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Introduction

This book is devoted to the study of the symmetries in quantum mechanics. In many elementary exposi-
tions of quantum theory, one of the basic assumptions is that a group G of transformations is a group of
symmetries for a quantum system if G admits a unitary representation U acting on the Hilbert space H
associated with the system. The requirement that, given g € G, the corresponding operator Uy is unitary
is motived by the need of preserving the transition probability between any two vector states ¢, € H,

(o, Uy} * = {0, ). (0.1)

The composition law
Ugrg: = Ug, Ug, (0'2)

encodes the assumption that the physical symmetries form a group of transformations on the set of vector
states.

However, as soon as one considers some explicit application, the above framework appears too restrictive.
For example, it is well known that the wavefunction ¢ of an electron changes its sign under a rotation of
27; the Dirac equation is not invariant under the Poincaré group, but under its universal covering group;
the Schrédinger equation is invariant neither under the Galilei group nor under its universal covering

group.

The above pathologies have important physical consequences: bosons and fermions can not be coherently
superposed, the canonical position and momentum observables of a Galilei invariant particle do not
commute and particles with different mass cannot be coherently superposed.

For the Poincaré group the above problem was first solved by Wigner in his seminal paper [41] and it
was systematically studied by Bargmann, [1], and Mackey, [28] (see, also, the book of Varadarajan, [36],
for a detailed exposition of the theory).

These authors clarified that in order to preserve Eq. (0.1), one only has to require that U is either unitary
or antiunitary and Eq. (0.2) can be replaced by the weaker condition

U9192 = m(gl792)UglU92’ (0'3)

where m(g1, g2) is a complex number of modulo one (U is said to be a projective representation). Moreover,
they showed that the study of projective representations can be reduced to the theory of ordinary unitary
representations by enlarging the physical group of symmetries. For example, the rotation group SO(3)
has to be replaced by its universal covering group SU(2). The trick of replacing the physical symmetry
group G with its universal covering group G* is so well known in the physics community that the group
G* itself is considered as the true physical symmetry group. However, for the Galilei group the covering
group is not enough and one needs even a larger group G, namely the universal central extension, in order
that the unitary (ordinary) representations of G exhaust all the possible projective representations of G.

The aim of this book is to present the theory one needs to construct the universal central extension from
the physical symmetry group in a unified, simple and mathematically coherent way. Most of the results
presented are known. However, we hope that our exposition could help the reader to understand the role
of the mathematical objects that are introduced in order to take care of the true projective character
of the representations in quantum mechanics. Finally, our construction of G is very explicit and can be
performed by simple linear algebraic tools. This theory is presented in Chapter 3.

Coming back to Eq. (0.1), this equality means that we regard symmetries as mathematical objects that
preserve the transition probability between pure states. The structure of transition probability is only one
of the various physically relevant structures associated with a quantum system. Other relevant structures
being, for instance, the convex structures of the sets of states and effects, the order structure of effects,
and the algebraic structure of observables. Therefore it is natural to define symmetry a bijective map that
preserves one of these structures. In Chapter 2 we present several possibilities of modeling a symmetry
and we show that they all coincide. Hence one may speak of symmetries of a quantum system. The set of
all possible symmetries forms a topological group X' and, given a group G, a symmetry action is defined
as a continuous map o from G to X such that



Ogigs = 0g10g;-

As an application of these ideas, in Chapters 4 and 5 we treat in full detail the case of the Galilei group
both in 34+ 1 and in 2 + 1 dimensions. The choice of the Galilei group instead of the Poincaré group is
motivated first of all by the fact that the Poincaré group is already extensively studied in the literature.
Secondly, from a mathematical point of view, the Galilei group shows all the pathologies we cited above
and one needs the full theory of projective representations. We treat also the 2+ 1 dimensional case since
there is an increasing interest on the surface phenomena both from theoretical and from experimental
point of view.

The last chapter of the book is devoted to the study of Galilei invariant wave equations. In the framework
of the first quantisation, the need of wave equations naturally arises if one introduces the interaction of a
particle with a (classical) electromagnetic field by means of the minimal coupling principle. To this aim,
one has to describe the vector states as functions on the space-time satisfying a differential equation, the
wave equation, which is invariant with respect to the universal central extension of the Galilei group. In
Chapter 6 we describe how to obtain these wave equations without using Lagrangian (classical) techniques.
In particular we prove that for a particle of spin j there exists a linear wave equation, like the Dirac
equation for the Poincaré group, such that the particle acquires a gyromagnetic internal moment with
gyromagnetic ratio %

Since the book is devoted to the application of the abstract theory to the Galilei group, we always assume
that the symmetry group G is a connected Lie group. In particular we do not consider the problem of
discrete symmetries. In the appendix of the book we recall some basic mathematical definitions, facts, and
theorems needed in this book. The reader will find them as entries in Dictionary of Mathematical Notion
in the appendix. The statement of definitions and results are usually not given in their full generality but
they are adjusted to our needs.
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A synopsis of quantum mechanics

This chapter collects the basic elements of quantum mechanics in the form that is appropriate for an
analysis of space-time symmetries. A reader who is familiar with the Hilbert space formulation of quantum
mechanics may start directly with Chapter 2 of the book and return here if a need to check our notations
and terminology will arise.

In quantum mechanics a physical system is represented by means of a complex separable Hilbert space
H, with an inner product (-,-). The general structure of any experiment — a preparation of a system,
followed by a measurement on it — is reflected in the concepts of states and observables, or, states and
effects. In their most rudimentary forms states and observables of the system are given respectively as
unit vectors ¢ € H and selfadjoint operators A acting on H. The real number (p, Ay) is then interpreted
as the expectation value of the measurement outcomes of the observable A when measured repeatedly on
the system in the same state .

The probabilistic content of the ‘expectation value postulate’ becomes more transparent when one con-
siders the spectral decomposition of A. Indeed, if A = fR xdIT4(x) is the spectral decomposition of A,
then for any unit vector ¢ the number (p, Ap) is just the expectation value of the probability measure
X+ (p, ITA(X) ), where IT4(X) is the spectral projection of A associated with the Borel subsets X of
the real line R. The number (@, IT*(X)y) € [0,1] is interpreted as the probability that a measurement
of A leads to a result in the set X when the system is in the state (.

Both theoretical and experimental reasons require a slight generalisation of the above framework. First
of all, in order to take into account statistical mixtures and to describe states of subsystems of compound
systems one needs also density matrices: vector states and density matrices are simply the states of the
system and are represented by positive trace one operators. Moreover, in order to give a probabilistic
interpretation to the theory, the only requirement is that the map X ~ (p, IT4(X)¢p) is a probability
measure on R. Hence, one may replace the projection operator IT4(X) with a positive operator E(X )
such that F(X) is bounded by the identity operator I: such an operator is called an effect of the system.
An observable is then given as an effect valued measure X — E(X).

In this generality, if tr[-] denotes the trace of a trace class operator, then the real number tr[TE] € [0,1]
gives the probability for an effect F in a state T'.

In the next two sections we shall have a closer look at the basic sets of states and effects emphasizing
those structures which lead to natural formulations of symmetry transformations. We end this Chapter
with a brief remark on the notion of an observable. The material presented here is quite standard. For
further information on the basic structures of quantum mechanics the reader may consult, in addition to
the classics of von Neumann [37] and Dirac [13], any of her or his favorite books on the subject matter.
Most of the results quoted here are presented in a more detailed form, for instance, in the monographs
of Beltrametti and Cassinelli [3], Busch et al [8], Davies [12], Holevo [20, 21], Jauch [24], Ludwig [26], or
Varadarajan [36].



1.1 The set S of states and the set P of pure states

Let H be the Hilbert space of the quantum system. with inner product (-, -}, linear in the second argument.
Let B denote the set of bounded operators on H and let B be its subset of the trace class operators. We
denote by tr [T] the trace of an element T' € B1. If A, B are in B, we write A< B,or B> A,if B— A
is a positive operator.

A state T of the system is an element of By such that T is positive and of trace one. We let S be the set
of all states, that is,
S:={TeB, |T>0, tr[T] =1}. (1.1)

It is a convex subset of the set By. Indeed, if 77,75 € S and 0 < w < 1, then wT} + (1 — w)Tz € S. In
fact, S is even o-convex, that is, if (7;)$2, is a sequence of states and (w;)$2; is a sequence of numbers
such that 0 < w; < 1,372, w; = 1, then the series Y .o w;T; converges in By in the trace norm |||, to
an operator in S; we denote this state as > w;T;.

The convex structure of S reflects the physical possibility of combining states into new states by mixing
them with given weights. If T' = wT) 4+ (1 — w)T5, we say that T is a mixture of the states 77 and Ty with
the weight w. The convex structure of S allows one to identify its extreme elements, that is, the elements
T € S for which the condition T = wTj + (1 — w)Ty, with 77,75 € S,0 < w < 1, is fulfilled only for
T = T; = T5. The extreme states are thus those states which cannot be expressed as mixtures of other
states. Such states are often called pure states, a notion which, however, requires further qualification in
the presence of the so-called superselection rules. We let ex (S) denote the set of extreme states.

For any ¢ € H, ¢ # 0, we let P[p] denote the projection on the one-dimensional subspace [¢] := {cp|c €
C} generated by ¢, that is,

Plely = E‘;::ﬁ; @,

for all ¢ € H. Let P denote the set of one-dimensional projections on H. Then for any P € P, P = PJy]
for some nonzero ¢ € P(H), the range of P.

The set P is an important subset of S. Indeed, if T € S, then T, as a compact selfadjoint operator
has a decomposition T = > :°  w;P;, where (P;) is a mutually orthogonal (P;P; = O) sequence in P,
w; € [0,1], > w; = 1, with the series converging in the operator norm of B (since T is compact) but also
in the trace norm of By (since T is trace class). The numbers w;, w; # 0, are the nonzero eigenvalues of
T, each of them occurring in the decomposition as many times as given by the (finite) dimension of the
corresponding eigenspace. On the basis of this result it is straightforward to show that the set of extreme
states equals with the set of one-dimensional projections,

ex(S) =P. (1.2)

For that reason we call the extreme states also the vector states. The above result shows as well that the
o-convex hull of P is the whole set of states,

o—co(P)=S. (1.3)

In other words, vector states exhaust all states in the sense that any state can be expressed as a mixture
of at most countably many vector states.

It is a basic feature of quantum mechanics that any two (or more) vector states P; and P, can also be
combined into a new vector state by superposing them. To describe this familiar notion in an appropriate
way, let P; V P denote the least upper bound of P; and P,. Then any P € P which is contained in
PV Py, that is, P < P} V Py, is a superposition of P; and P,. On the other hand, any vector state P
can be expressed as a superposition of a vector state P; and another vector state P exactly when P; is
not orthogonal to P, P, £ P, that is, if and only if tr[PPl] # 0 (we are excluding here the trivial case
P, = P).

As well-known, the idea of superposition of vector states is most directly expressed using the linear
structure of the underlying Hilbert space. Indeed, if Py = P[p;] and P, = P|ps], then the superpositions



of P, and P; are exactly those vector states which are of the form P = Plcip1 + capa], with ¢1,co € C.
If P = P[y] is any vector state and P; = P[p;] is such that P, £ P, then (p, 1) # 0, and P is a
superposition of P; and, for instance, Plo — (p1, ©)p1].

1.2 The set E of effects and the set D of projections

Any state T € S induces an expectation functional FE — tr[TE] on the set B of bounded operators. The
requirement that the numbers tr [TE] represent probabilities implies that the operator E is positive and
bounded by the unit operator: O < E < I. Such operators are called effects and the number tr[T E} is
the probability for the effect E in the state 7T'. Let

E={FeB|O<E<LI} (1.4)
denote the set of all effects.

As a subset of B, E is ordered, with O and I as its order bounds. The order on E is connected with
the basic probabilities of quantum mechanics. Indeed, for any E,F € E, E < F (in the sense that
F —E > 0O) if and only iftr[TE] < tr[TF] foral T €S. Themap ES E+— E+ :=1—FE € Eis a kind
of complementation, since it reverses the order (if E < F, then F+ < E1) and, when applied twice, it
yields the identity ((E+)+ = E). These properties guarantee that the de Morgan laws hold in E in the
sense that if, for instance, the greatest lower bound E'A F of E, F € E exists in E, then also the least
upper bound of their complements E+ and F* exists in E and (EA F)* = E+ v F+. However, E s E+
is not an orthocomplementation since the greatest lower bound of E and E* need not exist at all, or,
even when it does, it need not be the null effect.

The set of projections D is an important subset of E. For any E € E, EE+ = E1E, so that EE' is an
effect contained in both £ and E-+. Therefore, the projections can be characterized as those effects E for
which the set of lower bounds of E and E+, Lb.{E, E1}, contains only the null effect,

D={DcE| 1b.{D,D*} ={0}}. (1.5)

In addition to its order structure the set E of effects is a convex subset of the set of bounded operators B:
forany E,F ¢ Eand 0 <w <1, wE + (1 — w)F € E. This structure reflects the physical possibility of
combining measurements into new measurements by mixing them. An effect £ € E is an extreme effect
if the condition £ = wE + (1 — w)Es, with Eq, Es € E, 0 < w < 1, implies that £ = F; = Es. Extreme
effects arise from pure measurements, that is, measurements which cannot be obtained by mixing some
other measurements. By a straightforward application of the spectral theorem one may show that the set
of extreme effects ex (E) equals with the set of projections,

ex (E) = D. (1.6)

The algebraic structure of B equips E also with the structure of a partial algebra. Indeed, for any
E,F € E, their sum FE + F is an effect whenever the operator E + F' is bounded by the unit operator.
Moreover, for each E € E, there is a unique B’ € E such that E + E’ = I. Clearly, E/ = E*. This
structure is closely related to the physical possibility that the effects F and F for which £ + F < I can
be measured together. The partial sum leads to define an order on E: for any E, F' € E, we write £ < F
exactly when there is a G € E such that E + G = F. Obviously, the order so defined agrees with the
order given by the notion of a positive operator. We observe also that, if D1, Dy € D, then Dy + Dy is
an effect if and only if it is a projection, hence D itself is endowed with a partial algebra structure by
restricting on it the partially defined sum of E. The order defined on D by this partial sum is obviously
the standard one.

There is, however, an important difference between D and E for what concerns the relation between their
structures of partial algebras and ortho-ordered sets. In fact, given Dy, Dy € D, one has Dy + Dy € D if
and only if D; < D5 and, in this case, Dy + Dy = D1 V Dy. Hence, not only the partial algebra structure



of D determines its order structure, but the converse is also true. This is, however, not the case in the
set of effects. In fact, there exist effects F, F' € E such that E < FX and E4+F ¢ E,but E+F # EVF,
as it would be required if we were to define the partial sum in terms of the order. This is due to the fact
that E V F need not exist at all. As an example, consider £ = aD1,F = D2, with 0 < a < 8 < 1,
D; < Dy and Dy, Dy € D. Then aD; < (3D2)*, aD; + 3D, € E, but aD; V 3D does not exist.

With respect to the partial sum structure, the projections may again be distinguished as a special subset
of effects. Indeed, D is the set of effects E € E for which the set of upper bounds u.b. {E,E’'} = {I}, in
the order given by the sum.

The notion of coexistence of effects is a fundamental concept in quantum mechanics which is introduced
to describe effects that can be measured together by measuring a single observable. For any two effects
E F € F their coexistence can equivalently be formulated as follows: E and F' are coexistence if and
only if there are effects Fy, F,G € E such that E = F1 + G, F = F, + G, and By + F; + G < I. When
applied to projections Di, Dy € D C E their coexistence is equivalent to their compatibility, which, in
turn, is equivalent to the commutativity of D; and Ds.

1.3 Observables

We close this introductory chapter with a short remark on observables. In accordance with the idea that
an observable provides a representation of the possible events occurring as outcomes of a measurement,
we define an observable as an effect valued measure IT : 7 — E on a g-algebra F of subsets of a nonempty
set {2. That is, a function IT : F — B is an observable if 1) IT(X) > O for all X € F, 2) II({2) = I, and
3) II(UX;) = > II(X;) for all disjoint sequences (X;) C F, where the series converges in the weak, or,
equivalently in the strong operator topology of B. We recall that an observable IT : 7 — B is projection
valued, that is, IT(X) € D for all X € F, if and only if it is multiplicative, that is, II(XNY) = II(X)II(Y)
for all X,Y € F. Finally, we note that an observable IT : F — B and a state T € S defines a probability
measure
P F—[0,1], X = pl(X) = tr[TH(X)]

which, in the minimal interpretation of quantum mechanics, is the probability distribution of the mea-
surement outcomes of IT in state 7' in the following sense: the number p#f (X) is the probability that a
measurement of the observable IT on the system in the state T leads to a result in the set X. In accordance
with this interpretation, the number tr[TE] is the probability for the effect E € E in the state T € S,
and, since P C S and P C E, the number tr [Png] may also be interpreted as the transition probability
between the vector states P; and Ps.



The Automorphism Group of Quantum Mechanics

The idea of symmetry receives its natural mathematical modelling as a transformation on the set of
entities the symmetry refers to. The basic structures of quantum mechanics are coded in the sets of
states and effects and in the duality between them. As described in Chapter 1 these sets possess various
physically relevant structures which define the corresponding automorphism groups. Any of them could
be used to formulate the notion of symmetry in quantum mechanics. The plurality here is, however,
deceptive since all these automorphism groups turn out to be isomorphic in a natural way. This chapter
is devoted to study several such groups and the natural connections between them.

Section 2.1 formulates the relevant automorphisms and investigates their main properties. Section 2.2
states and proofs the fundamental representation theorem, the Wigner theorem, for such automorphisms.
Section 2.3 summarizes and completes the study of the isomorphisms of the groups of state and effect
automorphisms.

We let 'H be the Hilbert space of the system and we use the notations and terminology introduced in
Chapter 1.

