL,(k) defined by
gij(z) = (¢;)7' - (6i);. In this way, we obtain a G-cocycle on X. Its class in the set
H(X;@) is independent of the choice of the trivialization cover and of the ¢;. In fact,
if (V;, hsy) is another cocycle associated with trivializations, ¢, : V; x k® — Ey., let
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g7 (z) = (¥r)7' - (9)z. Then, if z € U;NTU; NV, NV, we have

93(2) - gii(@) - (6] ()™ = (We)7' - (85)z - (95)2 " - (Bi)z - (84)7" - (¥r)a
= (1//5):;1 : (d)r):c = hsr(x):

showing that h is well defined.

Conversely, let (U, gi;) be a G-cocycle, and let E by the vector bundle over X
obtained by clutching the trivial bundles, F; = U; x k™, with the “transition functions,”
gji- Then, the class of E in ®%(X) depends only on the class of the cocycle in H(X; G).
In fact, consider a cocycle (V;,h.s) equivalent to (Uj,g;;) and let F be the vector
bundle obtained from this cocycle by clutching the trivial bundles, F, = V; x k". Let
a : E — E' by the unique morphism which makes the following diagram commute for
each pair (i,7):

Elvev, -  Floow
Gilvinv, 4 3 hr|U.-nV,

Elvav,. — Fluv,

where the morphisms, ¢; and h,., are the morphisms defined by the clutching theorem.
To see that « is well defined, we note the following identities forz € U;NU; NV, NV,

her(2) = g3() - gij(2) - (g] (2)) 7!

9;(z) = her(z) - g7 (2) - gi5(2)

g3(z) = (hs(2))™" - W (2) - g1 () - (9:(2)) ™" - g5(2)
he(z) - g7 (2) - (6:(2)) 7! = hs(2) - g5 () - (95(2)) ™"

showing that A’ is also well defined. The fact that h - h' and A’ - h are the identities of
HY(X;G) and ®(X), respectively, follows directly from their definitions.

O

Consider two continuous maps, fo and f;, from S™! to GL,(k) which are homotopic
(Appendix D). Let o : S*! — GL,(k) be the map defined by a(z) = (fi(z)) ™" - fo().
Then, « is homotopic to 1 since there exists a continuous homotopy, § : S* ! x I —
GL,(k), such that §(z,0) = a(z) and B(z,1) = 1. We parametrize the upper half
hemisphere, ST of S™, by writing each element, w, of 57 in the form vcos 6 + e, siné
with v € S™'. We use § to define v : ST — GL,(k) given by y(w) = B(v,siné).
This map is well defined and continuous even for § = % because 5(z,t) converges to 1
uniformly in x when ¢ converges to 1. Hence, Ey, = FEy,, is isomorphic to Ey,.

If we restrict our attention to maps, f : S®' — GL,(k), such that f(e) = 1,
where e = (1,0,...,0) is the base point of S™"!, the previous discussion shows that
the correspondence, f — Ej, defines a map from 7,_1(GLy(k)) to ®5(S™). On the
other hand, mo(GL,(k)) acts on m,_1(GL,(k)) by the map defined on representatives
by (a,f) = a- f-a"'. Since the vector bundles E; and E,.j.,-1 are isomorphic, we
can define a bijection from the quotient set, 7,(GLy(k))/mo(GL,(k)), to ®5(S™). Since
®*(X) isomorphic to H'(X; G), we have that H'(X;G) = 7,(G)/m0(G).
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Examples

If k = C, the group GL,(k) = GL,(C) may be regarded as the topological product
of U(p) by R?*. Since U(p) is arcwise connected, mo(U(p)) = mo(GL,(C)) = 0. Hence,
®C(S™) ~ mp_1(U(p)). We have the locally trivial fibration

Up) = U(p+1) = %%,

hence the exact sequence of homotopy groups
7r,~+1(52p+1) - m(U(p) = m(Up+1)) = ,n.i(s2p+1).

Since ;(S7) = 0 for j > r, it follows that, for p > , we have m;(U(p)) = m(U(p+1)).

If k = R, the group GL,(k) = GL,(R) may be regarded as the topological prod-
uct, O(p) x RPP*1/2_ Hence, m(GL,(R)) ~ m;(O(p)) and mo(GLy(R)) = Z/2. The
homotopy exact sequence associated with the locally trivial fibration,

O(p) = O(p+1) = 57,

is
mi+1(S7) = m(O(p)) = m(O(p + 1)) — mi(SP),

showing that 7;(O(p)) = m;(O(p+1)) and that 7;(O(p)) = inj limm;(O(m)) when p > i+
1. We will see later that the groups, m; = inj lim m;(O(m)), are respectively isomorphic
t0Z/2,Z/2,0,Z,0,0,0 wheni =0,1,2,3,4,5,6,7mod 8 Hence, the homotopy groups,
7;(O(p)) = mi(GL,(R)), are completely known for p > i+ 1. Moreover, in this case, the
action of mo(GLy(R)) = Z/2 is trivial. When p is odd, we have nothing to prove since
det(—1) = —1. When p is even, the isomorphism between 7;(O(p)) and 7;(O(p + 1))
is compatible with the action. Therefore, 7;(O(p))/(Z/2) =~ =:(O(p + 1))/(Z/2) =~
(0(p + 1)) = m(O(p))-

The sections of a vector bundle, s(z), can be point-wise added and muitiplied in
that, for local sections, s(z) and s'(z), we have new local sections given by s(z) + s'(z)
and [fs](z) = s(z) f(z) for a smooth, continuous function, f(z), on M.