2.1 Automorphism groups of quantum mechanics

The various structures of the sets of states and effects and the function (T, E) — tr[TE] lead to several
natural automorphisms of quantum mechanics. They will be discussed in the following subsections.

2.1.1 State automorphisms

The set S of states is a convex set, the convexity structure exhibiting the possibility of combining states
into new states by mixing them. This structure leads to the following definition of a state automorphism.

Definition 1. A function s: S — S is a state automorphism if
1) s is a bijection,
2) s(wTy + (1 —w)Tp) = ws(Th) + (1 —w)s(T) for all Ty, T € S, 0 < w < 1.

Let Aut (S) denote the set of all state automorphisms. It is straightforward to confirm that Aut (S) is
a group with respect to the composition of functions. The duality (T, F) — tr [TE] serves to define a
natural topology on Aut (S). Indeed, any pair of a state T' and an effect E defines a function Aut (S)
s — frp(s) :=tr[s(T)E] € [0,1], and we endow Aut (S) with the weakest topology in which all these
functions fr g, T € S, E € E, are continuous. The following lemma gives some basic properties of state
automorphisms.



Lemma 1. Let s € Aut (S).

1) s is the restriction of a unique trace-norm preserving linear operator on the set By, of the selfadjoint
trace class operators on H;

2)s(P)CP

3) if s(P) = P for all P € P, then s is the identity.

Proof. 1) To extend s to By, := {T' € By |T* =T} consider first a T € Bfr ={T' €By,|T >0}, and
define

8(T) = |ITll, s(T/1IT1)
for T # O and put 5(T) = O if T = O. Then, for any A > 0, one gets S(A\T) = A5(T'), which is the
positive homogeneity of §. Let now 11,715 € Bir and write 77 4+ T3 in the form

), o I,
T+ Ty = (IT, + ITsll) ( 1 .

+
||T1H1 + ||T2||1 HT1||1 ||T1||1 + ||T2||1 ||T2H1

The positive homogeneity of § and the convexity of s then yield the additivity of §, 5(T1 + T2) =
5(T1)+5(T3). Consider next a T € By, write T' =T+ —T~, where T* = 1(|T|£T), with |T| := VT*T,
and define

3(T) :=35(T") —5(T).

The additivity of § and its homogeneity over non-negative real numbers give the linearity of §. Also, if
T = Ty — T, for some other T},T> € BIT, then T 4+ Ty = T~ + Ty, so that by the additivity of 3,
3(TT) — 3(T~) = 3(Th) — 3(T»), which shows that § is well defined. By construction, § is positive, that
is, §(T) > O for all T > O. Moreover, it preserves the trace, since

tr[$(T)]

e |7y s T = Tl s @/ 1))
7 = 177l = e [7] = e [T7] = e [7]

for all T € By,. If f : B1 + — Bj, is another positive linear map which extends s, then for any
T € By, f(T) = (I —T7) = f(T*) = f(T~) = |T*|, F(T*/ [T+, = T |, #T/|T],) =
T, s(TH/ I T*N,) = 1T~ ||y s(T~/ T~ ]l,) = 8(T), showing that the extension is unique. A direct
computation shows, in addition, that 51 is the inverse of 3 so that § is a bijection. It remains to be
shown that § preserves the trace norm. In fact, for any 7' € B; ,,, we have

13(T) ST — T’)

(T =317,
I+ 18 Hl—HT+H1+HT I
=tr[TT+T7] = tr[|T\] =7, -

Since the inverse s~! of s has the same properties than s one also has ||T'||, =
so that |[3(T)]l, = [[T]l,-

§ED), < 15D,

2) Let P € P and assume that s(P) = w7y + (1 — w)Ty for some 0 < w < 1,71,T» € S. Then
P =ws HT1) + (1 —w)s }(Ty), so that P = s~ (1) = s~ }(T») and thus s(P) = Ty = T, showing that
s(P) e P.

3) Any T' € S can be expressed as T = ). w; P; for some sequence (w;) of weights [0 < w; <1, w; = 1]
and for some sequence of elements (P;) C P with the series converging in the trace norm. By the continuity
of s, s(T) = >, w;s(P;), which shows that s(T') = T for all T' € S whenever s(P) = P forall P e P. O

Ezample 1. For any unitary operator U € U define sy (T') := UTU* for all T € S. Clearly, sy is a state
automorphism. Let U;,Us € U. Then sy, = sy, if and only if U; = 2U, for some complex number z of
modulus one. Indeed, if sy, (T') = sy, (T) for all T € S, then, in particular, sy, (P) = sy, (P) for all P € P,
so that Uy = z(¢)Uap, z(p) € T, for all ¢ € H. It remains to be shown that the function ¢ +— z(p) is
constant. Let ¢ € C,p € H. Then U;(cp) = cUrp = cz(p)Uzp and Ui (cp) = z(cp)Us(cp) = cz(cp)Uagp,
so that z(p) = z(cp). Let p,¢ € H. Then Ui(¢ + ¢) = Urp + U1yp = z(0)Uap + 2(¢)Ustp as well as
Ur(p+1) = 2z(p+ ) Ua(p+ 1) = 2z(@+ 1) Usp+ z(p+1)Usp. Assume that ¢ # ¢y, that is, ¢ and 9 are



linearly independent. Then 0 := ((, V) — (¥, p)0) / ({0, V) {p, ) — {p, V) {1, @)) is a vector such that
(0,¢) =1 and (0,9) = 0. Taking the scalar product of the vector Uy (¢ + v) with the vector Uz then

yields z(p) = z(p + 1) for any ¢ € H which is linearly independent of (. Therefore, z(¢) is constant.
Similarly, if U € U is an antiunitary operator, then sy, with sy(T) := UTU*, T € S, is an element of
Aut (S), and two such automorphisms sy, and sy, are the same exactly when Uy = zU; for some z € T.

2.1.2 Vector state automorphisms

The set P of vector states is a distinguished subset of the set of all states, P = ex (S). These are the
states which cannot be expressed as mixtures of other states. However, they can be superposed into new
vector states and any vector state can be expressed as a superposition of some other vector states. We
use this structure to define the following notion of an automorphism of vector states.

Definition 2. A function p : P — P is a superposition automorphism if
1) p is a bijection,

2) for all P,Phpg EP, P<PVP <— p(P) Sp(Pl)\/p(Pg),

3) forall PP, € P, P £ Pt < p(P) £ p(P)*.

Let Aut,(P) denote the set of all superposition automorphisms of vector states. It is a group with respect
to the composition of functions, and the functions p — fpg(p) := tr [p(P)E],P € P,E € E, give it
a natural initial topology. Given U € U U U we can define py : P — P as py(P) = UPU*. Then
pu € Auts(P) and py, = py, if and only if U; = 2U, for some z € T.

The notion of transition probability on P serves to define another natural notion of a vector state
automorphism. We call them simply vector state automorphisms.

Definition 3. A function p : P — P is a vector state automorphism if
1) p is a bijection,
2) tr[p(Pl)p(Pg)] = tr[Plpg] for all Pl,PQ cP.

Let Aut (P) denote the set of all vector state automorphisms. One may again readily check that Aut (P)
forms a group with respect to the function composition, p;y € Aut (P) for each U € U U U and the basic
duality defines a natural topology on Aut (P). It is the initial topology defined by the family of functions
fei.p,, P1, Py € P, where fp, p,(p) :=tr I:p(Pl)PQ}.

Condition 3 of Definition 2 is equivalent with the condition that tr[p(P;)p(P)] = 0if and only if tr [P, P] =
0. This is a weakening of condition 2 of Definition 3. Let Auto(P) denote the group of the bijective
functions p : P — P which satisfy condition 3 of Definition 2, that is, which preserve transition probability
zero. Then Auts(P) C Auto(P) and Aut (P) C Auto(P). We shall see that, if the dimension of the
Hilbert space is greater than 2, these three groups are the same. On the other hand, if dim H = 2, then
Aut (P) C Auto(P) = Aut,s(P). The following example exhibits the two dimensional case, whereas we
return to confirm the remaining statements in Section 2.3.1.

Ezample 2. Consider the two dimensional Hilbert space H = C2. The set P of one-dimensional projections
on C? consists exactly of the operators of the form 1 (I+a-o), wherea € R3, ||a|| = 1, and o = (01, 02, 03)
are the Pauli matrices. Therefore, any p : P — P is of the form $(I +a-o) — (I +a’- o) so that p
is bijective if and only if a +— a’ =: f(a) is a bijection on the unit sphere of R®. Writing a = (1,6, ¢),
0 € [0,7],¢ € [0,27] we define a function f such that f(1,0,¢) = (1,0, ¢) whenever 6 # 7 and we write
f(1,5,90)=(1,5,9(¢)), with g(¢) = ¢?/m for 0 < ¢ < 7 and g(¢) = (¢ —7)? /7 +m for 7 < ¢ < 27. The
function p : P — P defined by f is clearly bijective. Using the fact that tr[%([ +a- U)%(I +b- a’)] =
%(1 + a - b) one immediately observes that p preserves transition probability zero but not, in general,
other transition probabilities. Hence p € Auto(P), but p ¢ Aut (P); this example is essentially due to
Uhlhorn [38]. Finally, in the two dimensional case condition 2 of Definition 2 is trivial, so that now
Auty(P) = Auts(P).



The set P is a subset of S. One may then ask whether a state automorphism, when restricted to the vector
states, defines a vector state automorphism. The following lemma answers this question affirmatively,
showing, in fact, that the restriction s — s|p defines a group isomorphism Aut (S) — Aut (P).

Proposition 1. The function Aut (S) 3 s +— s|p € Aut (P) is a group isomorphism.

Proof. Let s € Aut (S). By Lemma 1 its restriction s|p on P is well-defined and bijective. Let § be the
trace-norm preserving linear extension of s on B ,, and let P;, P, € P. Then

2\/1 —tr[PLP] = [Py — Pally = [|3(P1 — Pa)|ly, = [I3(P1) — 3(P2);
= (1) — s(Po)l, = 2y/1 — tx[s(Py)s(Py)].

so that s|p preserves the transition probabilities. The map s — s|p is clearly a group homomorphism.
Its injectivity follows from the above proved fact that s is the identity whenever s|p is such. To prove
the surjectivity, let p € Aut (P). Since any T € S can be decomposed as T = > w; P, we may define
sp(T) = > wip(P;). U T = >, w;Pj is another decomposition of 7', then a direct computation shows
that > ; wip(Pj) = > ; wip(P;). Thus s, is well defined. Its convexity, injectivity, and surjectivity can
readily be confirmed. Clearly, s,|p = p, and the proof is complete. O

2.1.3 Effect automorphisms

The set of effects E possesses three distinct, physically relevant basic structures, the L-order structure,
the convexity structure, and the partial algebra structure. They all lead to natural notions of effect
automorphisms.

Definition 4. A function e : E — E is an effect | -order automorphism if
1) e is a bijection,

2)forall E,F€E, E<F < e(E)<e(F),

3) e(Et) = e(E)* for all E € E.

Definition 5. A function e : E — E is an effect sum automorphism if
1) e is a bijection,

2)forall E,F e E, E4+FecE < e(E)+e(F)cE,

3) e(E+F)=e(E)+e(F) whenever E+ F € E.

Definition 6. A function e : E — E is an effect convex automorphism if
1) e is a bijection,
2) e(wE+ (1 —w)F) =we(E)+ (1 —w)e(F) forall E,F € E, 0<w<1.

Let Aut,(E), Auts(E), and Aut.(E) denote the sets of all effect L-order, sum, and convex automorphisms,
respectively. They all form groups and the functions fr g : e — tr[Te(E)], T € S,FE € E, equip them
with natural initial topologies. Clearly, the functions ey, U € UU U, defined as ey (E) = UEU*, E € E,
belong to any of these groups. Apart from their apparent difference, the sum and convex automorphisms
of effects are identical.

Proposition 2. The groups Auts(E) and Aut.(E) are the same.

Proof. Analogously with the extension of s € Aut(S) to § : By, — Bj, given in Lemma 1, any sum
automorphism e € Aut,(E) can uniquely be extended to a positive bijective linear map on B,., so that
its restriction to E is, in particular, a convex automorphism. Hence Auts(E) C Aut.(E). Similarly, any
convex automorphism e € Aut.(E) extends uniquely to a positive bijective linear map on B,, and its
restriction to E is also a sum automorphism, Aut.(E) C Auts(E). O



Proposition 3. Auts(E) is a subgroup of Aut,(E).

Proof. Let e € Auts;(E). If E < Fthen F = (F—E)+E, with F—F € E, and thus e(F) = e(F—E)+e(E),
so that e(E) < e(F). Since e~! shares the properties of e, the converse is also true, that is, if e(E) < e(F),
then E < F. The bijectivity of e and the fact that O = inf E and I = sup E imply that ¢(O) = O and
e(I)=1. Since I = e(I) = e(E + E1+) = e(E) + e(E'), one also has e(E)t =e(EL). D

Remark 1. An effect 1-order automorphism preserves the orthogonality of effects, that is, it has the
property 2) of Definition 5. On the other hand, if e : E — E is a bijection such that for any F, F' € E,
E+ F € E if an only if e(E) 4+ e(F') € E, then e preserves also the order in both directions. Moreover,
since for any E € E, E+ = sup{F € E| E+ F < I}, one gets that e(E+) = ¢(E)*, that is, e is a L-order
automorphism.

Remark 2. The notion of coexistence of effects is a fundamental property of effects. Therefore, one could
introduce the corresponding automorphism as a bijection e : E — E satisfying the following condition:
for any E,F € E, E and F are coexistent if and only if e(E) and e(F) are coexistent. The map e for
which e(O) = I,e(I) = O, and e(E) = E otherwise, is an example of such a transformation, showing
that coexistence preserving transformation need not preserve the order, and thus does not lead to useful
a characterization. However, when combined with an effect order automorphism, that is, property 2) of
Definition 4, the preservation of coexistence in the above sense suffice to determine the structure of such
automorphisms for dim(H) > 3 [31].

We proceed to show that an effect sum automorphism defines a unique state automorphism. For that the
following two lemmas are needed, the first one being a direct consequence of the previous proposition
and the result concerning the limits of increasing bounded nets of selfadjoint operators.

Lemma 2. Let e € Auts(E). Then

1) if (Ei)ier is any family of elements of E such that sup,c; E; € E and sup;c;e(E;) € E, then
sup;er e(E;) = e (sup;e; E4)

2) if (Ey)ier is an increasing net of elements of E, then sup;c; E; € E and sup,c;e(E;) € E, and
sup;es e(E;) = e (supseq E) -

Lemma 3. Let m : E — [0,1] be a function with the following properties:
1) if E+F <I, then m(E+ F) =m(E) +m(F),

2) if (E;)icr is an increasing net in E, then m (sup,;c; E;) = sup,c; m(E;).
There is a unique T € Bfr such that for all E € E, m(E) = tr [TE]

Proof. We notice first that m(E) = m(E 4+ O) = m(E) + m(O), so that m(O) = 0. We prove next that
forall E€ Eand 0 < A\ <1,
m(AE) = Am(E).

If X is rational this follows from the additivity of m. Let 0 < A < 1 and let (r,,) be an increasing sequence
of positive rationals converging to A. Then

sup (r, E) = AE
and this implies that

m(AE) =m (stllp {rnE}> = s%p m(rpE) = sup(rpm(E)) = Am(E).

n
The (unique) extension of m to a positive linear map m : B, — R is again straightforward.

The map 1 is normal. Indeed, if (4;);cs is an increasing norm bounded positive net in B, then, letting
¢ = sup,; ||4;]], (A;/¢)ier is an increasing net in E and we have



m (sup Ai> =cin (sup Az) =csupm (Az> = sup m(4;).
i i C i c i

Hence m is a linear positive normal function on B,.. It is well known that such an m defines a unique
positive trace class operator T such that 7 (A) = tr[TA] for all A € B,,, see, for instance [12, Lemma 6.1,
Chpt. 1]. Since 7 is uniquely defined by its restriction m on E the proof is complete. O

Proposition 4. Let e € Auts(E). There is a unique s, € Aut (S) such that s.(P) = e(P) for all P € P.
Moreover, the correspondence Auts(E) 3 e — s, € Aut (S) is an injective group homomorphism.

Proof. Let e € Auty(E). For all T € S define the map from E to [0,1] by E + tr[Te"!(E)]. By the
above two lemmas there is a unique positive trace class operator T such that tr[Te_l(E)} = tr [T’ E}
for all E € E. Taking E = I we have tr[T"] = 1, hence 7" € S. We define s, from S to S as s.(T) := T’
so that tr[s.(T)E] = tr[Te"!(E)], for all E € E. Using this formula it is straightforward to prove that
Se € Aut (S) and that e — s, is a group homomorphism. Moreover, suppose that s.(T) =T for all T € S,
then tr[T(E — e }(E))] =0, E€E, forallT € S. Hence E = e '(E) for all E € E, that is, e is the
identity. This shows the injectivity of the map e — s. and ends the proof. 0O

2.1.4 Automorphisms on D

The set D of projections is a subset of E. In fact, D = ex (E). As discussed in Chapter 1, the 1-order
structure and the partial algebra structure coincide on D. Consequently, Definitions 4 and 5 when applied
to D are the same, and we choose to consider the following notion of an automorphism on D.

Definition 7. A function d : D — D is a D-automorphism if
1) d is a bijection,

2) fOT all Dl,DQ S D, D1 § D2 < d(Dl) S d(Dg),

3) d(D+) = d(D)* for all D € D.

The set Aut (D) of all D-automorphisms is a group with respect to the composition of functions and it is
a topological space with respect to the initial topology given by the functions fr p : d+— tr[Td(D)], T e

S, D € D. Again, the functions dyy, U € U U U, defined as dyy (D) = UDU*, are elements of Aut (D).

Since D C E one may consider the restriction of an e € Aut,(E) on D. One gets:
Proposition 5. The function Aut,(E) > e — e|p € Aut (D) is a group homomorphism.

Proof. Let e € Aut,(E). Then for any E, F,G € E, G is a lower bound of E and F if and only if e(G) is
a lower bound of e(F) and e(F'). Since D consists exactly of those effects E € E for which O is the only
lower bound of E and E one thus has e(D) C D. Clearly, (e;oe2)|p = e1|poez|p and e tp = (e|p) L.
O

The homomorphism of the above lemma is, in fact, injective whenever the dimension of the Hilbert space
is, at least, two. We shall prove this result, which is due to Ludwig [26, Theorem 5.21, p. 226], using the
following characterization of effects [19]:

Lemma 4. For any E € E,
E = \/pep(E AN P) = \/pep)\(fa,fj)P7

where
A(E, P) :=sup{\X € [0,1]| \P < E}. (2.1)

In fact, N(E,P) = max{\ € [0,1]|A\P < E}, and if ¢ € H,||¢|| = 1, is such that Pp = ¢, then
ME,P) = ||E*1/2<p||_2, whenever ¢ € ran(E'Y/?), whereas \(E, P) = 0, otherwise.
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Proposition 6. If dim(H) > 2, then the function Aut,(E) 3 e — e|p € Aut (D) is injective.

Proof. It suffices to show that if e € Aut(E) is such that e(D) = D, for all D € D, then e is the identity
function. Therefore, assume that e(D) = D, for all D € D. Then, in particular, e(P) = P, for all P € P.
Thus, for any v € [0,1],P € P, e(yP) < e(P) = P, so that

e(YP) = 7(7, P)P (2.2)

for some 7(v, P) € [0,1]. The proof now consists of showing that, for any v € [0,1] and for any P € P,
7(7y, P) = . If this is the case, then, for any E € E,

e(E) = Vpepe(A(E, P)P)
= \/pep’T()\(.E7 P)7 P)P
= VpepA(E, P)P
=F

and we are through. We proceed in three steps.
Step 1. Let E € E. From (2.1) we obtain that
e(E) = \/pepe()\(E, P)P) = VPGPT()\(E, P),P)P

and also that
€(E) = \/pep)\(e(E), P)P

Taking the meet of both expression with any 1 dimensional projection we see that
T(A(E,P),P) = \e(E),P) (2.3)
forany F € E,P € P.
Step 2. We next show that the function 7 does not depend on P, that is,
(v, P)=7(7) (24)

for each v € [0,1], P € P. Clearly 7(0,P) = 0 and 7(1,P) = 1 for all P € P. Thus, consider a fixed
0<~v<1andlet P,Q € P be such that QP # O. Define

1—n

1—~(1—tr[PQ])
Observe that 1 — v < p < 1 and define F := I — Q. Then ran(E/?) = H, so that, by Lemma 4,
1 pw—1
AE, P) = - — .
EP) = S5~ pi—wloP) =1 "
Hence, due to (2.3),
(7, P) = Ae(E), P). (2.6)
On the other hand e(E) = I — 7(i, Q)Q and again we have ran(e(E)'/?) = H, so that,
1 -1
Ae(B), P) = - T (2.7)

tr[e(E)—lP] (1, Q)(1 — tr[QP]) -1
Comparing (2.6) and (2.7) we have

T(N»Q) -1
(1. Q)1 — tr[QP]) — 1

(v, P) =
From (2.5) we get

11



. pty—1
(1-tr[PQ]) = ot

hence

vulr(p, @) — 1]
T Q)+~ —1) -
We then see that 7(y,P) fulfills equation (2.8), where @ is any l-dimensional projection such that
tr [PQ] # 0 and p is defined by (2.5). On the other hand, p depends only on ~ and tr [PQ] Given
Py, P, € P, one can find Q € P such that tr[P1Q] = tr[ Q] # 0 so that (2.8) implies 7(v, P1) = 7(7, P»)
and this proves that 7 does not depend on P. Equation (2.4) is thus established.

(v, P) = (2.8)

Step 3. Now suppose that dimH > 2. It is clear from (2.5) that if 1 — v < a < 1, then we can choose
P,Q € P such that u = «. Hence (2.8) gives

ya[r(a) — 1]
T(a)(a+v—-1) —vya

T(v) = (2.9)

for all a such that 1 — v <« < 1. Choosing @ = 1 — «y in (2.9), since «y € (0, 1) is arbitrary, we obtain

T(y)=1-7(1-7) (2.10)

for any v € (0,1). Observe now that (2.9) can be rewritten as

a(a)y
S ot B l—y<a<l, 2.11
R o 1<a @.1)
with a(a) = ﬁﬂfggl We then obtain from (2.11) that
l—v_ 7(v)
ala) = ————F— l-v<a<l,
A )

from which we conclude that a(«) is a constant. By comparison with (2.10) we see that in fact a(a) =1
so that 7(y) =« for all v € [0, 1]. This concludes the proof. O

Proposition 7. Let p € Auto(P). There is a unique d, € Aut (D) such that d,(P) = p(P) for all P € P.
Moreover, the map Auto(P) > p — d, € Aut (D) is a group isomorphism.

Proof. In this proof we identify the projection lattice D with the lattice M of all closed subspaces of H.
Let p € Auto(P). For all M C H, M # {0}, let

dp(M) = {¢ € p([9]) : ¢ € M, ¢ #0},

and put d,({0}) = {0}. We observe that d,-1(d,(M)) = {® € p~([¢']) : ¥ € dp([¢]), ¢ € M,¢ # 0}
={Pecplpg]) :p€ M ¢+#0}= (CM In the same way we have that d ( p-1(M)) = CM. Let
now M € M. We then have d,(M*) = d,(M)=*. In fact, if ¢ € M and ¢ € ML are nonzero vectors,
then p(P[¢]) L p([¢]). Hence dp(M) 1 dp(ML)7 dp(M™*) C dy(M)* and, since M = d,,-1(d,(M)), one
concludes that d,(M*) = d,(M)*. Moreover, since M is a closed subspace, d,(M) = d,(M*)%) =
(dp(M=))*, proving that d,(M) is a closed subspace. We denote by d,, the map from M to M sending M
to d,(M). Obviously d), is bijective and preserves the order and the orthogonality, that is, d,, € Aut (D).
Finally, by construction, d,(P) = p(P) for all P € P. A standard calculation shows that the map p — d,
is a group homomorphism. Its injectivity is obvious. Finally, if d € Aut (D), then obviously d(P) = P and
d preserves orthogonality, so that d|p € Autg(P) and this shows surjectivity. The proof is now complete.
O

Proposition 8. Let dim(H) > 3. Given d € Aut (D) there is a unique sq € Aut (S) such that sq(P) =
d(P) for all P € P. Moreover, the map Aut (D) 3 d — sq € Aut (S) is an injective group homomorphism.
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Proof. Let d € Aut (D). Since d is a lattice orthoisomorphism on D the mapping D 3 D +— tr[Tdfl(D)] €
[0, 1] is a generalized probability measure on D for all T € S. According to a theorem of Gleason [18] (which
holds if the dimension of H is greater than 2) there is a unique 7" € S such that tr[T7"D] = tr[Td~'(D)]
for all D € D. The induced function T' +— T" =: s4(T) is one-to-one onto and it preserves the convex
structure of S, that is, s4 € Aut (S). Clearly the map d — sq4 is a group homomorphism. We show now that
s4(P) = d(P) for all P € P. It is sufficient to prove that tr[sq(P1)P,] = tr[d(Py)P2], P1, P> € P. Since
54, restricted to P, is a P-automorphism we have tr[sq(P1)P2| = tI‘[Plsgl(Pg)] = tr[Pisg-1(P)] =
tr[d(Py)P;]. Suppose now that sq(T) = T for all T € S. Then d(P) = P for all P € P. Hence,
d(D) = d(Vp<pP) = Vp<pd(P) = Vp<pP = D for any D € D, which shows that d is the identity, and
the map d — s4 is injective. O

To close this subsection consider an effect |-order automorphism e € Aut,(E) and let E = VpA(E, P)P
be the decomposition of E € E given in Lemma 4. Then

e(E) =e(VpA(E,P)P) = Vpe(AE, P)P) = Vp(e(\(E, P)P),e(P)) e(P).
Using arguments similar to those applied in the proof of Proposition 6, Mdélnar and Péles showed [30]

that A (e(A(E, P)P),e(P)) = A(E, P) and that tr[P,P;| = tr[e(Py)e(P,)] for any two P, P, € P. We

formulate these results in a form of a lemma.

Lemma 5. Assume that dim(H) > 2. The restriction of any e € Aut,(E) in P is a vector state auto-
morphism. Moreover, for any E € E, e(E) = VpA(E, P)e(P).

2.1.5 Automorphisms of H

With a slight abuse of language, the automorphisms of the Hilbert space H are either the bijective linear
maps U : H — H which preserve the inner product, that is, (Up, UY) = (@, ) for all ¢,1) € H, or the
bijective antilinear maps U : H — H which reverse the inner product, that is, (U, Up) = (¥, ) for
all p,1 € H. They are exactly the unitary and antiunitary operators on H. The set Aut (H) = Uu U
as well as the quotient space X = Aut (H)/T, where T = {zI|z € T}, are topological groups with the
properties described in the Dictionary A.1 and in the Appendix A.2.

Let 0 € X and U € o. Define the function g, : B, — B,., by g,(A) := UAU*. Applying the arguments of
Example 1, one observes that g, is well defined and ¢,, = ¢, only if o1 = 3. Moreover, when restricted
to any of the sets P, S, D, and E, endowed with any of the relevant structures, g, defines a corresponding
automorphism. We thus conclude with the following proposition.

Proposition 9. The map o — g, defines an injective group homomorphism of X to Aut (S), Auts(P),
Aut (P), Auto(P), Aut,(E), Auts(E), and to Aut (D).

From now on we denote the restrictions of the functions g, to the sets P, S, D, and E, respectively, as
Do» So, o, and e,

2.2 The Wigner theorem

This sections contains the Wigner theorem and two corollaries to it. The proof presented here, originally
published in [9], is a modification of Bargmann’s proof [2] of Wigner’s classic result [40].

2.2.1 The theorem

Theorem 1. Let p € Aut (P). There is a U € UU U such that p = py, that is, p(P) = UPU* for all
P e P. U is unique up to a phase factor.
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Proof. Fix p € Aut (P). Let w € H,w # 0, be a fixed vector and define
O, = {peH|{w,¢)>0}.

We observe that @, is a cone, that is, O, + O, C O,, and A0, C O, X > 0. Let &’ be a vector in the
range of the projection p(P[w]) such that ||| = ||w|| and define the cone O, . The proof of the theorem
will now be split in five parts.

Part 1. We show that there is a function

Tw . Ow — Owl
such that for all ¢, 1,2 € Oy, A > 0,
1Tl = llell (2.12)
T (Ap) = Mo, (2.13)
Tu(p1 +¢2) = Tupr + Tupo, (2.14)
P[T]ue = p(P[yp]). (2.15)
To define T,, we observe first that for any vector ¢ € O,,, there is a unique vector ¥ € O, ||[¥| = |l¢ll,

such that p(P[y]) = P[y]. We denote 1 = T,,¢. This defines a function T, : O, — O,s. Observe that
T,w = w'. By definition, T, is norm preserving, positively homogeneous, and p(P[y]) = P[T,¢]. Also for
any ¢1,¢2 € Oy,

(Topr, Tuwa)| = [(p1, @2)]- (2.16)

We prove next the additivity of T,,. Let 1,92 € O,. By the definition of O, ¢1 and ¢ are linearly
dependent (over C) if and only if ¢1 = Aps for some A > 0. If p; = Ao then T,,(¢1 + p2) = T, (A +
1)<p2) AN+ DTp2 = AT 2+ Two = Typ1 + Tiypa. Assume now that 1, o are linearly independent.
We observe first that for any ¢ € H, if (T,¢;,¢¥) = 0,i = 1,2, then (¢;,v) = 0,i = 1,2, for any
v € p~H(P[¢]), and thus (T,,(¢1 + p2),%) = 0. Hence

T, (o1 4 p2) = 211,01 + 221,02

for some z1, 29 € C. Since 1, o are linearly independent there are two uniquely defined vectors 61,05
in [p1, o], the subspace generated by the vectors o1, @2, such that (6;, ;) = d;5,4,j = 1, 2. In fact, they
are

0: = ({5, 5001 — (5, 0i)0;) | ({5, 05) (i i) — (@5, 05) (s i)
i = 172al7é.7 ertlng Y = Q1+ P2,

1= (p,0:) = [{p, ) = (T, Tu:)|* = |zl

so that that |z;] = 1. Since ¢1,p2,9 € O, and T,p1, Ty, Tue € O one has (w,p) = [(w,p)| =
(W', Typ)| = (W', T,e), which gives

(W, 1) + (W, p2) = 2z1(w, p1) + 22(w, P2). (2.17)

But then

(w, 1) + (w, p2) = [(w, 1) + (w, 2)]
| w, p1 +Z2<W <P2>|
’ w1 ‘+|z2w 902>’
= (W, 1) + (W, ¢2),
which shows that z;(w, p1) = Aza(w, p2) for some A € R. Therefore, 0 < 21 (w, 1) + 2z2{w, p2) = (1 +
A)za{(w, ¢2), which shows that the imaginary part of z3 equals 0 and one thus has zo = +1. Similarly,

one gets z; = +1. From Equation 2.17, where (w, ¢1), (w, p2) > 0, one finally gets z1 = zo = 1. This
completes the proof of the additivity of T,,.
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Part 2. Let ¢ € ‘H, 9 # 0, and assume that 7" is any function Oy — H, having the properties 2.12-2.15.
Then for any ¢ € O, N Oy,

T(p) = 2T.(p), (2.18)

for some z € T. Indeed, by the property (d), it holds that for any ¢ € O, N Oy, Ty = f(¢)T,e, with
f(p) € T, and it remains to be shown that f(¢) is constant on O, NOy. For any A > 0 and ¢ € O, N Oy,
T(Ap) = fAp)Tu(Ap) = Af(Ap)Tup and T'(Ap) = AT'p = Af(p)Tup. Hence Af (Ap)Top = Af(9)Tuep.
Since T,,p # 0 for ¢ # 0, this gives f(¢) = f(Ap). Consider next vectors 1,2 € O, N Oy such
that @1 # Ape for any A > 0 (so that o1, @2 are linearly independent over C). Then T'(p1 + ¢2) =
flor+92)T, (01 +w2) = fle1)Twer + f(v2)T,p2. Using again the above vectors 61, 65, associated with
1, p2 one easily gets, e.g., f(¢1+p2) = f(p1) for any g2 € O, NOy. Hence f(p) is constant on O, N Oy
and thus T, is unique modulo a phase on the cone O, .

Part 3. Let w € H,w # 0, and let T, : O, — O, be defined as in part 1. We show next that T, has one
of the following two properties, either

(Topr, Tupa) = (1, 92) (2.19)

for all p1,ps € O, or
(Twer, Tup2) = (P2, $1) (2.20)

for all ¢1, 92 € O, First of all, let o1, 92 € O,. Then (T, (¢1 + ¢2), T (p1 + @2)) = {p1 + P2, 1 + Pa).
Using the additivity of T,, and the inner product this shows, in view of (2.16), that either (T, 1, T, 2) =
(p1,02) or (T,e1, Twea) = (2, 91). We show next that for a fixed ¢ € Oy, either (T, ¢, T, 0) = (v, 1)
or (T,p, T, ) = (¥, p) for all v € O,. To prove this assume on the contrary that there are vectors

P1,02 € Oy such that (Tup, Tupr) = (¢, 01)(F (p1,9) and (Tup, Topa) = (p2,9)(F (p:92)). By a
direct computation of (T,p, T, (@1 + ¢2)) one observes that this leads to a contradiction. By a similar

counter argument one shows finally that either (T, ¢, T,,¢)) = (p,¢) for all ¢, € O, or (T, T, ¥) =
(¢, ) for all Y € O,,.

Part 4. We construct next a unitary or antiunitary operator U of H for which p(P) = UPU* for all
PeP.

Let w € H and T, : O, — O, be given as in part one. Let M = [w]* and M’ = [w']* and define a
function S : M — M’ by

Sp = Totep, ® #0
Sy =0, p=0

where T4, is the operator on the cone Oy, with the choice of the phase given by T,,;,w = w'. S
is well-defined since for any ¢ € M, ¢ # 0, we have ¢ € O, 4,. Moreover, for any two ¢, € M,
T+ = Tivyy on the cone Oy 4, NOy 4y, which contains at least the vector w for which T, ,w = T4 yw.
According to part 3 any T, ¢ € M, has either the property (2.19) or the property (2.20). Due to the
fact that for all p,v € M, T,4+, = T, 4+ on the intersection of their defining cones, all the operators
Tote, ¢ € M, are of the type (2.19) or they all are of the type (2.20). We proceed to show that S is in
the first case a unitary operator and in the second case an antiunitary operator. In fact the proofs of the
two different cases are similar and we treat only the case that all 7,1, € M, are of the type (2.19).

We show first that for any ¢ € M, A € C, S(Ap) = ASy. In fact, if Ap = 0, the result is obvious, otherwise
we have

(T (w4 2p), T (w + ) = {(w+ Ap,w + )
= |l + Mo, 0)
(To(w + 2p), T (w + ¢)) = (Totrp (W + A@), Tt o (w + 9))
= (Toireg@W + Tt rg(A@), Tt ow + Tootop)
= (W + S(Ap),w + Sp)
= |']I” + (S(\0), S
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Since [|lw|| = [lw’]| this gives (S(Ap), Sv) = My, ). But S(Ap) = Tuiap(Ap) € p(P[Nyp) and Sy €
p(P[p]), which shows that S(Ap) = 25¢ for some z € C. Therefore, A, ¢) = (S(\p), Sp) = 2(S¢p, Sp) =

Z{p, ), which gives Z = A, and thus S(Ap) = ASep.