There is a single global section of any vector bundle. It is called the zero section
and is defined by s(z) = 0. It is possible that no other global sections may exist, as
can be seen by the fact that the zero section can be identified with the base manifold
which is globally defined.

Example: The Mdbius band

Let E be a fibre bundle, £ 5 S', with typical fibre F = [—1,1]; let U; = (0, 27)
and U, = (-7, ) be an open cover of S*; and let A = (0,7) and B = (m,27) be the
intersection Uy N U,. The local trivializations, ¢, and ¢, are given by

o

¢1'(w) = (6,¢) and &;'(u) = (6,%)
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for 6 € A and t € F. The transition function, g12(6), 8 € A, is the identity map,
g12(0) : t — t. We have two choices on B:

o) = (6,t) @3 (u)=(6,1)
(II) ¢7Hu) = (0,t) &5 (u) = (6, 1)

In case (I), the two local pieces of the bundle are glued together to form a cylinder,
and in case (II), we have gi3(6) : t — —t, § € B, and we obtain the Mobius strip.
The cylinder, therefore, has the trivial structure group G = {e}, where e is the identity
map from F to F. The Mobius strip has G = {e, g}, where g : t = —t. Since g* = e,
we find that G = Z,. The cylinder is a trivial bundle, whereas the mdbius strip is not.

Notice that, in this case, we use a discrete group as the structure group rather than a
Lie group.

Example: Tangent and cotangent bundles

The tangent and cotangent bundles are vector bundles with transition functions
given by the change of basis functions in the overlapping neighborhoods. The com-
plexified tangent and cotangent bundles, TM ® C and T*M ® C, of a real manifold,
M, are defined by permitting the coefficients of the frames, {9/0z;} and {dz;}, to be
complex. If M is a complex manifold with local complex coordinates, z;, we define the
complex tangent bundle, 7. M, to be the sub-bundle of TM ® C which is spanned by
the holomorphic tangent vectors, /0z;. The complex dimension of T, M is half of the
real dimension of TM. If we forget the complex structure on T, M and consider it as a
real bundle, then T, M is isomorphic to T M.

If V is a vector space, we define the dual space, V*, to be the set of linear functionals.
If V and W are vector spaces, we can define the Whitney sum, V & W (as the set of
all pairs (v,w)), and the tensor product, V ® W. These and other constructions can
be carried over to the vector bundle case as follows.

If E and F are vector bundles over M, the fibre of the Whitney sum bundle, E® F,
is obtained by taking the Whitney direct sum of the fibres of E and F at each point,
z€ M. IfdimFE = j and dim F' = k and if the transition functions of E and F are the
j X j matrices, ®, and the k X k matrices, ¥, then the transition matrices of F & F are
just the (j + k) x (j + k) matrices, ® & U, given by

$ 0
(20) 0w

If {e;} and {f;} are local frames for E and F, then {e, ...,e;,fi, ..., fi} is a local frame
for E® F and dim(E & F) =dim E +dim F.

The tensor product bundle, £ ® F, is obtained by taking the tensor product of the
fibres at each point in M. The transition matrices for £ ® F' are obtained by taking
the tensor product of the transition functions of £ and F'. A local frame for £ ® F is
given by {e; ® f;} so dim(F ® F) = dim Edim F. One can also construct the bundle
of antisymmetric p-tensors, AP(E), and the bundle of symmetric p-tensors, S?(F), as

298

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



sub-bundles of SP(E). One can also construct a complimentary bundle, E, such that
the Whitney sum £ © E = M x C, is a trivial bundle with fibre C'.

A fibre metric is a pointwise inner product between two sections of a vector bundle
which allows us to define the length of a section at a point z of the base. In local
coordinates, a fibre metric is a positive definite, symmetric matrix, h;j(z). The inner
product of two sections is then

(s,8") = hij(:c)zi(a:)i'j (z), (E.6)

where Z denotes complex conjugation if the fibre is complex. Under a change of frame,
we find

h— (8 1hT .

Example: Tangent and cotangent bundles of S?

Let Uy = S?— {(0,0,—3)} and U_ = 52 - {(0,0,+3)} be spheres of unit diameter
minus the south and north poles, respectively. We stereographically project these two
neighborhoods to the plane defining coordinates z, = (z,y) and z_ = (z/,y). Let
r?2 = £2 4+ y2. The standard metric is then

1

The U coordinates are related to the U coordinates by the inversion z_ = %z, which
gives

1
dr_ = 3 (rPdz; — 2z, (z4 - dzy)) .

The transition functions, |0z_/8z, | for T*(S?) are given on the intersection by
L ocij 2 i
Qy_y, = r_4(5 r* —2r'77)

We introduce polar coordinates on R? — (0,0) and restrict to r = 1 so that we are
effectively working on the equator, S, of the sphere. Then, we find

. ' —cos20 —sin26

®y_v, (cosf,sinf) = ( —sin20  cos 26 ) '

The inverse, transposed matrix is the transition matrix for T(S?). ®y_y . Tepresents
a non-trivial map from S' — GL(2,R). This map is just twice the generator of
n(GL(2,R)) = Z.

The bundles, 7(S?) and T*(S?%), are non-trivial and isomorphic. Let I denote
the trivial bundle over S?. We can identify I with the normal bundle of S? in R® so
T(S?)®I = T(R®) = I is the trivial bundle given above as a map from S* to GL(3,R).
It is still twice the generator. Since 7,(GL(3,R)) = Z,, the map is null homotopic and
T*(S?) @ I is trivial.
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Example: The natural line bundle over P,(C)

Recall that P,(C) is the set of lines through the origin in C**!, Let I"*! = P,(C) x
C**! be the trivial bundle of dimension n+1 over P,(C). We denote a point of I**! (I
is the bundle of normal vectors.) by the pair (p, z); scalar multiplication and addition

are performed on the second factor while leaving the first factor unchanged. Let L be
the sub-bundle of I"*! defined by

L ={(p,z) € "™ = P,(C) x C*™! such that z € p}.