To show the additivity of S on M, let @1, € M. If 1 = Apa, A € C, then the homogeneity of S gives
the additivity. Therefore, assume that @1, @2 are linearly independent. Let 61,605 be the unique vectors
in [p1, @] such that (0;, ;) = d;;. Then

S(p1+ 92) = Tty 9. (P1 + 2)
= Tt 0,10, (1 + 2)

= T, 40,01 + Tiot0, 40,92
=lwtpp1 + Tw+<p2902 = Sp1 + Spa.

Hence S : M — M’ is a linear map. It is also isometric since for any ¢ € M, ¢ # 0, (Sp, Sp) =
(Tt o0, Tt o) = (Tpp, Tpop) = (@, ). Moreover, for any unit vector ¢ € M one has P[S]p = p(P[p]).
To show the surjectivity of S, let v € M’ v # 0. Since p is surjective there is a unit vector ¢ € M such
that p(Plg]) = P[¢]. Hence S¢ = A for some A € C. Since ||| = 1, also ||S¢|| = 1 so that A # 0 and
thus S(%£) = ¢. This concludes the proof of the unitarity of S.

We now have H = [w]® M = [w']® M’ and we define U : H — H such that U(M\w +¢) = A’ + S¢ for all
A€ C,p e M. If S is antiunitary we define U instead by U(Aw + ¢) = Aw’ + S¢. Clearly, the operator
U is unitary (antiunitary) and it is related to the function p according to p(P) = UPU* for any P € P.

Part 5. Let V : H — H be related to p according to p(P) = VPV*, P € P. By change of phase we may
assume that Vw = w’. Let ¢ € M. The operator V has, in particular, the properties 2.12-2.15 on Oy, so
that V', when restricted on O, equals with 27,4, for some z € T. But since Vw = ' = 2T}, ,w = 2w/,
one has that for any ¢ € M, Vo, ,, = T4, that is, Vo = Sp on M. Therefore, V' equals with U on
M, showing that V = U whenever M # {0}. In other words, U is unique modulo a phase factor and the
unitary or the antiunitary nature of U is completely determined by p € Aut (P) (apart from the trivial
case of H being one-dimensional). Moreover, the operator U does not depend on the choice of the vector
w. This ends the proof of the theorem. 0O

The following result is an immediate corollary to the Wigner theorem.

Corollary 1. For any p € Aut (P) there is a unique o, € X such that p = p,,. The function Aut (P) >
p— op € X 1s an injective group homomorphism.

As another application of the Wigner theorem one gets from Lemma 5 the following:

Corollary 2. Assume that dim(H) > 2. For any e € Aut,(E) there is a unique 0. € X such that e = e, .

2.3 The group isomorphisms

2.3.1 Isomorphisms

In this section we collect the results obtained in the previous sections on the relations between the various
automorphism groups of quantum mechanics. This will allow us to prove, apart from the particular cases
of one and two dimensional Hilbert spaces, that all these groups are isomorphic.

Consider the following diagrams
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dim(H) > 1 dim(H) > 1 dim(H) > 2

Aut (D) Aut(S) <& Aut,(E) Aut,(E)
1 b 1
Auty(P) Aut (P) — X X

The double arrow in the first diagram is the isomorphism of Proposition 7, while the arrows 1 to 4 in
the second diagram are injective homomorphism given by Proposition 1, Corollary 1, Proposition 9 and
Proposition 4, respectively. Proposition 9 and Corollary 2 give the double arrow in the third diagram.
We show that the map obtained by composing the arrows in the second diagram is the identity. From
this it follows that the involved maps are isomorphisms.

Let G denote any of the four groups appearing in the second diagram. Starting from G and composing
the injective group homomorphisms one obtains an injective group homomorphism ¢¢ of G into G.

Corollary 3. The map ¢g is the identity on G.

Proof. Tt is sufficient to prove the statement for a particular choice of GG. Choosing, for instance, G =
Aut (S), we then have
¢Aut (8) S Pst=> Op, = €, se(,ps7

where we use the notations ps := s|p and e, := g,|g. Its is immediate to check that ¢ (s)(s) =s. 0O

Now suppose that the dimension of the Hilbert space is at least three and consider the following diagram.

Aut,(P) N Autg(P) — Aut (D)

§ |

Y — Aut(P) «— Aut(S)

Here the new arrows 5,6 and 7 are given respectively by Proposition 9, the natural immersion Auts(P) —
Auto(P), which is obviously an injective group homomorphism, and by Proposition 8.

As in Corollary 3, one can prove that the loop contained in the previous diagram is in fact an identity.
Hence we conclude that, if dimH > 3, all the groups considered are isomorphic. We summarize this fact
in the following corollary.

Corollary 4. If dim (H) > 3, the groups X, Aut (S), Auts(P), Aut (P), Aute(P), Auts(E), Aut.(E),
Aut,(E) and Aut (D) are isomorphic.

Remark 3. As pointed out in Remark 2, if dim (H) > 3, then the structure of bijective maps ¢ : E — E
which preserve both the order and the coexistence of effects can also be determined and they are of the
form e = ey, U € Aut (H), [31]. The list of Corollary 4 could thus be extended still with another group
of automorphisms.

2.3.2 Homeomorphisms

We proceed to show that the isomorphisms of the previous section are homeomorphisms when the groups
are equipped with their natural topologies induced by the duality (7, F) — tr[TE]. Let X denote one
of the sets S, P, E, or D, and let G(X) stand for any of the group of automorphisms of X considered
so far, endowed with its natural topology. According to the restrictions on the dimension of H imposed
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by Corollary 4 we can suppose that the dimension of H is greater than 2. Hence, in each case the group
G(X) is isomorphic to X' and for any x € G(X) there is a unique o, € X such that © = z,,, with
Zg, = o, |x. Thus for any U € o, = 2y, that is,

z(A) =2y(A) =UAU", AeX.

Proposition 10. The map jx : ¥ — G(X),0 — z,, is a group homeomorphism, and G(X) is a second
countable, metrisable, topological group.

Proof. The group X' is second countable, metrisable, topological group (see Appendix A.2) and the map
jx is bijective so that it remains to be shown that it is a homeomorphism. We demonstrate first that
the function Jx : UUU — G(X),U — Jx(U) := xy is continuous. Since U U U is second countable,
it suffice to show that if (U,),>1 is a (strongly) convergent sequence in U U U, then (Jx(Uy,))n>1 is
convergent in G(X). As U — U~ is continuous in U U U, we have, for instance for X = S,

Jlim  fr p(Js(Un)) = lim tr[Js(Un)(T)E]

= lim tr[U,TU, E]

=tr[UTU'E] = fr.e(Js(U)),

for all E € E, T € S, which shows the continuity of Jg. The other cases are shown as well. By definition of
quotient topology, this proves also that jx is continuous. It remains to be shown that the inverse mapping
jx" is continuous. Consider the group G(X) and let (;);>1 be a dense sequence of unit vectors in H. Since
P is contained in X, then the sequence of functions ( IPleil, P[goj])i,j>1 gives G(X) a metrisable topology,
which a priori is weaker than the one defined above for G(X). We shall show that j)_(l is continuous in
this weaker topology. It suffices again to consider only sequences. Let (x,) be a convergent sequence in
G(X), with ,, — . We will show that jx'(z,) — jx () in X. To proceed assume on the contrary that
jx " is not continuous so that there is an open set O C X such that jx'(z) € O but jx'(z,,) & O for a
subsequence (z,, ) of (z,). Let Uy, U € UUTU such that jx([Ug]) = xn, and jx([U]) = z. The sequence
(Uy) is bounded, so that it has a weakly convergent subsequence (Uy, ) in UUU, with Uy, — V. But then
tr[Plpilzn,, (Ples])] = (@i Un, i)1? = [wi, Vi) P and tr[Plpilzn,, (Ple;])] — tr[Pleda(Ply;])] =
|(pi, Up;)|?, which shows that [V] = [U]. Since Un,, — V also strongly we thus have [U,, | — [V] = [U]
which is a contradiction. This shows that jil : G(X) — ¥ is continuous. This ends the proof. O

2.3.3 The automorphism group of quantum mechanics

On the basis of Corollary 4 and Proposition 10 all the groups considered so far are isomorphic and
homeomorphic with each other in a natural way, with the dimension requirement dim(H) > 2 for the
group Aut,(E), and dim(H) > 3 for the groups Aut (D), Auto(P), and Auts(P). Any of these groups
may thus be called the automorphism group of quantum mechanics. The implementation of the structure
preserving transformations in terms of unitary or antiunitary operators is, however, most directly obtained
from the group X in terms of a section s : ¥ — U U U for the canonical projection 7 : UUU — X.
Therefore, from now on we shall refer to the group X' as the automorphism group of quantum mechanics.
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3

The Symmetry Actions and their Representations

This chapter is devoted to the study of the homomorphisms
Gogr—o4,€X,

where G is a connected Lie group and X the symmetry group of quantum mechanics. We call such a
homomorphism symmetry action leaving the word ”representation” for a more specific use of representing
a group in terms of unitary or antiunitary operators on the underlying Hilbert space. It is the notion of
symmetry action which formalizes the idea that a group G is a symmetry group of a quantum system
described by a Hilbert space H. The assumption that G is a Lie group is satisfied by most groups of
physical relevance, like the Euclidean group, the Galilei group, or the Poincaré group. The assumption
on the connectedness of G implies that we consider only continuous symmetries. These mathematical
assumptions are very crucial in determining the symmetry actions of a group.

We will show that there is a natural connection between symmetry actions of a group G and represen-
tations of another group G, the universal central extension of GG, and it is this connection which is of
primary importance in the physical applications.

The material of this Chapter is organized in the following way. Section 3.1 introduces the basic definitions
concerning the symmetry actions of a Lie group. These definitions do not depend on the Lie structure of
the group. Section 3.2 collects some technical results on the multipliers of a connected simply connected
Lie group. Section 3.3 reviews the construction of the universal central extension for a connected Lie group
and presents the fundamental connection between the symmetry actions of such a group and the unitary
representations of its universal central extension. In Section 3.4 the Mackey Machine of Appendix A.3
will be applied to construct these representations for the case where the universal central extension of
the symmetry group is a regular semidirect product. Temporal evolution of a closed system will offer the
first elementary example of the application of the general theory (Section 3.5).

3.1 Symmetry actions of a Lie group

Let G be a topological group and H a complex separable Hilbert space. The following definition translates
in a mathematically precise language the physical requirement that G is a group of symmetries for a
quantum system represented by the Hilbert space H.

Definition 8. A function G 3 g — o, € ¥ is a symmetry action of G on H if it is a continuous group
homomorphism, that is, a continuous function having the properties o, = [I] and oy, 4, = 04,04, for all
91,92 € G.

According to Proposition 12 and the von Neumann theorem (Lemma 13, A.1), the continuity of a symme-
try action o : G — X is already implied by its measurability. This is a useful result since the measurability
of ¢ is often simpler to verify than its continuity.



Let G be a group and consider the problem of describing all the quantum systems which have G as
a group of symmetries. To solve this problem in an appropriate way one must take into account the
fact that physics does not fix in a unique way the Hilbert space associated with a quantum system.
Therefore, let H and H’ be two Hilbert spaces and define X (H,H’) as the set of equivalence classes of
unitary or antiunitary operators B : H — H’ with respect to the following relation: Bj is equivalent to
By if there is a z € T such that By = 2Bs. Let [B] := {zB |z € T} denote the equivalence class of B
and extend the operator product to these classes such that if [B1] € Y(H,H’) and [Bs] € X(H', H"),
then [B1][B2] := [B1B2] € Y(H,H"). Clearly, each element of § € X (H,H') allows one to describe the
quantum system associated with H in terms of the mathematical objects defined on H’ in such a way that
the probabilistic structure of the theory is completely preserved. In particular, any such § € Y(H,H’)
establishes a one-to-one correspondence between the symmetry groups X(H) and X'(H') through the
mapping
Y(H) 30— BB~ € Z(H).

In view of the above considerations the following definition is natural.

Definition 9. Two symmetry actions o : G — X(H) and ¢’ : G — X(H’) of a group G on the Hilbert
spaces H and ‘H', respectively, are equivalent if there is a 3 € X' (H,H’) such that o, = oy 3 for all g € G.

Different physical systems which behave in the same way under the action of a group G are thus charac-
terized by the property that the corresponding symmetry actions are equivalent.

We say that a physical system is elementary with respect to the symmetry action o : G — X if for any
vector state P € P the set {o4(P)|g € G} of vector states is complete in the sense of superpositions,
that is, any other vector state P; € P can be expressed as a superposition of some of the vector states
04(P),g € G, compare with discussion at beginning of Chapter 1.1. We take this notion of elementary
system as the definition of the irreducibility of a symmetry action. The mathematical correctness of this
definition becomes clear in Theorem 3.

Definition 10. A symmetry action o : G — X' is irreducible if for any Py, P, € P there is a ¢ € G such
that tr[Prog(P2)] # 0.

The classification of the possible elementary quantum systems having G as the symmetry group is traced
back to the mathematical problem of finding all the irreducible symmetry actions of G, up to an equiv-
alence. To this aim an essential step is to study the connection between the symmetry actions and the
unitary / antiunitary representations.

From now on we assume that G is a connected Lie group. Since Yy := U/T is the connected component
of the identity of ¥ and the map g — o4 is continuous, then, for all g € G, o, € Xy, that is, all the
symmetries o, are induced by unitary operators.

Let U : G — U be a unitary representation of G and let 7 : U — Xy be the canonical projection. Then
the map
G>3g—o4:=7m(U,y) € Xy

is a symmetry action of G on H. Furthermore, if U and U’ are unitarily equivalent unitary representations
of G in H and H’, respectively, the symmetry actions G > g — 7(U,) € Yo(H) and G > g — 7(U,) €
Yo(H') are equivalent, as well. Moreover, if g — Uy is an irreducible representation, then also g — w(Uy)
is irreducible.

The unitary representations of G are not enough to describe all the symmetry actions of G, and there are
unitarily inequivalent representations of GG such that the corresponding symmetry actions are equivalent.
Indeed, let 0 : G — Xy be a symmetry action and s : Yy — U a measurable section for the canonical
projection 7 : U — X, that is, a measurable functions such that m(s(c)) = o for all o € Y. Then the
function

G>9—U,;:=s(oy) €U

is measurable, U, = I, but, instead of Uy, 4, = Ug, Uy,, one only gets the weaker condition
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Ug192 = Z(glaQQ)Uglngv (3'1)

with z(g1,92) € T. The fact that o is a group homomorphism implies that

2(9192,93)2(91, 92) = 2(91, 9293)2(92, 93) (3.2)
z(g,€) = z(e,g9) = 1. (3.3)

The map (g1, 92) — 2(91, g2) satistying Eqs (3.2) and (3.3) is called a T-multiplier and the map g — Uy,
satisfying Eq. (3.1) is known as a projective representations of G, with the multiplier z. Moreover, if ¢’
is another symmetry action equivalent to o and acting in H’, then, by definition, there is a unitary or
antiunitary operator B from H onto H’ and a measurable function G — T such that

U, =b(g)BU,B™" geG,
where Uy := s(o7). Conversely, given a projective representation g +— U, of G, then g — 7(Uy) is a
symmetry action of G. Moreover, if g + U, is another projective representation of G’ such that there is
a unitary or antiunitary operator B from H onto H’' and a measurable function b : G — T such that
U, = b(9)BU,B~* for all g € G, then the symmetry actions g — 7(U,) and g — m(Uy) are equivalent.

The problem of determining the symmetry actions of G is reduced to the study of the projective repre-
sentations of G and of finding a suitable notion of equivalence that generalizes the unitary equivalence
of representations. In order to apply the powerful theory of (ordinary) representations one needs to take
a second step. This consists of defining a group G such that its irreducible unitary representations are
in one to one correspondence with the irreducible projective representations of G. Such a group G will
be constructed in Section 3.3 and it will be called the universal central extension of G. Its construction
depends heavily on the structure of the set of the T-multipliers of G.

The determination of the T-multipliers of a Lie group is, in general, a highly difficult nonlinear problem.
However, the classification of the T-multipliers of a connected, simply connected Lie group can be reduced
to a finite-dimensional linear problem on the Lie algebra of the group.

In many physical applications the group G is not simply connected. To bypass this difficulty, one can
consider the universal covering group G* of G. By definition, it is simply connected. However, in general,
the set of the T-multipliers of G may be quite different from the set of the T-multipliers of G*. For
example, the Poincaré group has (essentially) two multipliers (corresponding to the bosonic and the
fermionic particles, respectively), whereas its universal covering group has only the trivial multiplier.

Despite of this fact, it will be shown in the following sections that the study of the T-multipliers of G* is
sufficient to classify all the symmetry actions of GG, also when G is not simply connected. This remarkable
mathematical fact has created some confusion in the physical literature, where, sometimes, instead of the
natural symmetry group G its covering group G* is considered as the true group of physical symmetries.

Remark 4. The common way to solve the problem of passing from projective representations to (ordinary)
representations starts with classifying the T-multipliers of G. Each multiplier z is then used to define a
group G, the central extension of G by T. Finally, one classifies all the irreducible representations of G,
(see, for example, [36]).

3.2 Multipliers for Lie groups

This section gives a brief summary of the part of the theory of multipliers which is needed to describe the
multipliers for a simply connected Lie group. The proofs of the quoted results can be read, for instance,
from Chapter 7 of [36] where a systematic study of the multipliers is presented.

Let H be a connected and A a commutative Lie group, and let e and 1 be their respective unit elements.
Definition 11. An A-multiplier of H is a measurable map 7 : H x H — A for which
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7(679):7_(976):17 g€ H,
7(91,9293)7(92, 93) = 7(91,92)7(9192, 93), 91,92,93 € H.

Two A-multipliers 71 and 7 of H are equivalent if there is a measurable map b: H — A such that

b(g192)
7—2(91792) b(gl)b(QQ)Tl(gth)? 91,92 S

An A-multiplier 7 is exact if it is equivalent to the constant multiplier 1, that is,

b(9192)
== H
7_(91792) 5(91)5(92)’ 91,92 € )

for some measurable map b from H to A.

The set of A-multipliers is a commutative group under the pointwise multiplication and the set of exact
A-multipliers is a subgroup of it. We let H?(H, A) denote the corresponding quotient group.

The introduction of the above notion of equivalence of multipliers is motivated by the following observa-
tion. Let G be a group of symmetries and assume that it is a connected Lie group. Let 0 : G — Xy be a
symmetry action of G. Given a measurable section s : Xy — U for the canonical projection 7 : U — X,
define, for all g, g1, 92 € G,

Ug = s(oy)
2(g1,92)1 = Uglgnglegr
Then z is a T-multiplier of G and U is a projective representation with z as its multiplier (compare with
Eq. (3.1)). If ¢’ is another measurable section for 7 and 2’ is the multiplier of the projective representation
g §'(04), then z and 2’ are equivalent T-multipliers. Moreover, if 7 is a T-multiplier of G, there always
exist a projective representation U of G having 7 as its multiplier, see [36]. If 7/ is another multiplier

equivalent to 7, there is a projective representation having 7/ as its multiplier and which induces the
same symmetry action than U does.

The above observations imply that in order to classify all the symmetry actions of a group G it suffices
to study the quotient group H?(G, T) instead of the group of the T-multipliers of G.

From now on we assume that the generic Lie group H is simply connected.

The following lemma, see Corollary 7.32 of [36], reduces the study of the T-multipliers of H to the study
of its R-multipliers.

Lemma 6. Each T-multiplier of H is equivalent to one of the form €', where T is an R-multiplier of H.
The multiplier T is exact if and only if the multiplier e’ is ezact.

In general, multipliers are measurable functions. However, in the case of the real valued multipliers one
may restrict to study only analytic multipliers. This is due to the following result, see Corollary 7.30 of
[36].

Lemma 7. Any R™-multiplier of H is equivalent to an analytic one.

The above two lemmas imply that each T-multiplier is equivalent to a multiplier e’”, where 7 is an
analytic R-multiplier. Moreover, since 7 is analytic and H is simply connected, the multipliers may be
studied from an infinitesimal point of view. To do this, we need the following definition. In that Lie (H)
denotes the Lie algebra of H and (X,Y) — [X,Y] is its Lie product.
Definition 12. A bilinear skew symmetric map F' : Lie (H) x Lie (H) — R" for which

FX,[Y,Z])) + F(Z,[X,Y]) + F(Y,[Z,X]) =0,  X,Y,Z € Lie (H),
is a closed R™-form. A closed R"-form F' is exact if there is a linear map ¢ : Lie (H) — R™ such that

F(X,Y) = q([X,Y]), X,Y € Lie (H).
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The set of closed R™-forms is a finite dimensional real vector space and the set of exact R™-forms is a
subspace of it. Let H?(Lie (H),R"™) denote the corresponding quotient space.

The above definition is motivated by the following result, which is essential in order to define the universal
central extension of a connected Lie group. Observe that the set of R™-multipliers is a real vector space
under the pointwise operations and the set of exact R™-multipliers is a subspace of it, so that the group
H?(H,R") is also a vector space.

Theorem 2. The vector spaces H?(H,R"™) and H?(Lie (H),R™) are isomorphic in a canonical way.

Proof. To exhibit the claimed isomorphism, let F' be a closed R"-form and denote by R"™ & Lie (H) the
Lie algebra defined by the following Lie bracket

[(’Uth), (’1)27X2)] = (F(X1,X2)7 [Xl,Xg]),

for all v1,v92 € R™ and X1, Xy € Lie (H). Let a : R — R™ @ Lie (H) be the natural injection and 3 :
R"@rLie (H) — Lie (H) the natural projection. These maps are Lie algebra homomorphisms and Ker 3 =
Im «. Due to Theorems 6 and 7 of Appendix A.1, there exist a unique (up to an isomorphism) connected,
simply connected Lie group Hp, such that Lie (Hr) = R"™ @ Lie (H), and two group homomorphisms
a:R™ — Hp, b: Hp — H such that the induced Lie algebra homomorphisms a and b equal with a and
0 respectively. Moreover, one can prove that a is a homeomorphism from R™ onto a(R"™) and Hp/a(R"™)
is isomorphic to H. By a known result (see, for example, lemma 7.26 of [36]) there exists an analytic map
¢ from H to Hp such that c(e) = e and b(c(h)) = h for all h € H. If we define

77 (h1, he) = c(hy)c(ha)c(hihy) 71, hi,ho € H,

then 7 is (modulo identification) an analytic R™-multiplier and the function [F] — [7F] is the isomor-
phism in question. Since 7 is analytic, one can easily check that Hp is isomorphic, as a Lie group, to
R™ x ., H, which is a Lie group with respect to the product

(v1,91)(v2, 92) = (v1 +v2 + Tr(91,92), 9192), vi,v2 €ER", g1,g0 € H. O

3.3 Universal central extension of a connected Lie group

Let G be a connected Lie group, G* its universal covering group and § : G* — G the covering ho-
momorphism. The kernel of §, Ker 6 = {¢g* € G|d(g*) = e}, is a closed, discrete, central subgroup of
G*.

Let H%(G*,R) be the vector space of the equivalence classes of the R-multipliers of G*. By Theorem 2 it
is finite dimensional. Let H?(G*,R)s be the subset of the equivalence classes [r] € H?(G*,R) such that

T(k,g") =71(g", k), k € Kerd, g* € G*. (3.4)

Since Ker § is central in G* this relation holds for all R-multipliers of G* which are equivalent to 7.
Hence the set H?(G*,R)s is well defined. Moreover, H?(G*,R)s is a subspace of H2(G*,R). Let N be its
dimension.

Let 7y,...,7n be some fixed analytic R-multipliers of G* such that their equivalence classes [1], ..., [Tn]
form a basis of H2(G*,R);. The function 7 : G* x G* — R defined as

7(91,95)i = T7i(97.95)s 91,9, €G*, i=1,...,N,

is an analytic RV -multiplier of G*. The restriction of 7 to Ker  xKer ¢ is an R -multiplier of the discrete
group Ker 4, hence it is exact (see Proposition 2, Sec. 4, ch.1 of [6]). Without loss of generality one may
thus assume that 7 is analytic and

?(kl, kg) =0, kl, ko € Ker 6. (35)
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Definition 13. Let G = RY x G* be the product manifold. Since 7 is analytic, G is a Lie group with
respect to the product

('Ul,gf)(UQ,g;) = (vl + V2 +?(gi7g;)7gfg;)a V1,02 € an 9?»95 €G".

G is the universal central extension of G.

The following observation explains why G is called a central extension of G. Define the map p from G to

G as
plv,g*) :=46(g"), veRN, ¢g* e G

Clearly, p is an analytic surjective group homomorphism and its kernel
K={(v,k) €G |veRY, ke Kerd}

is a closed subgroup of G. By definition, 7(k, g*) = 7(g*, k) for all k € Ker § and g* € G*, so that K is
central in G. Hence, G is a kind of a generalization of the universal covering group. Moreover, Eq (3.5)
implies that K, as a Lie group, is the direct product of RY and Ker §, that is, K = RY x Ker 4.

The next two definitions are essential in order to describe properly the relation between the symmetry
actions of G and the unitary representations of G. We recall the notation T = {zI |z € T}

Definition 14. A representation U : G — U is admissible if it satisfies the condition

Uy, €T foral heK. (3.6)

Let U be an admissible representation. Its restriction to K is a character of K. Since K = RY x Ker 6,
this character is of the form Uy, 1) = e ve(k)I, v € RN, k € Ker 6, for some w € RY and for some
character e of Ker 6. We call w the algebraic charge of U and e its topological charge. The motivation for
these names derives from the fact that Ker § depends only on the topological structure of G whereas the
dimension N is connected with the structure of H?(Lie (G),R).

Every irreducible representation of G is admissible. Indeed, let U be an irreducible representation. Since
K is central, Uy, k € K, commutes with each Ug, g € G, so that, by Schur’s lemma, U, is a multiple of
the identity. Since Uy, is unitary, it is a phase factor, that is, Uy € T.

Definition 15. Let U and U’ be two unitary representations of G acting respectively in H and H’'. We
say that U and U’ are physically equivalent if there exist a unitary or antiunitary operator B : H — H’
and a map b: G — T such that

BUz = b(9)UyB, geG. (3.7)

If U and U’ are unitarily equivalent, then they are also physically equivalent, but the converse implication
is not true. Moreover, if U is an admissible representation, then every representation which is physically
equivalent to U is admissible, too.

The following lemma shows that the map b in Eq. (3.7) is, in fact, a character of G*.

Lemma 8. Let U and U’ be two unitary representations of G. The representations U and U’ are physically
equivalent if and only if there is a character x of G* and a unitary or antiunitary operator B such that
Eq. (3.7) holds with

b(v.g") =x(¢") wveRY g €G".

Proof. Assume that U and U " are physically equivalent and let b and B be such that Eq. (3.7) holds.
Then, for all g € G

_ — -1
b(g)I = BUzgB~'U'; .
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Fix a unit vector ¢ € H'. Then b(g) = <U§_1B*1¢,B*1U’glgp>. Since U and U’ are continuous in the
strong operator topology, the function b is continuous, too. Moreover, for all g,,g, € G
BUy,3, = b(§1§2)U§1§QB
BU;,Ug, = b(9:19,)U;,Ug, B
b(g1)b(92)Ug, Uy B = b(g,9,) U3 Uy B.

Thus b(g,)b(g,) = b(g1G)- Obviously, b(e) = 1, so that b is a character of G. The restriction of b to RV
is thus of the form b(v, e*) = ¢™?, v € RV, for some w € RY. Then, if ¢}, g5 € G*,

b((0, g1))b((0, 92)) = b((7(91, 92). €")b((0, 9792))
= " T9)b((0, 7 g5)).

Hence, by Lemma 6, the R-multiplier w - 7 is exact, so that w = 0. If x is the restriction of b to G*,
then for all v € RN and g € G, b(v, g*) = x(g*) and x is a character of G*. The converse implication is
evident. 0O

We are now prepared state the main result of this section. Let U be an admissible representation of G
and define, for all g € G,

Ug = n(Usg), (3.8)

where g = (v, g*) € G is such that p(g) = 6(¢g*) = g. The following theorem is then obtained.

Theorem 3. With the above notations, cU is a symmetry action of G and the correspondence [U] — [oY]

between the physical equivalence classes of admissible unitary representations of G and the equivalence
classes of the symmetry actions of G is a bijection. The representation U of G is irreducible if and only
if a¥ is an irreducible symmetry action of G.

Before proving the theorem some comments are due. The above result shows that the equivalence classes
of admissible representations of G classify quantum systems which are different from each other with
respect to the symmetry group G. In particular, the irreducible representations of G, which are always
admissible, describe all the possible systems which are elementary with respect to G.

Consider next the case of a reducible representation of G. For sake of simplicity, assume that U = U; ® U,
where Uy and Us are irreducible representations, so that the representations U; are admissible. Let w; and
€; denote the corresponding algebraic and topological charges. In general, U is not admissible. A simple
calculation shows that U is admissible if and only if w; = wy and €; = e5. Thus vector states associated
with different elementary systems can be superposed into new vector states only if the elementary systems
have the same algebraic and topological charges. This fact is at the root of the existence of superselection
rules for non-elementary systems.

The relation between the decomposition into irreducible representations and the notion of physical equiv-
alence requires also some special care. One can easily show that, if b is a nontrivial character of G which is
1 on K, then, bU; is an irreducible representation physically equivalent to Us. Nevertheless, U; & Us and
Uy @ bUs are physically inequivalent admissible representations. In the same way, if the algebraic charge
w of Uy and Uy is zero and their topological charge ¢ is such that €2 extends to a character b of G, then
Uy, ® U, and Uy ® bBU, B!, where B is any antiunitary operator, are physically inequivalent admissible
representations, even though Us and bBU, B~ are physically equivalent. This kind of phenomenon does
not occur if one considers the unitary equivalence instead of the physical equivalence.

We come back to the proof of Theorem 3, which requires some technical lemmas.

We start with stating some properties of G.

Lemma 9. Let G be the universal central extension of G.

1. There is a measurable map ¢ : G — G such that c(e) = (0,e*) =€ and p(c(g)) = g for all g € G. (We
call such a map a section for p).
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2. Given a section c for p, define the map I'. : G x G — K as

I(g1,92) = clgr)c(g2)c(grg2) ™, 91,92 € G

Then I, is a K-multiplier of G and its equivalence class does not depend on the choice of the section
c.

3. Considering RN as a subgroup of K = RN xKerd, then the K-multiplier I'.o (5 x5) of G* is equivalent
toT.

4. Let x be a character of K. With the above notations, the map uy : G x G — T defined as
tix(91,92) == x (Ie(91,92)), 91,92 € G,

is a T-multiplier of G and its equivalence class [1,] does not depend on the choice of the section c.

Proof.

1. Since p is a surjective group homomorphism whose kernel is K and p is analytic, G is isomorphic,
as a Lie group, to the quotient G/K. The existence of a section is thus a standard result (see, for
example, Theorem 5.11 of [36]).

2. If g1,92 € G, then p(I.(g1,92)) = e, so that I'.(g1,g2) € K. By direct computation one checks that
I'. is a K-multiplier. Let ¢’ be another section for p, then, for all g € G, ¢(g) = b(g)c'(g) for some
measurable function b from G to K. Hence, for all g1,92 € G

5(9192) I

b(g1)b(ga) (91, 92).

Fc’(glaQQ) =

3. Let i : G* — G be the natural immersion and a the measurable map from G* to G defined as

Ie(6(g7),6(95)) = c(8(g7))e(8(g1))e(8(g1)6(g5))
= a(g7)i(g7)algs)i(g5)i(grg5) talgigs) "
a(gi)algs)algigs)~"i(g)igs)i(gigs) ™"
= a(g)a(gs)algigs) " (T(g5,95). €"),

ie., .o (4 x9) is equivalent to 7.
4. Tt is a simple consequence of the properties of I, given in the item 2. O
The following lemma describes the group H?(G,T) in terms of the characters of K and G*. This result
is important in itself.

Let . K be the dual group of K and V the subgroup of those characters of K which extend to characters
of GG. By the Lemma 8 the elements of V' can be identified with characters of G*.

Lemma 10. The mapping K> X 1y € H?(G,T) is a surjective homomorphism whose kernel is V.

Proof. By direct computation one can check that x ~— [uy] is a group homomorphism. To show its
surjectivity, we notice that, since the equivalence class [y, ] does not depend on the specific form of the
section ¢, we can choose for ¢ the particularly simple form

c(g) = (0,¢(g))  ge€G,
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where ¢ : G — G* is measurable and satisfies ¢(e) = e* and 6(¢é(g)) = g for all g € G. With this choice a
straightforward calculation shows that

I'e(91,92) = (7(c(g1), e(g2)) — T(v(91,92), €(9192)) » ¥(91,92) ), (3.9)

where g1,92 € G and (91, g2) = ¢(91)¢(92)é(g192) "' € Ker 6. Let now u be a T-multiplier of G' and p*
the T-multiplier of G*

w91, 95) = n(o(g7),0(93)), 91,95 €G".
According to Lemma 6,
k(0 k% a(gfgs) iT(g7,95) * % *
1915 92) = —— S-S eTINRN gr gy € G 3.10
95:92) = Ll )atos) e 310
for some analytic R-multiplier 7 of G* and a measurable function a : G* — T. We claim that
T(k,g") =1(9%, k) ke Kerd, g" € G*. (3.11)
In fact, let k € Ker § and ¢g* € G*. Since p*(k,g*) = n*(g9*, k) = 1, then
it(k,g*) _ a(k)a’(g*) _ a(k)a‘(g*) _ it(g™ k)
e = = =€ .
a(kg*) a(g*k)

Hence 7(k,g*) = 7(g*, k) + 2mn(k, g*) where n(k, g*) is an integer. By continuity of 7(k, -) and since G*
is connected, the map n(-,-) depends only on k, and, choosing g* = k, we conclude that n(k, g*) = 0 for
all k € Ker ¢, g* € G*.

Due to (3.11), the equivalence class of 7 belongs to H?(G*,R)s and, by definition of 7, there is a w € RY
such that, up to equivalence, 7 = w - 7. Hence (3.10) becomes

k[ % % a(gfg;) iwT(g9],95) * ok *
WG, 95) = — eI gl g5 € G (3.12)
e a(gy)a(gs) e

The previous equality implies that the map x : K — T, with x(v, k) := e "?a(k), v € RN, k € Ker 6, is,
in fact, a character of K. Hence, by the statement 4 of Lemma 9, x defines a T-multiplier p, of G.

We will show that p, is equivalent to p. In fact, using equation (3.9), one has

tin (915 g2) = x(Le(91, 92))
_ ot (T(E01),292)) =7 (1(91,92).€9192)) a4 (y(g1, g ))-

Using twice equation (3.12) we obtain

oW T(E(91),8(g2)) — a(é(g1))a(é(g2))

a(elg)Elgn) M9
e—iw‘7("/(917g2)75(g192)) ( ( )6(9 ))
a(v(g1,92))a(c(g192))
o that (Eg)a(é(g2))
_a(@(g1))a(@(gs
/j‘X(glaQQ) - 6(9192)) M(gth)

which shows the equivalence of ;1 and p,.

Suppose now that y is a character of K that extends to a character of G (still denoted by ). Then

tix (91, 92) = x(c(g1)c(g2)c(g1g2) ™)
= x(c(g1))x(c(92))x(c(g192) "),

showing that u, is exact. Conversely, assume that

_ _91g2)
1 (915 92) = a(g1)a(g2)

27



for some measurable function a : G — T. Observe that, for all g € G, ge(p(g))~! € K and define
X :G—Tas B
X' (@) = x(he(p(@) Halp(g) ™" GG

Then y’ is a character of G. Indeed, X’ is measurable, and if g,,7, € G,

vy X(@1c(p(g1)) " gac(p(g2) )
XX E2) = T G alolG))
X (9192¢(p(2)) " e(p(g

9.9

2)
X (9192¢(p(92)) " e(p(91))
(

=X (6192¢(p(9:92)) ") a(p(7,72
= X'(9192)-

Moreover, since a(e) =1, x'(k) = x(k) for all k € K.