In other words, the fibre of L over a point p of P,(C) is just the set of points in c !
which belong to the line p. We define coordinates, (,-(’) = 2;/2;, on neighborhoods,
U; = {p: z(p) # 0}. On Uj, we define the section s; to L by

5(p) = (@ (P)s - 1, -, (P (0)).

The transition functions are 1 x 1 complex matrices (scalars).

sk(p) = (¢)1s;(p)

Since the transition functions are holomorphic, L is a holomorphic line bundle.

The dual bundle L* has sections,? s}, so that s;(sj) = 1. Since we have a line
bundle, a frame is given by a single section. The transition functions act as

sp = 8¢

We now interpret the {s}} as homogeneous coordinates on F,(C) since it is clear that
8;(p) = z;. Also note that sj = 0 whenever z; = 0, i.e., whenever p is not in the neigh-
borhood U;. The ratio of these global sections may be used to define the inhomogeneous
coordinates, Ci(j).

L* has global holomorphic sections, s;, the zeros of which lie in the complement of
U;, which is just a projective space of dimension (n — 1). The bundle L does not have
any global holomorphic sections. Since s;s; =1 and s; = 0 on the complement of Uj,

s; must blow up like z; ! on the complement of U;. The s; are, therefore, meromorphic
sections of L.

We define the line bundle, L¥, by

L'®---L"ifk<0
L% = I the trivial line bundle
L@.-- - Lifk>0.

Because L ® L* = I, L7 ® L* = L7** for all integers j,k. Any line bundle over P,(C)

is isomorphic to L* for some uniquely defined integer k. The integer k is related to the
first Chern class of L*.

2The subscripts here refer to different coordinate systems and not to elements of a frame.
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Let To(P,(C)) and T} (P,(C)) = A*(p,(C)) be the complex tangent and cotangent
spaces. Then,

n+l
IeT.(P,(C)=L"e---®L
IoTP(C)=Le---0L

Y
n+1

This identity does not preserve the holomorphic structures but is an isomorphism be-
tween complex vector bundles.

Example: Combining the last two examples

Using the relations $? = P;(C) and T(S?) = T.(P,(C)), we can combine the last
two examples for n = 1 to show

T(S)=L®L, T(S)=L"®L"

We prove these relationships by recalling that we may choose complex coordinates on
52 of the form (o = 21/ on Uy and {; = z/2; on U;. We choose the basis of T*(S5?) to
be d(o on Uy and —d(; on U,. The transition functions are given by (—d¢1) = ¢52(d¢o).

The local sections sy = (1,(p) and s, = ({;',1) of L give the transition function,
s1 = (5'sg. The L ® L transition functions are, thus,

-2
81®S1=C0 50®So,

so T*(S?%) and L ® L are isomorphic bundles. The isomorphism between T'(S?) and
L* ® L* is obtained by dualizing the preceding argument.

E.4. The principal bundle

A vector bundle is a fibre bundle with fibre, F, is a linear vector space and with
transition functions belonging to the general linear group of F. A principal bundle,
P, is a fibre bundle with a Lie group, G (which is also a manifold) as its fibre. The
transition functions of P belong to G and act on G by left multiplication. We can define
a right action of G on P because left and right multiplication commute. This action
is a map, P x G — P, which commutes with the projection 7. 7w(p - g) = 7(p) for any
p € P and g € G. Note that we can reverse the roles of left and right multiplication if
desired.

We can construct a principal bundle known as a frame bundle or as the associated
principal bundle from a given vector bundle, E. The fibre G, of P at z is the set of all
frames of the vector space, F}, which is the fibre of E over the point z.

Consider the case of F = C*¥. The fibre G of the frame bundle P is the collection
of the k x k non-singular matrices which form the group G = GL(k,C). (i.e.,, G is the
structure group of the vector bundle E.)
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The associated principal bundle, P, has the same transition functions as the vector
bundle, E (i.e., GL(k,C) acting on the fibre G by left multiplication). The right action
of the group G = GL(k,C) on the principal G-bundle, P, takes a frame e = {ey, ..., ex}
to a new frame in the same fibre, e - g = {e;gi1. ..., €:gix }, for gi; € GL(k,C).

If P is a principal G-bundle and if p is a representation of G on a finite-dimensional

vector space, V, we can define the associated vector bundle, P x, V', by introducing an
equivalence relation on P x V

(p,p(g) - v)=(p-g,v) forallpe PveV,geq. (E.7)

The transition functions on P x, V are given by the representation, p(®), applied to
the transition functions, ®, of P. If P is the frame bundle of E and if p is the identity
representation of G on the fibre F', then P x, F = E. In this way, we may pass from a
vector bundle E to its associated principal bundle, P, and back again by changing the
space on which the transition functions act from the vector space to the general linear
group and back.

If F is a vector bundle with an inner product, we can apply the Gram-Schmidt
process to construct unitary frames. The bundle of unitary frames is a U(k) principal
bundle if E is complex and an O(k) principal bundle if F' is real. If F is an oriented
real bundle, we may consider the set of oriented frames to define an SO(k) principal
bundle.