Hence, H?(G, T) is isomorphic, as an abstract group, to the quotient group K /V and this concludes the
proof. O

If the subgroup V of K is closed one may give a better description of H2(G, T). Define
Ky :={(v,k) € K |b(k) =1 for any character b of G*}.

Then Ky is a commutative closed subgroup of K. Since V' is closed, a standard result on commutative
locally compact groups (see, for example, Theorem 4. 1.39 of [15]) shows that K /V is isomorphic to the

dual group KO of Ky. In particular, any element y € KO extends to an element Y € K and ¥ X is uniquely
defined by x, up to an element of V. Let u,, be the T-multiplier of G defined by

(915 92) = X(Le(91, 92)), 91,92 € G,

where I, is defined in Lemma 9. As a consequence of Lemma 10, the equivalence class [u,] depends only
on x and not on the particular extension chosen.

Corollary 5. If V is closed, the map Ko o X — [iy] € H*(G,T) is a group isomorphism.
We are now ready to prove the main theorem of this section.

Proof (Proof of Theorem 3). In the following we fix a section ¢ : G — G for the function p : G — G and
a section s : Xy — U for the canonical projection 7 : U — 3. Due to the admissibility condition (3.6),
if hy, hy € G are such that p(h1) = p(hy) = g, then w(Up,) = 7(Up, ), showing that o is well-defined. In
particular, we have

U;J :W(Uc(g)) g€aqG.

First we show that g — ag is a symmetry action of G. Indeed, if g1, g2 € G then
U_uU
091 092 = UC(Ql))ﬂ-(UC(%))

UC(Ql ) UC(gz) )
Uec(g1)e(g2)e(g192)~ )T (Uc(gr))

I
3 03 3

—~ Y~~~

_ _ U
=T (Uc(g1g2)) = 991927

where we used the fact that c(g1)c(g2)c(g192) "' € K ab well as the admissibility of U. Since ¢ is measur-

able, oV is measurable, too. Also, 0¥ = I, so that o is a symmetry action of G.

Let U and U’ be two physically equivalent admissible representations of G acting on H and H’, re-
spectively. The corresponding symmetry actions oV and oV  are equivalent too. Indeed, in this case
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BU}, = b(h)U] B, h € G, for some unitary or antiunitary operator B : H — H’ and a character b : G — T.
If 3 denotes the equivalence class [B] € Y(H,H'), then ﬁag = 05'6 for all g € G, which is just to say
that ¢V and oV are equivalent. This shows that the map [U] — [oV] is well-defined.

We now show its surjectivity. Let o be a symmetry action of G and define u: G x G — U as

,u(g1,g2) = 8(091)3(092)5(09192)717 91,92 € G.

Since 7(u(g1,92)) = I then u(gr,g2) € T. Moreover, p is measurable and by a direct computation one
confirms that p is, in fact, a T-multiplier of G. By Lemma 10, there is a character x of K and a measurable
function a : G — T such that

a(g192)

mﬂx(gh g2) 91,92 € G. (3.13)

N(glagZ) =

Define a map U? : G — U as
Ug = x(he(p(h) ™ al(p())s(o,m),  he G

Then U? is a representation of G. Indeed, as a composition of measurable maps U? is measurable. Since
a(e) =1 and s(I) = I, U .., = I. Finally, for any hy,hs € G,

Ui UF, = (hae(p(ha)) ™ hac(p(ha)) " alp(hn))alp(h2))s(01))$(0p(ns))

= X (h1hac(p(ha)) " e(p(hn)) ™)
a(p(h1))a(p(h ))M(91792) (o p(h1h2))
= (hyhac(p(ha))~ )71) x (c(p(h1))e(p(ha))e(p(haha)) ™)
a(p(hihz))s (Up(hlhz))
= X (hahac(p(h1h2)) ™) a(p(hih))s(0pininy)
=Up n,-
Since mo s = idy, and p o ¢ = idg, one readily verifies that V" = o, proving the surjectivity of the map

U] = [oY].

Assume next that 0¥ and oV’ are equivalent symmetry actions, and let § € ¥ (H,H’) be such that
(U] )6 = pr(Uyy)), for all g € G. We may thus conclude that for some unitary or antiunitary

operator Bep and for some measurable map b: G — T, U/ (g) = by )BU.(yB~!. Let h € G, g = p(h),
and k = he(g)™!, then k € K and
U Uk c(g) = Ullfb(c(g))BUc(g)Bil
= U}b(c(9))BUy-1U,B~ = b(h)BU,B™ Y,
taking into account that, due to (3.6), U}, and U1 are phase factors that we have collected in b. This

shows that U and U’ are physically equivalent representations of G, proving the injectivity of the map
[U] = [oY].

To conclude, we prove the statement about irreducibility. Given, as above, h = c¢(g)k € G with g € G
and k € K, and two vectors states P, = P[¢1] and Py = P|[¢s], with ¢1, ¢2 € H, one has

(o1, Ung2) > = [(¢1, Uy Un2)|?
= |Uk<¢1a c(g)Uk¢2>|2
=tr [Pla (PQ)] (314)

where Uy, is a phase factor since U is admissible.

We now assume that U is irreducible and we prove that o is irreducible, too. Let P, = P[¢1] and
P, = P[¢s] be two vectors states with ¢, ¢o € H. Due to the irreducibility of U,
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¢o € span{Un¢y : h € G}

so that there is h € G such that (¢1,Un¢s) # 0. By Eq. (3.14), it follows that tr[Pioy (Ps)] # 0, where
g :777(11), that is, oU is irreducible. The converse statement can be proved in a similar way so that
U : G — U is irreducible if and only if oV : G — X is irreducible. O

Let U be an admissible representation of G and w and e its algebraic and topological charges. One can
easily check that the map G* 3 g* — U 4-) € U is a projective representation of G* with the T-multiplier
w(gi,93) = e T(91,93)  Moreover, if ¢ : G — G is a section for p, then the map G 3 g — Ugyy €U is
a projective representation of G and its T-multiplier is u, where x(v,k) = e Ve(k) and p, is defined
in item 4 of Lemma 9. As a consequence of statement 3 of the same lemma, p* and p, o (6 % J) are
equivalent. Nevertheless, even if ;/* is exact, u, could be non-ezxact.

3.4 The physical equivalence for semidirect products

According to Theorem 3, the irreducible inequivalent symmetry actions of a group G are completely
described by the irreducible physically inequivalent representations of its universal central extension
G. In the examples to be considered in this monograph, the universal central extension is a regular
semidirect product with commutative normal subgroup, so that any irreducible representation is unitarily
equivalent to some induced one [27]. In this way, the problem of characterizing physically inequivalent
irreducible representations is reduced to the analogous problem for the induced representation. The
present section describes the solution in terms of properties of the orbits in the dual space and of the
inducing representations.

Let G = A x’ H be a Lie group with A a commutative normal closed subgroup and H a closed subgroup.
In this section we denote the elements of G as g = (a,h). We denote by A the dual group of A and by
(g9,-) — g[-] both the inner action of G on A and the dual action of G on A. If z € A, let G, := {g €
G | g[z] = x} be the stability subgroup of G at x and G[z] := {g[z]| g € G} the corresponding orbit. We
assume that each orbit in A is locally closed (i.e. the semidirect product is regular) and, to simplify the
exposition, that it has a G-invariant o-finite measure.

Moreover, given = € A and a representation D of G, N H acting in a Hilbert space X, we denote by
U= Indg (xD) the representation of G unitarily induced by the representation zD of G,

(:L'D)ah :l’aDh, (ZEA, hEémﬂH.

Explicitly, let v be a G-invariant o-finite measure on G[z] and ¢ a measurable map from G[z] to G such
that c(z) = e and c(y)[z] = y for all y € G[z] (we call such a map a section for G[z]). Then U acts on
the Hilbert space L?(G[x],v,K) as

(Ug/)() = (@D)e(y)-1geto-11)) [ (97 W)
where y € G[z], f € L?(G[z],v,K), and g € G.

We shall now classify all the equivalence classes (with respect to the notion of physical equivalence) of
irreducible representations of G in the case of regular semidirect products.

Let A, be the set of singleton G-orbits in /1, ie.,

A;={yed : glyl=y, geG}.

Define for all z € A the orbit class
O, = {ygla] : ye A,, geq, e==+1}.

Obviously, for all #’ € O,, Gla'] € O, and O, = (5£/, so that one may choose a family {z;};cs of elements
in A such that A is the disjoint union of the sets O,,.
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Theorem 4. Let G = A x’ H be a regular semidirect product and A = uig@“ (55 N (5zj =, for all
i# 7.
1. Every irreducible representation of G is physically equivalent to one of the form Indg (xzD) for

some index i and some irreducible representation D of G, N H.

2. If i # j and D, D' are two representations of G,, N H and Gy, N H, respectively, then Indg (z:D)
and Indf (l’] D’ are physically inequivalent.

3. Let x € A and D, D' be two representations of G, N H. Then IndG (xD) and IndG (xD) are
physically equivalent if and only if one of the following two conditions zs satzsﬁed

a) there exist y € /15, a character x of H, and a unitary operator M such that

Glz] = yGla],
D) -1 =xsMDM™,  seG.,NH

where h € H is such that x = yh[z];
b) there exist y € As, a character x of H, and an antiunitary operator M such that

Glz] = yG[z] 7t
Djopr =xsMD,M™',  seG,NH,

where h € H is such that x = yh[z™!].
Motivated by the above theorem, if U is a representation of G physically equivalent to some induced
representation Indg (D) we say, with slight abuse of terminology, that U lives on the orbit class O,,.

The proof of the theorem is based on the following lemma.

Lemma 11. Let z,z' € A. Let D be a representation of G,NH acting in IC and D' a representation of
G, NH acting in K'. The induced representations Indg (D) and Indg (2'D'") are physically equivalent

if and only if there exist an element h € G, a character X of G and a unitary or antiunitary operator M
from K onto K' such that

1. Gy = hG h™1;
2. (/D) pgn-1 = XgM (xD)gM ™" for all g € G,.

Moreover, every character of G is of the form
(a,h) — XaXh acA heH
where X € A, and X @s a character of H.
Proof. First we prove the statement on the characters of G. If X is a character of G, let X and y be

its restrictions to A and H, respectively. Then x is a character of H and, by definition of dual action,
X € As. The proof of the converse implication is similar.

We now turn to the first statement. To simplify the notations, denote U = Indgv(xD) and U’ =
IndG (2'D"). The representations U and U’ are physically equivalent if and only if there exist a character

X of G and a unitary or antiunitary operator B such that

U' =xXB 'UB.
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As a first step we define in terms of U and X two induced representations U and U~ of G such that
Ut = xXWilUWy,

where W [resp. W_] is unitary [resp. antiunitary|. In particular, Ut and U~ are physically equivalent
to U.

By the previous result ¥ = xx, where x € A, and X is a character of H. Define the maps ¢4 and ¥ _ from
A onto A as 14 (x) := Ya*!. The maps ¢+ are measurable isomorphisms that commute with the action
of G, so that, for all z € A, 1+ maps the orbit G[z] onto the orbit G[¢+(x)] and one has G, = Gy (2)
If v is an invariant measure on G[z], the image measure v* with respect to . is an invariant measure
on G+ ()] and if ¢ is a section for the orbit G[z], then ¢* = coL! is a section for the action of G on
the orbit G[i4()].

Fix a unitary operator L, and an antiunitary operator L_ on K. Consider the representations of G,
9= XgL+(xD) LT,

and observe that their restriction to A are exactly the elements z. Since G, = G, we can define the
induced representations of G,

Ut = Ind%i (XL+aDL7'4),
acting in L?(Gr4],v*, K).
Moreover, define the operators Wy from L?(Glz+], v, K) onto L?(Gx], v, K)
(Waf)y) = 2 L3 f(0e(w)), v Clal

It is easy to show that W, [resp. W_] is unitary [resp. antiunitary].

We have
Ut =xWilUWy.

In fact, let g € G, f € L*(G[r+],v*,K), and y € Glr4]

Ro (W2 Uy We f) (4) = RoXoy Lt (U W ) (05 ()
= igigil(y)Li (xD)'yi(g,y)(W:I:f)(g_l[wil(y)])
= )Zg)?;il(y)Li (-'L'D)fyi(g,y)iciil(g—l[y])Lilf(g_l[y])
= ()?LixDLil)'yi(g,y)f(g_l[y])
= (U M)

where yE(g,y) = c*(y) tgct (g7 y]) = c(vi' (¥) tgelg i (®)])-

To conclude the proof of the lemma, observe first that there always exists a unitary operator V' such that
either B =W,V or B =W_V, according to the fact that B is unitary or antiunitary. Hence U and U’
are physically equivalent if and only if U’ is unitarily equivalent either to U or to U~. Due to a theorem
of Mackey (see, for example, Theorem 6.42 of [15]), this is possible if and only if there exist h € G such
that G,» = hG,h~! and a unitary or antiunitary operator M (depending on the fact that B is unitary
or antiunitary) such that (2/D’')pg-1 = XgM(zD)gM "' for all g € G,. O

Proof (Proof of Theorem 4).

1. Since the semidirect product is regular, a theorem of Mackey (see, for example, Theorem 6.42 of [15])
implies that each irreducible unitary representation of G is unitarily (hence physically) equivalent to
one of the form Indg (xD’) for some z € A and some irreducible representation D of G, N H. There

is an index ¢ such that x € (53% and, by definition of orbit class, there exist y € A, and h € G such
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that = yh[z¢] where e = £1. Hence G, = hG,,h~! and we can define a representation D of G, N H
either as
Dg:D;rlgha g€ Gy, NH,

if e=1, or as
Dy=MDj . ,M~',  geG, NH,

if e = —1, where M is a fixed antiunitary operator. Then, by Lemma 11, Indg (xD’) is physically

equivalent to Indg (D).

2. If Indgz- (z;D) and Indng(ij/ ) are physically equivalent, the condition 2 of Lemma 11 with the
i J

choice g = a € A implies that z; = yh[z{] for some y € A, and € = +1, so that, by definition of x;,
i=7.

3. Apply Lemma 11 with = 2/, taking into account the form of the characters of G. O

We observe that if D’ is unitarily equivalent to D, the conditions (a) of item 3 of Theorem 4 are satisfied
with y = 1, X = 1, and h = e and this is exactly the case of unitary equivalence of the induced
representations. However, in general, there are other possibilities apart from the unitary equivalence.
There are even situations in which both conditions (a) and (b) hold.

3.5 An example: the temporal evolution of a closed system

As a first simple illustration of the general theory developed so far, consider the additive group of the real
line R. It is a connected and simply connected Lie group, so that, in particular, its covering group R* is R
itself, and the symmetry actions of R on H take values in Xy, R 3 ¢t — o, € Y. The Lie algebra Lie (R) of
the additive group R can be identified with the vector space R, with the Lie product [z,y] =0, z,y € R,
and with the exponential map Lie (R) 3 x — exp(z) = = € R being the identity. Any bilinear function F
on R x R is of the form F(z,y) = Azy for some A € R so that there is no skew symmetric bilinear forms
in the present case, and, in particular, the vector space of the closed forms H?(Lie (R),R) contains only
the zero vector. The central universal extension of R is thus R, R = R* = R. According to the Stone
theorem, any (strongly continuous) unitary representation R > ¢ + U; € U is of the form U, = e
t € R, where H is a selfadjoint operator acting in H. Any symmetry action o : R — X is now of the
form o = oV for some unitary representation U : t — U, = e and two symmetry actions ¢; and o9
are equivalent if and only if the representations U; and Us differ by a character, that is, H; = Hs +al for
some real number a. The temporal evolution of a closed system is a particular instance of the symmetry
actions R — Xy, and we may conclude that two systems with Hamiltonians Hy and Hy which differ only
by a constant al do have the same evolutions.
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4

The Galilei groups

In this chapter we describe the Galilei group and its universal central extension both in 3+ 1 and in 2+ 1
dimensions.

4.1 The 3 4+ 1 dimensional case

In this section we use the vector notation x for the elements of R3.

Let V := (R3,+) be the three dimensional real vector group, the group of velocity transformations, and
let SO(3) be the classical Lie group of the special orthogonal 3 x 3 real matrices, the rotation group in
R3. For any (v, R) € V x SO(3) we put, following the notation of the semidirect product in A.1,

f(v,R) = R[v] := Rv.

This defines an analytic action of SO(3) on V and the semidirect product defined by this action is the
homogeneous Galilei group

G, =V x' SO(3).

According to the definition of Lie subgroup in A.1 both V and SO(3) are closed Lie subgroups of G,,
and V is a normal subgroup of G,. In addition, V is Abelian, and SO(3) is compact and connected but
not simply connected [39].

Let 7, := (R3,+) be the three dimensional real vector group, the group of space translations, 7; := (R, +)
the one dimensional real vector group, the group of time translations, and let 7 := 7; x 7; denote the
four dimensional real vector group of space-time translations. We denote its elements by (a, b). Consider
the action of G, on 7 defined as

(v,R)[(a,b)] :== (Ra+bv,b)

for all (v, R) € G,, (a,b) € 7. This is an analytic action and it defines the semidirect product, the Galilei
group
G :=T x'G,.

As above, 7 and G, are closed Lie subgroups of GG, and 7 is normal and Abelian.

For any g € G we write g = (a,b, v, R) and we call them the Galilei transformations. The identity element
of Gis e =(0,0,0,1) and the inverse of an element g is given as

g7t =(a,b,v,R)" = (-R"(a—bv),~b,~R~'v,R7Y).
The product of two transformations g, g’ obtains the form

g9’ = (a,b,v,R)(a’,b/,v/,R') = (Ra' + b'v+a,b+b,Rv +v,RR').