If F is a complex vector bundle with an inner product and if the transition functions
are unitary with determinant 1, we can define an SU(k) principal bundle associated
with E. However, not every vector bundle admits SU(k) transition functions; the
first Chern class must vanish. If the curvature of the connection is zero, then the
vector bundle will admit SU(k) transition functions. This condition will be true if our
connection is chosen from the moduli space of flat connections.

If y(z) is a local section to P over a neighborhood, U, in M we can use right
multiplication to define a map ® : U x G — =~ 1(U), where ®(z,g) = v(z) - g. This
map gives a local trivialisation of P. A principal bundle P is trivial if and only if it
has a global section; non-trivial principal bundles do not admit global sections. (The
identity element of G is not invariant. Thus, there is no analog of the zero section to a
vector bundle.)

The Lie algebra, &, of G is the tangent space, T.(G), at the identity element, e,
of G. By using left translation in the group, we may identify & with the set of left-
invariant vector fields on G. Let &* be the dual space. We can identify &* with the
left-invariant 1-forms of G. Let {L,} be a basis for ® and ¢, a dual basis for &*. The

{L.} obey the Lie bracket algebra, [L,, L] = faecLc, where the fu. are the structure
constants for &. The Maurer-Cartan equation

1 . -
do, = §fabc@b A @

is the corresponding equation for &*.
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E.4.1. Magnetic monopole bundles

A magnetic monopole bundle is a U(1)-bundle over S2. U(1) is the gauge (Lie)

group given by the elements
g=¢e",

where 1 is the coordinate in the fibre. Construct the G-bundle by taking the base
manifold, M = $?, with coordinates (#,$) where 0 < § < m and 0 < ¢ < 27. Cover
S? with two hemispherical neighborhoods H., the intersection H, N H_ being a thin
strip a the equator parametrized by the angle ¢. Notice that the intersection of these
two neighborhoods is not simply connected.

Locally, the bundle looks like

H, x U(1) — coordinates (8, ¢, e¥+)

. E.8
H_ x U(1) - coordinates (6, ¢, e"-) (E8)

The transition functions must be functions of ¢ along H, N H_. and must be elements
of U(1) to give a principal bundle. Let go = €*® be the transition function at each
point in the intersection. In the intersection, the fibres in each neighborhood must be
related by

eV = giadgivs

Since ¢ = 0 and ¢ = 27 describe the same transition function (which must be uniquely
defined at each point in H. N H_), we have a =n € Z.

The integer n is what allows us to get non-trivial principal bundles. If n = 0
the bundle is trivial, meaning it is globally S? x S!. However, for n # 0, there is a
twist in the fibres as we go around the equator and n indicated the number of twists
corresponding to the first Chern class. n is the charge of the Dirac magnetic monopole.

E.4.2. Spin and Clifford bundles

Another important type of vector space which may appear as a fibre is a space of
spinors. The structure group of a spinor space is the spin group, Spin(k). For example,
the spin group corresponding to SO(3) is just its double covering Spin(3) = SU(2).
The principal spin bundles associated with a bundle of spinors have fibres lying in
Spin(k). We note that not all base manifolds admit well-defined spinor structures.
Spinors arising from the tangent space can only be defined for manifolds where the
second Stiefel-Whitney class vanishes.

Spinors must, in general, belong to an algebra of anticommuting variables. Such
variables are a special case of the more general notion of a Clifford algebra which may
also be used to define a type of fibre bundle. For example, if we start with a real
vector bundle, E, of dimension k£, we can construct the corresponding Clifford bundle,
ClLff(E), as follows. The sections of Cliff(E) are constructed from section s(z) and
s'(z) of E by introducing the Clifford multiplication

s-s'+s-s=2(s,s),
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where (s,s') is the vector bundle inner product. CIliff(E) is then a 2*-dim=:nsional
bundle containing E as a sub-bundle. The Clifford algebra acts on itself by Clifford
multiplication; relative to a matrix basis, this action admits a 2*¥ x 2* dimensional
representation of the algebra. For k¥ = 1, we find a 2 x 2 Pauli matrix representation
while, for kK = 2, we have the 4 x 4 Dirac matrices.

There is a natural isomorphism between the exterior algebra bundle, A*(E). and the
Clifford bundle, Cliff(F). For example, the 16 independent Dirac matrix components
can be matched with the elements of A* as follows:

1+—1
v5 +— dz! A dz? A dz? A dzt
YVu — dz* (E.9)
YuYs ¢ €urcdz’ A dz* A dz°
[V, Vo] — dz* A dz”

E.5. Connections, curvature, and torsion on fibre bundles

Thus far, we have only considered fibre bundles as global geometric constructions.
The notion of a connection plays an essential role in the local differential geometry
of fibre bundles [93, 94]. A connection defines a covariant derivative which contains a
gauge field and specifies the way in which a vector in the bundle E is to be parallel-
transported along a curve lying in the base M. We shall first describe connections
on vector bundles which form the foundation of the theory of general relativity and
then proceed to treat connections on principal bundles which form the foundation for

quantum field theory. Together, these concepts are of the most fundamental to modern
physics as a whole.

E.5.1. Connections on vector bundles

Consider the unit sphere S? in R®. The following coordinates parameterize the
sphere

z(6, ¢) = (sinfcos ¢,sinfsinp,cosd), 0<H< 7, 0< ¢ <27 (E.10)

We observe that z(6,¢) is also the unit normal. The Riemannian metric induced by
the chosen embedding is given by

[ 0sz-0z Opz-0pz \ _ (1 O
o ( Oyx - Opz Dpx -0z )~ \ 0 sin’6 (E.11)
so that
ds? = df? + sin? 8do?. (E.12)
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The two vector fields,

u; = Jpz = (cos f cos ¢, cos §sin ¢, — sin §) (E.13)

U, = 0pz = (—sinfsin o, sinf cos ¢, 0),
are tangent to the surface and span the tangent space provided that 0 < 6 < 7, i.e., away
from the north and south poles. We can then decompose any derivative into tangential
components proportional to u; and u,, and a normal component n proportional to z.
We identify u; and u, with the bases 8/06 and 8/0¢ for the tangent space because

0f (z) of 0f(z) of

0 8z o . " ar

where f(z) is a function on R3.
We want to differentiate tangential vector fields in a way which is intrinsic to the
surface and not to the particular embedding involved. The ordinary partial derivatives

are
94(uy) = (—sinfcos ¢, —sinfsin @, — cos ) = —z
64(u1) = Og(uz) = (— cos B sin ¢, — cos f cos ¢, 0) = :?EZuQ (E.14)
04(uz) = (—sinfcos ¢, — sinfsin ¢, 0) = — sin? fz — cos § sin fu,.

Define intrinsic covariant differentiation, Vx, with respect to a given tangent vector, X,
by taking the ordinary derivative and projecting back the surface. Vx is the directional
derivative obtained by throwing away the normal component of the ordinary partial

derivatives.
Vm (Ul) =0
Vul(’lig) = Vu2 (Ul) = cot 9112 (EIS)
Vo, (ug) = — cos sin fu;

V is the Levi-Civita connection on S2.
Using the identification of (uy,us) with (0/06,0/0¢), we write V599 = V,, and
Voja¢ = Vu,. The Christoffel symbol is defined by

Vo, (us) = w5, Vo (8;) = T%;0.
Then, for our example, we find
I, =T% =cotf: TI'yy=—cosfsinf; TI% =0, otherwise.

Geodesic equation

Suppose z(t) is a curve lying in S2. This curve is a geodesic if there is no shear;
in other words, the acceleration, Z, has only components normal to the surface. This
condition may be written V;(£) = 0. For example, if we consider a parallel to latitude
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z(t) = z(6 = 6,6 = t), then £ = uy and V(2) = —cosfpsinfou;. The curve is a
geodesic on the equator, 6y = 7/2. The curves, z(t) = (6 =t,0 = ¢q), always satisfy
the geodesic equations because £ = u; and V;(£) = 0. These circles are great circles
through the north and south poles.

Parallel transport

The Levi-Civita (Christoffel) connection provides a rule for the parallel transport of
vectors on a surface. Let z(t) be a curve in S? and s(t) a vector field defined along the
curve (i.e., a section of the vector bundle above the curve). We say that s is parallel
transported along the curve if $ is normal to the surface, meaning that it satisfies the
equation

Vx(s) =0.

Given an initial vector, s(t), and the connection, s(t) is uniquely determined by the
parallel transport equation (very much like the lifted path is completely given by its
initial point and the path lifting map in Section D.6.).

Holonomy

Holonomy is the process of assigning to each closed curve the linear transformation
measuring the rotation which results when a vector is parallel transported around the
given curve. The set of holonomy matrices forms a group called the holonomy group.
The non-triviality of holonomy is related to the existence of curvature on the sphere:
parallel transport around a closed curve in a place gives no rotation.

Example: Parallel transport and holonomy of S?2

Let z be the geodesic triangle in S? connecting the points (1,0,0),(0,1,0), and
(0,0,1). z consists of three great circles:

(cos(t), sin(t),0) t€[0,7/2]
z(t) =< (0,sin(?), —cos(t ,0) te[n/2,n]
(—sin(t),0, —cos(t)) t € [m, 37/2]

Let s(0) be the initial tangent vector, s(0) = (0, ¢, 8), at (1,0,0). When we parallel
transport s(0) along z(t) using the Levi-Civita connection, we find

(—asin(t), acos(t),f)  te0,7/2]
s(t) = ¢ (—a,Bcos(t),—Bsin(t),0) te€ [n/2,7]
(acos(t), =B, —asin(t)) t € [m,3m/2]

One may verifv that s(t) is continuous at the corners, 7/2, 7, and satisfies V;(s) = 0
since 0s/0t is normal to the surface. Parallel translation around the geodesic triangle
changes s from s(0) = (0,¢,3) to s(37/2) = (0,—3, ), which represents a rotation
through 7/2. (w/2 is also the area of the spherical triangle.)
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The holonomy matrix changing s(0) to s(37/2) is

10 0
Hij = 0 0 -1
01 0

General definitions of the connection

Now, we will give the general formulation and axioms for connections on vector
bundles. Let E be a general vector bundle. On each neighborhood, U, we choose a local
frame {ey, ..., ex} and express vectors in the fibre, 7=*(U), in the form Z = Zle ;2.
This frame gives a local trivialisation of #7*(U) & U x F and defines local coordinates
(z,z). The vectors, e;, themselves have the form e; = (0,...,0,1,0,...,0) in each local
frame. The e; may not be constant vectors on M since the local frames may be different
in each neighborhood. The dependence of e; on z due to the change of the local frame
is dictated by the rule of covariant differentiation described later. A local section to
the bundle is a smooth map from U to the fibre and can be regarded as a vector-valued
function (a vector field),

s(z) = Z ei(1)7*(z).

=1

The tangent and cotangent spaces of the bundle T(E) and T*(E) may be assigned local

bases
a 0
T*(E) : (dz*,d2?)

The Levi-Civita connection lets us take the directional derivative of a tangent vector
field and get another tangent vector field. We generalize this concept for vector bundles
as follows.