4.1.1 Physical interpretation

The Galilei group G acts as a Lie transformation group on R*:
gl(x,t)] == (Rx+vt+a,b+1)

for any g € G and for all (x,t) € R*. This action allows one to identify G as the group of transformations
of the coordinates of the Newtonian space-time R* = R? x R. In fact, each reference frame F attaches a
Cartesian system of coordinates to the space-time points, and any two inertial reference frames F, F’ are
obtained from each other by affecting a rotation R, a velocity boost v, a space translation a, and a time
translation b. In other words, the coordinates (x’,t') of an inertial frame F’ are related to the coordinates
(x,t) of another inertial frame F' as follows:

x' = Rx + vt +a,
' =b+t.

This allows one to regard the Galilei group G as the group of the coordinate transformations between
the inertial frames of the Newtonian space-time.

4.1.2 The covering group

Regarding G as an analytic manifold, G is the product of 7 x ¥V = R” and of SO(3). The manifold R”
is simply connected, whereas SO(3) fails to be simply connected and its universal covering group is the
(complex) special unitary group SU(2). We let ¢ : SU(2) — SO(3) denote the covering homomorphism.
It is an analytic function and its kernel is ker (6) = {£I}. The group

G =T x'"(Vx'8U2)=T x' G

is connected and simply connected and is the covering group of the Galilei group. The covering homo-
morphism ¢ : G* — G is given by 6((a, b, v, h)) = (a,b, v,0(h)) and its kernel consists of the two elements
+e*.

4.1.3 The Lie algebra

Since 7 and V are vector groups, their Lie algebras can be canonically identified with the vector spaces
R* and R3, respectively,

Lie (T) = R,
Lie (V) = R®.

The exponential maps Lie (7) — 7 and Lie (V) — V are then the identity maps. These Lie algebras are
Abelian, so that, for instance, [a1,as] = 0 for all ay,as € Lie (7). The Lie algebra of SO(3) is the vector
space so0 (3) of 3 x 3 real traceless skew symmetric matrices,

Lie (SO(3)) = so (3).

The exponential map exp : so(3) — SO(3) is the usual exponential map of matrices, exp A = e?, A €
s0(3), and the bracket is now the commutator of the matrices, [A1, As] = A1 As — As Ay, Ay, Ay € 50(3).
The Lie algebra so (3) is not Abelian and it has no proper ideals, that is, so (3) is simple. Therefore, the
linear span of the elements [A1, As], A1, A2 € so(3), is the whole so (3),

[s0(3),s0(3)] = so(3).
The Lie algebra of Go =V x’ SO(3), as a vector space, is
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Lie (Go) = Lie (V) @ Lie (SO(3))
=R3 @ s0(3).

Due to the action of SO(3) on V, R[v] = Rv, one has [v, A] = Av for all v € Lie (V), A € so(3), showing
that Lie (V) is an ideal in Lie (Gy); in fact,

[Lie (V), so (3)] = Lie (V).

The Lie algebra of G =7 x’ Gy, as a vector space, is
Lie (G) = Lie (7) @ Lie (V) @ Lie (SO(3))
=R*@R3 @ 50(3).

We let X = (a,v, A) = (a,b, v, A) denote its generic element. Taking into account the semidirect product

structure of G one obtains
[Lie (7), Lie (Gy)] C Lie (7).

Since 7 is normal in G, the inner automorphisms define a natural action of SO(3) on 7 which preserves
the splitting 7 = 7, x 7;. Taking the adjoint action on Lie (7) = Lie (7;) @ Lie (7;) we have the brackets
[a,A] = Aa, a € Lie(7;), A € so(3), [b, A] =0, b € Lie (T¢), A € so(3), showing that

[Lie (75), so0 (3)] = Lie (7y)

[Lie (7¢), so (3)] = 0.

Moreover, by explicit calculation, one gets [b, v] = bv and [a,v] = 0, that is,
[Lie (T:), Lie (V)] = Lie (T;)
[Lie (75), Lie (V)] = 0.
In particular, the above relations show that Lie (7) is an ideal in Lie (G).
The Lie algebra of the covering group G* =T x’ (V x’ SU(2)) of the Galilei group is
Lie (G*) = Lie (7) @ Lie (V) @ Lie (SU(2))
=R*OR3 @ su(2),

where su (2) is the vector space of all 2x 2 skew Hermitian complex matrices. The covering homomorphism
§: SU(2) — SO(3) induces an isomorphism between the Lie algebras of SU(2) and SO(3). We denote it
by 0* : su(2) — so(3). The Lie algebras Lie (G) and Lie (G*) of the Galilei group G and its covering group
G* are thus isomorphic. We denote an element of Lie (G*) by X* = (a,v,B) = (a,b,v,B), B € su(2),
and we recall that, for instance, [v, B] = 6*(B)v and [a, B] = 6*(B)a.

4.1.4 The multipliers for the covering group

We compute next the multipliers of the covering G* of the Galilei group, which is a connected simply
connected Lie group. Hence, the problem is reduced to study the closed forms on its Lie algebra Lie (G*).

Let F' be a closed R-form on the Lie algebra Lie (G*). We observe that su (2) acts on V, endowed with
the usual inner product, as an irreducible orthogonal representation and on 7, endowed with the usual
inner product, as an orthogonal representation which is the direct sum of two non equivalent irreducible
representations acting on 7; and 7;, respectively.

Using the theorem 7.40 of [36] one concludes that F' restricted to Lie (Gf) x Lie (G§) and (Lie(7) &
su(2)) x (Lie (7) @ su (2)) is exact, so that there is a linear function ¢;: Lie (G*) — R such that

F(X,Y)=q([X,Y]), X,Y € Lie(Gy),
q1(a) =0, a € Lie (7).
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Let F/(X,Y) := F(X,Y) — ¢:([X,Y]), X,Y € Lie(G*). Then I’ is equivalent to F' and it is zero on
Lie (G§) x Lie (G§). Moreover, there is a linear function go on Lie (G*) such that

FIX,Y) = gu([X,Y]), X,Y € Lie(T) @ su(2),
@(v) =0, v € Lie (V).

Let F"(X,Y) := F/(X,Y) — 2([X,Y]), X, Y € Lie(G*). Then F" is equivalent to F' and it is zero on
(Lie (7) @ su(2)) x (Lie(7) @ su (2)) as well as on Lie (G}) x Lie (G}) since [Lie (V), Lie (G§)] C Lie (V).

Let b € Lie (7;) and v € Lie (V). Since Lie (V) = [Lie (V), su (2)] there exist v’ € Lie (V) and B € su(2)
such that v = 6*(B)v’ = [v/, B|. Hence,

F"(b,v) =F"(b,[v',B]) = —F"(B, [b,v']) = F'(v',[B,b]) =0
since [b,v'] = bv’ € Lie (7;) and [B,b] = 0.

We are left with the restriction of F” to Lie (V) x Lie (7;), that is, to R x R?. Let C be the operator on
R3 such that
F"(v,a) =v-Ca, v € Lie(V), a€ Lie(T;).

Since for all B € su (2)
F"(v,|a,B]) + F"(a,[B,v]) =0, v € Lie (V), a € Lie(7;),

one obtains that C6*(B) = §*(B)C?, B € su(2), where C* denotes the transpose of C. This then implies
that C is a multiple of the identity operator.

Collecting all the results, we have that, given a closed form F : Lie (G*) x Lie (G*) — R, there is a real
number m € R such that F is equivalent to F},, where F}, is given by

Fm(X17X2) = m(v1 ag —aj - V2)7

with X; = (a;,b;,v;, B;) € Lie (G*),i = 1,2. The form F,, is exact if and only if m = 0 and the forms
F,, and F,, are equivalent if and only if m = m/.

It follows that the vector space H?(Lie (G*),R) is one dimensional and its elements are the equivalence
classes [Fi,,], m € R.

4.1.5 The universal central extension

We close this Section by computing the universal central extension of the covering group of the Galilei
group. Since H?(Lie (G*),R) is one dimensional, G is of the form R x’ G*, where 7 is an analytic R-
multiplier for G* such that [F}] = [F;], as given in Lemma 7 of Section 3.2 of Chapter 3, and

Fl(Xf,XS) = Vji-ag —aj-Vvy,
with X = (az-,bi,vi,Bi) € Lie (G*),Z =1,2.

To compute 7, we proceed to show that G is, in fact, a semidirect product of R x 7" = R® and G§. This
can be done by studying the Lie algebra of G.

The Lie algebra of G is given by

Lie (G) = R @ Lie (G*)
=R ® (Lie(T) @ (Lie (V) @ su (2))),

with the Lie product

[(mlaxf)7 (mQaX;)] = (Fl(XikaX;% [XikaX;])a mi,ma € R7XT7X§ € Lie (G*)
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By a direct computation one can confirm that Lie (V) @ su (2) is a subalgebra of Lie (G),
[Lie (V) @ su (2), Lie (V) @ su (2)] C Lie (V) @ su (2),

with the identification of an element (v, B) € Lie (V) @ su (2) with (0,v, B) € Lie (G),0 € R®. As another
immediate observation one has that R @ Lie (7)) = R® is an Abelian subalgebra of Lie (G), again, with

the identification of (m,a,b) € R @ Lie (7) with (m,a,b,0,0) € Lie (G). In fact, R @ Lie (7) is an ideal

of Lie (G). Indeed, for (v, B) € Lie (V) @ su(2) and (m,a,b) € R @ Lie (7) one has

[(v,B), (m,a,b,)] =[(0,0,0,v,B), (m,a,b,0,0)]
(V s a, [(Vv B)7 (a’ b)])

(v-a, 6" (B)a+bv,0,0,0)
— (v, B)(m.a,b),

with p*(v, B) denoting the 5 x 5 real matrix

0 v 0
p*(v,B)=|06"(B) v |,
0 0 O

which acts on the (column) vector (m,a,b) € R®. This shows that Lie(G) is a semidirect product of
R @ Lie (7) with Lie (V) @ su (2) relative to p*. Therefore, G is a semidirect product of R x 7 and
V x’ SU(2), and it remains to determine the action of V x’ SU(2) on R x 7.

The action of (v, h) € V x’ SU(2) on R is given by the 5 x 5 matrix p(v, h) such that the differential at
the identity of p : (v, h) — p(v,h) is p*(v, B). Since p is a representation we can compute the action of
v and h separately.

Let B € Lie (su(2)). Then

p(0,e%) = e (OB

o0 1 .
= Z P (0, B)
n
n=0
1 0 O
=10 B0
0 0 1
Since /" (B) = §(eP) and the exponential map is surjective we have for h = e®
1 00
p(0,h)=[046(h)0
0 01

Let v € Lie (V) so that expv = v € V. By a direct computation one now gets

1v %vz
pv,)=e” VO = 0T v

00 1

Therefore,

1v-5(h) 1v?

p(v,h) = p(v,I)p(0,h) = | O o(h) v
0 0 1

The action of (v,h) € V x’ SU(2) on R® is thus explicitly given by

p(v,h)(m,a,b) = (m+v-d(h)a+ 3bv2 §(h)a+ bv,b).
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From that one may also extract the corresponding multiplier for G*. Indeed, for any (0, a;, b;, vi, h;) € G,
i = 1,2, the multiplication law is now given as

(0,a1,b1,v1,h1)(0,a2,b2, Vo, ho) =
(vi-d(h1)as + %bQVQ, a; + d(h1)ag + bavy, by + bo, v + §(h1)va, hihe),
which shows that
7(97,95) = V1 - 6(h1)az + 5bavi.

Since G = R x. G*, the group law in G is now given as follows: for any (c1,97), (c2,93) € G, with
97 = (@i, bi, vi, hi) € G*,¢; €R,

(er,97)(c2, 92) = (e1 + 2 +7(97, 92): 9192)
= (c1 + c2 + 3bavi +0(h1)ag - vi, g7 g5),
where we have fixed the vector [F}] as the basis of the vector space H?(Lie (G*),R).

Recalling that G* = 7 x’ (V x’ SU(2)), we observe first that A = R®> = {(a,b,c) : (a,b) € T,c € R},
with the identification (a,b,c) = (¢,a,b,0,1), and H = V x’ SU(2), with the identification (v,h) =
(0,0,v,h,0), are (closed Lie) subgroups of G, A being a normal Abelian subgroup of it. By a direct
computation one verifies that G = AH and AN H contains only the identity element (0,0,0,I,0) of G.
In other words,

G=Ax"H,

and the action of H on A is given as

(v,h)[a] = (v,h)(a,b,c)(v,h) "
= (6(h)a+bv,b,c+ 3bv2 +5(h)a- v).

4.2 The 2 4+ 1 dimensional case

From the physical point of view, the interest in the Galilei group in 2 4+ 1 dimensions arises in solid state
physics where some genuine examples of two dimensional systems can be found.

In this section we use the vector notation x for the elements of R?. The Galilei group in 2+ 1 dimensions
is

G=Tx'(Vx'S02),

where 7 = T, x T;, T, = R?, 7, = R, and V = R2. The semidirect product structure is the analogous
of the 3 + 1 dimensional case. The covering group is G* =7 x’ (V x’ R) and we denote its element as
(a,b,v,7), where a,v € R?, b € R and r € R. The kernel of the covering homomorphism § is

{(0,0,0,27k) : ke Z}.
The Lie algebra of G* is, as a vector space,

Lie (G*) = Lie (T) @ Lie (V) & Lie (R)
=R3pRZ@R,

We denote the elements of Lie (G*) by (a,b,v,r), with b,7 € R, a,v € R2.
4.2.1 The multipliers for the covering group and the universal central extension

A result of Bose [4] shows that H?(Lie (G*),R) is a three dimensional vector space and a basis is given
by the equivalence classes of the following closed R-forms:
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Fl ((a17 blavlar1)7 (aQa b27v27r2)) = 7”‘1b2 - TQbh
Fy ((a1,b1,v1,71), (az,b2,v2,7m2)) = vi-az — va - ay,

F3((a1,b1,v1,71), (a2, b2, va,72)) = vi AV,

where v Avy is a shorthand notation for v1,v2y —v2,v1y. Define F as the closed R3-form F = (Fy, Fy, F3).
To compute the corresponding R3-multiplier 7 of G*, we have to determine the simply connected Lie
group G} with Lie algebra

Lie (G%) = R® @ Lie (G*).

The algebra Lie (G%) is, in fact, a semidirect sum. This can be seen as follows. Write Lie (G%) = R? &
Lie (G*) ® R and its elements as (c1, c2, X, z) with ¢, o,z € R and X € Lie (G*) such that

[(c1,c2, X, 2), (1,02, X', 2")] = (F1(X, X"), Fo (X, X"), [X, X'], F5(X, X")).
By direct computation, the set
{(v,r,2) =(0,0,0,0,v,r,z) : (v,r,z) € Lie (V) @ Lie (R) ® R}
is a subalgebra of Lie (G7};) with Lie brackets
(v,r,2), (v, 1’ 2")] = (8(r)v,0,v A V)
where (v, r,x), (v/,r’,2') € Lie (V) @ Lie (R) @R. If H =V x R x R is the Lie group with the product
(v,r, ) (v, 2y = (v+o(r)V,r+71 x+ 2" +vAd(r)V'),
then one can check that its Lie algebra is Lie (V) & Lie (R) ¢ R.
Moreover, the set
{(c1,c9,a,b) = (c1,c2,a,b,0,0,0) : (c1,c2,a,b) € R* @ Lie (7)}
is an Abelian ideal of Lie (G%) isomorphic to Lie (R? x 7).
Taking into account the previous results and the fact that, as a vector space,
Lie (G3) = (R*> @ Lie (7)) @ (Lie (V) @ Lie (R) ® R),
the Lie algebra Lie (G%) is isomorphic to the semidirect sum of Lie (R? x 7') and Lie (H).
Explicitly, if (v,7,z) € Lie (H) and (c1, co,a,b) € Lie (R? x 7) one has

[(v,r,z), (c1,co,a,b)] = (rb,v - a, 5(7“)& + bv,0)

= p(V, r, x)(01, Co,Q, b),

where p(v,r,x) is the 5 x 5 matrix

00 0 r

00 v 0
plv,ryz)y=1| 00 0 —r ,

00r 0

00 0 O

which acts on the column vector (c1,c2,a,b) € Lie (R? x 7).

If p is the representation of H such that its differential at the identity is p, then G} is the semidirect
product of R? x 7 and H with respect to p. A simple calculation shows that
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10 0 O

01 v %VQ
p(v,0,00=10010
0001 Y
00 O 1
10 0 r
01 0 O
p(0,7,0)=1] 00
005(T)O
00 0 1
10 0 O
01 0 O
p(0,0,z) =100 10 0
0001
00 0 1

Hence the action of H on R? x 7 is given by
bv?
(vyr,z)[(c1,c2,a,b)] = (c1 + bryca +v-d(r)a+ - d(r)a—+bv,b).
If g = (c1,¢2,a,b,v,r,z) and ¢’ = (¢}, ch, &',V , v/, 7', 2') are in GF, then

b'v?
99 = (c1 + ¢, +brco+ch+v-d(r)a +

,a+d(r)a’ +b'v,b+ b,
v+a(r)Vr+rx+a’ +vAs(r)v),
so that the explicit form of 77 = (71, 72, 73) is

Tl(gvg/) = b/’l"
72(9,9') = v-é(r)a’ +b'v?/2
73(9,9") = v AI(r)V'.