Let X be a tangent vector, and let s be a section to E. A connection, V, is a rule,
Vx(s), for taking the directional derivative of s in the direction X and getting another
section to E. The assignment of a connection V in a general vector bundle E provides
a rule for the parallel transport of sections.

Let z(t) be a curve in M. We say that s(t) is parallel-transported along z if s
satisfies the differential equation, V;(s) = 0. There always exists a unique solution
to this equation for given initial conditions. The generalized Christoffel symbols, ij-,
giving the action of a connection V on a frame of the bundle E are defined by

We recall that we may associate the operator, d/dt, with £+ because df /dt = t#3f/dz*.
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In terms of the Christoffel symbols, the parallel transport equation takes the form

Vz(S) = Vd/dt(eizi) = Vd/dt(e,-)zi + ejéj
= 3* (Vo o0n (€:)2' + e;0uz’) (E.16)
= ite; (1Y, +8,27) = 0.

Parallel transporting along a curve z(t) lets us compare the fibres of the bundle E
at different points of the curve. Thus, it becomes natural to think of lifting a curve
z(t) in M to a curve c(t) = (z#(t), 2*(t)) in the bundle. Differentiation along c(t) is
defined by

d _ -ui i_?_
FTAR PE w

where #* is given by solving the parallel transport equation:

#4122 =0. (E.17)
Thus, we may write
d 0 . .0
S C i — b
=1 (8&:“ Iz Ozi) t#D,, (E.18)
where
D=2 i 0 E.19
“ = g ~ Dw® g (E.19)

is the operator in T'(E) called the covariant derivative.

We can define a splitting of T(E) at = € U into vertical V(F) (lying strictly in the
fibre) and horizontal H(E) components with bases {9/9z'} and {D,}, respectively, so
that To(F) = V,(E) ® H.(E).

In the cotangent space, one considers a vector-valued one-form

w'=dz' + ' dz* 2’ (E.20)
in T*(E). We observe that w' is the unique, non-trivial solution to the conditions

(W', Dy) =0

(w},8/827) = § (E.21)

Conversely, these conditions determine D, if «* is given. The connection 1-form, .,
annihilates the horizontal subspace to T(E) and is in some sense dual to it.
Now, introduce the matrix-valued connection 1-form I', where

Fij - Fiujdl‘“.
The total covariant derivative, V(s), is defined by

V(s) = &; ® dz'(z) + &; ® T, 27 (2) (E.22)
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which maps C*(E) to C*(E ® T*(M)). Note that this map is the pullback to Af
(using the section z*(z)) of a covariant derivative in the bundle given by

V(Z)=e;®@uw', (Z=ez €nY()),

where w' belongs to T*(E) rather than T*(M). The total covariant derivative con-
tains all of the directional derivatives at the same time in the same way that df =
(0f/0z*)dx* contains all of the partial derivatives at the same time.

Properties of the connection
The properties of the connection are
(a) Linearity in s: Vx(s+ ') = Vx(s) + Vx(s)
(b) Linearity in X: Vxix/(s) = Vx(s) + Vx(s)
(c) Differential operator: Vx(sf) =s- X(f) + (Vx(s))f
(d) Tensorial in X: V;x(s) = fVx(s),

where s(z) is a section to E, X is a vector field on A, and f(z) is a scalar function.
The properties of the total covariant derivative are

(a) Linearity in s: V(s +§') = V(s) + V(5)
(b) Differential operator: V(sf) = s® df + V(s)f
The relationship between these two differential operators is given by
(a) V(s) = Vojou(s) ® dz*
(b) Vx(s) = (V(s), X),

where X € C®(T(M)) and V(s) € C®(E Q@ T*(M)).
One can extend total covariant differentiation to p-form-valued sections of E by the
rule

V(s®6)=V(s) A0 +s5@db.

where s € C®(FE) and 8 € C®(AP(M)). V, thus, extends to a differential operator
with the following domain and range

V : C®(E ® AP(M)) = C®(E ® AP"1(M)).

Under a change of frame,

and sections are invariant

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We see that |
Vie))=Vi(e) ® @{jl +e® d@[jl = eI,

where .
[ = @50, + Qud®y) (E.23'

kjo

so the connection 1-form Fij transforms as a gauge field rather than as a tensor. We may
define a connection as a collection of 1-forms obeying this transformation law (E.23).
We need to check that V is independent of the choice of frame and is well defined in
the overlap region U N U'. We find

V(s) = V(ez') = €; @ T%2' + ¢; ® dz’ =€, @ [;2" + ¢ @ d2".

Curvature

Curvature measures the extent to which parallel transport is path-dependent. If the
curvature is zero and z(t) is a path in a coordinate neighborhood of M, then the result
of parallel transport is alway the identity transformation (unless the path encloses a
hole in the space!). For curved manifolds, we get non-trivial results. For example.
parallel transport around a geodesic triangle on S? gives a rotation equal to the area
of the spherical triangle.

Let (z', ..., z¥) be a local coordinate chart and take a square path z(¢) with vertices.
say in the 1-2 plane. Let H;;(7) be the holonomy matrix obtained by traversing the

path with vertices (0, ..., 0), (0, v/7, ..., 0), (/7, /T, ---,0)(y/7, ..., 0). Then, the curvature
matrix in the 1-2 pla.ne is

d N
Rij(1,2) = = Hi(7)lr=0 (.24,

The curvature is defined as the commutator of the components, D,,, of the basis for
the horizontal subspace of T'(E) (commutator of covariant derivatives).

i 0 _
[D,, D, = R’ 62‘ (E.25;
where R‘J L €an be expressed in terms of Christoffel symbols as in equation (2. 51). Note
that the right-hand side of the this equation has only vertical components. R uw CAn
be interpreted as the obstruction of integrability of the horizontal subspace.
In the cotangent space approach, the curvature appears as a matrix-valued 2-form

4 ) : 1.
1 k
which is equation (2.7). We observe that Rijzj is the covariant differential of the 1-form

w' € T*(E):

R2) =dw' + T AW, (E.27:

Note that, although w* has dz* components, they cancel out in RY;.
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Properties of the Curvature:
We define the curvature operator as

R(X,Y)(s) = VxVy1s) = VyVx(s) = Vixy(s), (E.28)
where 9 @ -
R (5;, 5};) (e:) = ;R
The properties of the curvature are as follows:
(a) Multilinearity: R(X + X', Y)(s) = R(X, Y)(s) + R(X", Y)(s)
(b) Antisymmetry: R(X,Y)(s) = —R(Y, X)(s)
(c) Tensorial: R(fX,Y)(s) = R(X, fY)(s) = R(X,Y)(fs) = FR(X,Y)(s),

where X and Y are vector fields, s(z) is a section, and f(z) is a scalar function.
The total curvature, R, is a matrix-valued 2-form given by

R(s) = V%(s) = V (e; ® [’2' + ¢; ® d2)
=ex @TE AT 2 + e, @ (dT%2' —TE Ad2?) + e, ®T% Adz? +0 (E.29)
=€ @ R'ﬁzi
The matrix R = ||R',|| is given by
R=%R( 0 9 )dx“/\d:r"

5+’ Ozv

acting on a section s. R is a 2-form-valued linear map from £ — E.
Under change of frame, R; transforms as

R = @4 R5(@71),

»

and R(s) is invariant under a change of frame.
The curvature can be regarded as an obstruction to finding locally flat frames (i.e.,
covariant constant frames). Given e;, let us attempt to find a new frame e} = ejcbj‘il

which is locally flat. If we set V(e}) = 0, we find ®T'd~! + &dd~! = 0. This equation
is solved if I is a pure gauge,

I, = - (d07°)", &% = (27)", do*.

Conversely, if the curvature vanishes, I' can be written as a pure gauge.

Torsion
An advantage to the cotangent space formulation of the vector bundle connec-

tion (E.22) is that it is independent of the coordinate system, {z#}, on M. Multiple
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covariant differentiation of an invariant 1-form such as p,dz* is independent of the
connection chosen on the cotangent bundle T*(M). However, if we choose to take the
covariant derivative of the individual components of the covariant derivative of a sec-
tion s(z) = e;z'(z), we must specify an additional connection on T*(M) to treat the y
index. Torsion is a property of the connection on the tangent bundle which must be
introduced when we examine the double covariant derivative.

Let {I",;} be the Christoffel symbols on the vector bundle, E, and let {I",,} be the
Christoffel symbols on T(M). We define the double covariant derivative of a section
s(z) = e;2'(z) as

zimw =9, (0.2" + I‘iujzj) + Fiuj (8.2" + I‘j“kz") - F’\lw (Br2* + Fiﬂjzj) .

The commutator of double covariant differentiation on a section yields the following
formula:

i i pi g TA i
Ziww T Zw = ij,z Tuvz A (E.30)
where we have written the torsion as
A _ A A
TW =17, = [,

Multiple covariant differentiation is a map

C®(E) 5 C(EQ®T*(M)) > C*(E @ T*(M) @ T*(M)).

Properties of the Torsion:
We define the torsion operator by

T(X,Y)=VxY - VyX — [X,Y].

This operator is a vector field with components

T (5‘27 5%) = (D~ T%) 5oy
Once a metric, (X,Y) = gu.z*y”, has been chosen, the Levi-Civita connection is
uniquely defined by the following properties:
(a) Torsion free: T(X,Y) =0
(b) Covariant constancy of the metric: d(X.Y) = (VX,Y) + (X, VY).

The connection is said to be Riemannian if V* = V or Fiuj = —I“jm- with the
curvature of the connection then being R', = —R’;.

Let f: M — M, and let V' be a connection on the vector bundle, E’, over M’
There is a natural pullback connection, V = f*V’,

l_‘,‘ _ d ax’a

wi = Uaiga
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The curvature of V is the pullback of the curvature of V'

; 1_, [0x@0r® 9z’ 9z
Ry = 3R (ax” dz*  0Oz¥ 3x“>

w9 jaB

Example: Complex line bundle

Let L be the line bundle over P;(C) defined previously. This bundle is a natural
sub-bundle of P,(C) x C?. We denote a point of the bundle L by (z; zq, 21), where
(20, 1) lie on the line in C? corresponding to the point z in P;(C). The natural fibre
metric on L is given by

((z; 20, 21), (@; wo, w1)) 20Wo + 2171-

Let h(z; zp, 21) = |20]® + |21]* be the length of a point in L and form a connection, w,
lying in T*(L) given by
w= kg = M F Rrdny
|20]? + |21
The curvature is then
Q=du+wAw=(0+39)(h™'0h) +0= -0 Inh.

In order to carry out practical computations we choose a gauge (that is a local section

of L) with coordinates (z; le), 1), where g’él) = z9/z; = u+ i for u,v € R. Then, we
compute A = 1 + u% + v2 and

_ 2idu A dv
= — 2 2 =
Q=-001n(1 +u° + v°) A7+ 03

We recognize this expression as (2¢) times the Kahler form for §? = P;(C). We can
thus read off the metric directly from (2.

In some sense, w = h™'dh is a pure gauge with respect to a curvature involving only
a 8. We find non-trivial full curvature because § involves d = 8 + 9.

This same construction works for an arbitrary holomorphic line bundle over an
arbitrary complex manifold once a fibre metric has been chosen.

E.5.2. Connections on principal bundles

Let G be a matrix group and & be its Lie algebra. The Maurer-Cartan form, g~}dg,
is a matrix of 1-forms belonging to the Lie algebra, &. This form is invariant under
the left action by a constant group element go,

(909) " d(g09) = g dg.
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Let {®,} be a basis for the left-invariant 1-forms. We then express the Maurer-Cartan
form as

A
“ldg = 3,2 E.31

where )\, /2 is a constant matrix in &. Since d(g~'dg) + ¢ 'dg A g~'dg = 0, we find
that ®, obeys the Maurer-Cartan equations

d(I)a + %fabcéb A @c = 0, (E32)

where the fu;. are the structure constants of &.
The dual of ®, is the differential operator

Ae O 1 5}
e = 2 ) = Z g hel=—
Ly =Tr (g 57 BgT) 979 k[ Aalkt B9
obeying
(®a, Lb) = dan, [La, Lb] = fabeLec- (E33)

{L,} is a left-invariant basis for the tangent space of G.
The corresponding right-invariant objects are defined by

A= = As O
-1_7a = Lg—
dgg™" = 5 ¢,, L,=Tr (22_9891,) , (E.34)

where
<6asfb> = dap, [Za.a Ib] = - abcfc

— 1. = (E.35)
do, — §fabc<1>b AN, =0.
That is, all of the structure equations have reversed sign. Note that L, and L, commute
[Lo,Lo) = 0. L, and L, generalize the distinction between fixed-space and fixed-body
rotation generators.

Let P be a principal bundle. If we choose a local trivialisation, we have coordinates,
(z,g), for P, where g € G. A local section of P is a smooth map from a neighborhood
U to G. The assignment of a connection on a principal bundle provides a rule for the

parallel transport of sections. A connection A of a principal bundle is a Lie-algebra
valued matrix of 1-forms in T*(M),

A(z) = A"u(:n)i?\i;—dx“. (E.36)

If z(t) is a curve in M, the section g;;(t) is defined to be parallel-transported along z
if the following differential equation is satisfied:

Gix + Auij(z)2¥ g5 = 0, (E.37)
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where A, is the connection on P. We may rewrite this expression as
dg Ag dz#
-175 -1 A® a =0. )
9 =ty (4#(1) T )9 (E.38)

Parallel transport along a curve z(t) allows us to compare the fibres of P at different
points of the curve. In analogy to the methods used for vector bundle connections, we
may lift curves z(t) in M to curves in P. We define differentiation along the lifted

curve by

d .,90 . 0 : 0 (Aa)ix O . 0 =

L _ ;e g — gk _ A® _Z ) = m _ A¢

dt zéh#+g”6wj ’ (&W A% 9 Bgi T\ Ggn ~ Aule (E.39)

WEe are, thus, led to define a splitting of T'(P) into a horizontal component, H(P), with
basis D, and a vertical component, V(P), lying in T(G), T(P) = H(P) & V(P). This
splitting is invariant under right multiplication by the group.

The curvature is defined by

[Dua DU] = —Fﬁyfm (E40)
where
F:u = 0,4, - auAZ + fabcAZAf,- (E.41)
As expected, the commutator of covariant derivatives only has vertical components
(points in the fibre direction).

We may regard the connection on P as a &-valued 1-form, w, in T*(P) with vertical
component being the Maurer-Cartan form, g7*dg. In local coordinates, we may write

w=g'Ag + g 'dg,

where A(z) = A%(z)()a/2i)dz*. We observe that, as in the vector bundle case, w
annihilates the horizontal basis of T'(P) and is constant on the vertical basis:

(W, D) =0, (=, L) = A/2i. (E.42)

Under the right action of the group, ¢ — ggo, A remains invariant while w transforms
tensorially (w — g5 wgo)-

The curvature in this approach is a Lie-algebra valued matrix 2-form defined by

Q=dvt+wArw=g'Fg, (E.43)
where 1 )
F=dA+ANA= iF“‘?E%dx” A dz". (E.44)
1 obeys the Bianchi identity
dA+wAQ-QAw=0. (E.45)
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Note that € has no vertical components and transforms tensorially under right action
Q— go"lﬂgo.

Gauge transformations

The transition functions of a principal bundle act on fibres by left multiplication.
Let us consider two overlapping neighborhoods, U and U’, and a transition function,
@y = @. The local fibre coordinates, g and ¢, in U and U’ are related by ¢’ = ®g.
Then, in order for the connection 1-form, w, to be well defined in the overlapping region,
UnNU', A must transform as

A = DA + 3dDL. (E.46)

We verify that
w=g 'Ag+gldg =g A'g'+ ¢''dg, (E.47)
so w is indeed well defined in T*(P). The transformation is a gauge transformation of
A. Using equation (E.41), we find the gauge transformation of F to be
F' = dF®7!, (E.48)
The curvature 2-form is also consistently defined over the manifold,
Q= g—ng — g"lF'g'.

Choosing a section, g = g(z), one can pull back w and 2 to the base space. A and
F are equivalent to the pullbacks, g*w and ¢*Q2, which are sometimes denoted simply
as w and 2. Gauge transformations of A and F' correspond to changes of the section.

In the theory of gauge fields, the structure group G is called the gauge group. The
(pulled-back) connection A of a principal bundle is the gauge potential, and the (pulled-
back) curvature F gives the field strength of the gauge field. When matter fields are
present in the gauge theory, they are described by the associated vector bundles.
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