By Theorem 2, the equivalence classes [11], [12], [73] form a basis of H2(G*,R). Moreover 7, and 73 satisfy

the condition
Ti(k,9%) = 1(g%, k), k€ Kero, g* € G*,

while 7, does not. It follows that dim H?(G*,R)s = 2, T = (72, 73) and the universal central extension G
is of the form R? xZ G*. We observe that G is the semidirect product of the closed vector subgroup

A=T xR={(a,b,c) ~(c,a,b,0,0,0) : ce RiaeT,,beT;}
and the Lie subgroup H
H={(v,r,2) ~(0,0,0,v,r,z) : vV ,z,r R}
with respect to the action of H on A given by

(v,r,z)[(a,b,c)] = (6(r)a+ bv,bc+v-d(r)a+ b%)

Finally, one has that

K ={(0,0,¢,0,2mn,z) : c,x €R, n € Z} ~7Z x R?.
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Galilei invariant elementary particles

In this Chapter we apply the general theory of symmetry actions as developed in Chapters 2 and 3 to
the Galilei groups of Chapter 4 splitting the treatment again in the 341 and 2+1 dimensional cases. We
find it worthwhile, however, to start with a general analysis of the constraints imposed by the relativity
principle on the description of a physical system in quantum mechanics.

5.1 The relativity principle for isolated systems

The description of physical phenomena is always done according to the choice of a reference frame so that,
in particular, the quantum mechanical description of a system is given with respect to a chosen frame. In
the following we also use the term observer as a synonym for a reference frame. The relativity principle
deals with the comparison of the descriptions of a physical system with respect to different observers. In
order to do this one selects a preferred family of reference frames, namely the inertial observers.

The transformations between the space-time coordinates of inertial frames form a group G that we call
the covariance group of space and time. Clearly G acts transitively and freely on the set of inertial
observers. It is a basic experimental fact that this group is the Poincaré group though in many physical
situations this group can also be approximated by the Galilei group. In view of this fact, we first discuss
the relativity principle without specifying the explicit form of G.

Let S be a physical system. According to the general rules of quantum mechanics any inertial observer
F describes S by fixing a Hilbert space Hp and identifying states and observables with suitable sets of
operators on Hp. It is no loss of generality to assume that the Hilbert space Hr does not depend on F',
hence we denote by H a fixed complex separable Hilbert space used by all inertial observers to describe
S. We also assume that all inertial observers identify states and observables of S with operators on H
according to their own coordinate system.

Moreover, we assume that the dynamical evolution of each observer preserves the natural structures of
the sets of states and observables. This amounts to saying that, given any observer F', for all ¢1,t, € R
there exist Dp(t1,ts) satisfying

DF(tl,tQ) c X
Dp(ta, t3)Dp(ti,t2) = Dp(ti, t3)
Dr(t,t2) = Dp(ta, 1)~

for all t1,¢2,t3 € R. The mapping Dp(t1,t2) represents time evolution from ¢; to ¢y according to F.
Any observer F' associates to the evolving system S a dynamical state, namely a map
Rot—Tp(t) €S

such that Tr(t2) = Dp(t1,t2)Tr(t1) for all t1,¢5 in R. This map is completely determined by Dp and
Tr(0), that is the state that F assigns to S at the origin of his time. Hence, any observer identifies his set



of dynamical states with the set of states S mapping each dynamical state to the corresponding initial
state. Note that this identification depends on the observer F' and on the dynamics.

Two inertial observers F' and F’ describe the same evolving system in general with two different initial
states T and T” and this defines a bijective function sF':8 '8 mapping T to T”. It is natural to
assume that sg/ preserves the structure of the set of states, so that sg/ € Y. Moreover, by definition,
sk sk = sE" must hold for all inertial observers F, F’, F"". Since the group G acts transitively and freely

on the set of inertial observers, we will denote the map sgl as sp,q, where g € G is the only element in
G such that gF = F”. Hence we have

SgF,hSF,g = SFhg g:heG. (5.1)

It is important to note that this relation determines uniquely sp 4 for all F' and all g if sp, 4 is known for
all g and for a fixed inertial observer Fy. In fact, suppose that sg, 4 is given for all g and let F' = hFy. If
one defines sp 4 = SFO,ghSE[)lh, then, given h' € G, one has

1
Sh'F,g = SFo,gh'hSEy h'h
_ 1 1
= SFo,gh'hSFy hSFo,hSFy,h'h
1
= ShFo,gh' SpEy,n'

= SEgh' S
so that the maps sp 4 satisfy (5.1).

The relativity principle states that all inertial observers are equivalent for the description of isolated
systems. This principle is implemented in quantum mechanics in the following way: if S is an isolated
system, the map s, depends only on the element g of the group G and not on the observer F. From
Eq. (5.1) and the relativity principle it follows that for an isolated system the map G 3 g+ sy 1= sp 4 € X
is a group homomorphism (which does not depend on the choice of F'). Moreover, it is natural to assume
that this homomorphism is continuous, so that the relativity principle associates to any isolated system
a symmetry action of the space-time covariance group G.

As a consequence of the relativity principle and the results obtained in Chapter 3, one sees that the isolated
and elementary systems are described in quantum mechanics by the irreducible unitary representations
of the universal central extension G of the covariance group G of space-time. In the following sections,
we apply this fundamental result to the case of G being the Galilei group both in 3 + 1 dimensions and
in 2 + 1 dimension. However, to close this part, we discuss briefly the case of non isolated systems.

5.1.1 Galilei systems in interaction

For a non isolated system the maps sg 4, depend in general both on F' and on g. However in the case of
Galilean relativity, the peculiar structure of the Galilei group allows us to guess the dependence of the
maps sg,4 from F' and g also in the case of non isolated systems.

The Galilei group G can be written as
G=H x'1T,,

where H = (7, x V) x’ SO(3) is the isochronous subgroup and 7; is the subgroup of time translations.
The subgroup H is normal in G and 7; acts on H as

b[(a7 v, R)] = (a - bV, v, R)
Any element g of G' can be written, in a unique way, as g = hb with h € H and b € 7;.

Observe that, if b is an element of the time translation subgroup 7; and F' is any inertial observer, by
definition we have

SFEb = DF(Oa _b)v (52)
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where D is the time evolution operator of F.

Let now S be a physical system and assume it is isolated. As explained before, there is a symmetry action
g — 84 associated to S. To stress the fact that s, refers to a free system, we denote it by sg. Suppose now
that the same system is subject to an interaction. Then the maps s, will in general depend also on the
observer F'. However, fixing an inertial observer F (the laboratory), if h is an element of the isochronous
subgroup, Fy and hFy have the same origin of the time, so that it is natural to assume that the map
SFy,h is the same than in the free case, that is, we assumes that

SFy.h = sfl h e H. (5.3)

If g = hb € G then (5.1) implies SFy,g = SFy,hb = SbFy,hSF,,b- Lhis suggests to assume that

sFyg = 5h DRy (0, D) g=hbeg. (5.4)

As mentioned before, the above relations, together with (5.1) fixes uniquely the maps sg 4 for all F' and
g for the interacting system S. Explicitly, let g1,92 € G, g1 = h1b1, go = hoby and consider the inertial
observer F' = g1 Fy. Then

SF,92 = Sg1Fo,92

—1
SF0,92915F,, ¢,
_ —1
= SFo,haba[h1]b2b15Fy gy

= 8 pa i) Do (0, =02 = 1) Dy (0, 1) ™'s

= S{Lsz[hl]DFO(_bl’ —b2 — b1)$£1_1
This is consistent with (5.2) only if the dynamical evolution operators satisfy
.DF(O7 bg) = sl);[hl]DFo(_bh —b2 - bl)sifl

for F = hlbng.

Moreover, one verifies that this construction is independent of the choice of the “laboratory frame” Fj.
In particular, if go = ho € H,

_ VA——
SFhy = 'Shzhl Sh;1 - Shg'

5.2 Symmetry actions in 3 4+ 1 dimensions

To determine the unitary irreducible representations of the universal central extension G = R® x’ G of
the Galilei group G we follow the prescription of Sections 3.3 and 3.4 of Chapter 3.

5.2.1 The dual group and the dual action

Any quintuple (p, E,m) of real numbers defines a character y of the vector group A = R® through the
formula:

x(a,b,c) = gl(-patBbime) (a,b,c) € R?,
(for sake of convenience, we have chosen the minus sign in the first term of the exponent). On the other
hand, it is well known that all the characters of R? are of this form. Therefore, the dual group A can be
identified with the additive group R®, for which we use the notation P°. The elements of P° are denoted
by p = (p, E,m).

Since the action of an element g = (a,b,c,v,h) € G on A = R? is given by
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gl@', v, )] = (s(h)a’ +b'v, b, + 3b'vi+v-§(h)a’),
with (a’,V/, ') € A, the dual action on A="P5is
gl(p, E,m)] = (8(h)p +mv, E + 3mv® +v - §(h)p,m),

with (p, E,m) € P5.

5.2.2 The orbits and the orbit classes

The action of G on the dual group P° splits it into three kinds of orbits.

For fixed E,,m € R, m # 0, consider the point pg, ., := (0, E,,m) € P5. Its orbit is

Clpe, ] = ((p.Em) |p e B E= B, + B

Similarly, the orbit of a point p, := ((0,0,7),0,0) € P5, with a fixed r € R, r > 0, is
Glp,] = {(p, E,0)|p € P3,|p| =1, E € P}.

Finally, the orbit of a point pg, := (0, E,,0) € P° is the singleton set

Glpe,] ={(0,E,,0)}.

By a direct inspection one observes that these three classes of orbits exhaust the whole set P?, and that
these orbits are closed, and thus also locally closed in P5.

Any character of G is of the form yy, where y = (0, E,,0) € P5 and x is a character of G%. Since G is
also a semidirect product, G =V x’ SU(2), its characters are of the product form, too. But V = P3 has
only the origin as a one-point orbit and SU(2), as a simple Lie group, has no nontrivial characters. Thus
any character of G is of the form

G = (a,b,c,v, h) — e,

with F, € P. The orbit classes are the following: for any m > 0,
Op, = Ug, ez (Glpiey,m) U Glpiy,—m))

for any r > 0, B
O? = é[pTL

and, finally,
03 = UEOE]Ré[(O, E,, 0)]

5.2.3 Representations arising from 67171

In the orbit class O} we choose the orbit G[pg ). The function
2 —
P3 > p = (p7 ;Tn’m) S G[pOm]

defines a global coordinate system (surjective diffeomorphism) of P? onto G[pg ).

The dual action of G on G[pg ] induces an action on P3, for any g = (a,b,¢,v,h) € G and for each
p € P’
glp] = 6(h)p + mv,
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(notice that the action of G} is the natural action of the Euclidean group on P3). The Lebesgue measure
dp is a G-invariant o-finite measure on P2 and the stability subgroup of the point pog,,, of the orbit
G[po.m], that is, of the point 0 € P3| is readily seen to be G, = A x’ SU(2). The map :P? — G
p= (0,0,0, %’I)a

has the properties 3(0) = (0,0,0,0,I) and 3(p)[0] = p, p € P3| showing that 3 is an (analytic) section
for the action of G' on Glpo,m) and that § takes values in GJ. With this section one has that for each
g=(a,b,c,v,h) € G and p € P3,
2
p b-a

)

,b,c+ —b—=——,0,h).
2m m

3(p) 505~ o)) = (a— 2

The group SU(2) is a compact, connected, simply connected Lie group and it is well known that
all its irreducible unitary representations are of the form I acting on the Hilbert space C%*1, with

7 =0, %7 1, %, 2,---. Thus the (p,,D7)-induced irreducible unitary representations U(m3) of G acting on

L?(P3,dp,C?*1) are of the form

(U™ f)(p) = P TR0 F M) i () 1(5(h)(p — mv)),

for any f € L?(P3,dp,C¥*!), p € P3, g = (a,b,c,v,h) € G. According to the results of Section 3.3.4, the
representations U™7) m > 0,7 = 0,1 1, %, 2,--- are all physically inequivalent representations arising

from the orbit classes 6}71, m > 0.

5.2.4 Representations arising from the orbit class (57%

Consider next the orbit G[p,], and let S; denote the unit sphere centered at the origin of P3. The function
S1 x P> (u,E)~ (ru, E,0) € Gp,]

is a diffeomorphism allowing one to identify the orbit G[p,] with the manifold S; x P. The action of G
on G[p,] can again be transferred to an action of G on S; X P,

(a,b,c,v,h)[(u, E)] = (6(h)u, E 4+ rv - d(h)u),
where g = (a,b,¢,v,h) € G and (u, E) € S; x P.

Let d{2 denote the unique normalized rotation invariant measure on the sphere S; and let dE denote the
Lebesgue measure on P. The product measure df2dE is then a G-invariant o-finite measure on S; x P.

The point p, of the orbit G[p,] corresponds to, the point ((0,0,1),0) € S; x P. To determine the stabilizer
of this point we observe that

(07 0,0,v, h)[((oa 0, 1)7 0)] = ((Oa 0, 1)7 O)

if and only if 6(h) is a rotation of the sphere S; around its south-north axis and v is of the form (vq, v2,0).
Since

itz cost sint 0
(e 0 it/2) = | —sint cost 0|,
¢ 0 01

we observe that the stability subgroup of the point ((0,0,1),0) € S; x P is

Ax"E(2)=Ax"{(v,h) € Gi|v = (v1,v2,0),v1,v2 E R, h = (8 291> ,z €T}

Consider now the function 3: Sy x P — G,
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uaE = O,O,O,Eu,hu s
( v

where hy € SU(2) is such that §(hy)(0,0,1) = u. Using the polar coordinates 6 € [0, 7], ¢ € [0,27) one
has
u = (sin @ cos ¢, sin 6 sin p, cos )

b e /2cos § —e~/2gin g
" e#/2sin g e¥/?cos §

so that

and thus
cos 6 cos p —sin ¢ sin f cos ¢

0(hy) = | cosfsing cosp sinfsing
—siné 0 cos
Clearly, 3((0,0,1),0) = (0,0,0,0,1) and §(u, E)[((0,0,1),0)] = (u, E) for all (u, F) € S; x P, showing
that o is an (analytic) section for the action of G on the orbit G[p,] taking values in G%. Using the
polar coordinate representations of u, hy, and d(hy), one may also easily compute that for any g =

(a,b,c,v,h) € G,(u,E) € 51 x P,
o(w, B) " go(g~ [(w B)) = (0w, E) " [(a,b, )], —v - u(0,0,1) + 6z )v, b b))
Since (3(hg')v)s = u - v and §(hg hhs(-1ya)(0,0,1) = (0,0, 1) one confirms that
o(u, B) " go(g " (w B)) € Ax' E(2)
for all g = (a,b,c,v,h) € G.

Let L be a unitary irreducible representation of the stability subgroup E(2) acting on a complex separable
Hilbert space K. The (p, L)-induced representation U"%) of G acts then on L?(S; xP, df2dE, K) according
to

UM ) (u, E)
= P L(3(u, B) (v, h) B((v, h) " (w, B))) fF(6(h™ )w, E = v - ),

for any f € L?(S; x P,d2dE,K), (u,E) € S1 x P, g = (a,b,c,v,h) € G.

To determine the representations L of F(2) we exhibit first its semidirect product structure. For v =
(v1,v2,0) € R? we define

&(v) == vy —ivs.

With this definition the product (v1, h1)(va, he) = (v, h) of two elements of E(2) is given by

2 2172 0
= B h = _ 5
) = stetwa) s = (52 0 )
showing that F(2) can be identified with the semidirect product C x’ T, with the multiplication
(&1,21) (&2, 22) = (22& + &1, 2122). The action of T on C is thus given by z[¢] = 22¢. The irreducible
unitary representations of F(2) can thus be induced from the irreducible unitary representations of the
stability subgroups of the points of the orbits of C, the dual group of C.

For any w € C, the mapping
ww(g) — eiRe (wg)

is a character of the additive group of complex numbers C, and all the characters of C are of this form.
In fact, the map C — C,w — zy, is a group 1som0rphlsm The (dual) action of T on C is easily seen
to be z[xy,] = #.2,, for all z € T,w € C. The orbits in C are then the singleton set {0} and the circles
O, :={w € C||w| = p} p > 0. In the first case the stability subgroup is T itself. To find the stability
subgroup for the case p > 0, fix the point w = p € O,. Since z[p] = 2?p = p if and only if z = £1,
we observe that the stability subgroup of the point w = p of the orbit O, is the two-element group
Z? ={1,-1}.

48



Consider the orbit {0}. The unitary irreducible representations of T are the characters z — 2™, n € Z.
The induced unitary representations L%" of E(2) act on C as multiplications by 2", that is, L(()g’”z) = M,n.

Consider next an orbit O,, p > 0. The invariant measure on it is the normalized arc length %, and the

irreducible unitary representations of Z?2 are the trivial constant 1 representation and the one for which

1+— 1, —1 — —1. The corresponding induced representations of F(2) act on L*(O,, %, C) and they are

(L?_&:Z)f)(w) = ¢iRe (wg)f(z—zw)7
(L(EV,Z)f)(w) = t¢'Re (wg)f(zﬂw)’

where the sign 4+ depends on the choice of the section c.

5.2.5 Representations arising from the orbit class o3

The stability subgroup of the orbit G[(0,0,0)] = {(0,0,0)} is the whole group G7. Let IT be a unitary
irreducible representation of G acting on K. The Hilbert space of the induced representation U% of G
is then L?({(0,0,0)}, 14(0,0,0), K) ~ K and it is defined by

U e =T, feK.

All the induced representations arising from the different orbits G[(0, F,0)] in (’3(070,0) are physically
equivalent.

5.3 Symmetry actions in 241 dimensions

5.3.1 Unitary irreducible representations of G

Like in the 3+1 dimensional case the universal covering group G is a semidirect product so that we may
again apply the results of Section II. 3.4 to classify the irreducible inequivalent representations of G. Let
A be the dual group of A. We identify A with P* using the pairing

<(pa E7m)7 (aa b7 C)> = —p-a + Eb + mec.
The dual action of G on A is

01D, )] = (30 + v, B+ 5(r)p v + Jmv2,m),

where g = (a,b,¢,v,r,2) € G. We have the following orbits for the dual action.

1. Foreachl € R, [ > 0, o
G[(p1,0,0)] = {(p, E,0) : p*=1%},

where p; = (0,1).

2. For each F € R,

G[(0,E,0)] = {(F,0,0)}.
3. For each m, E, € R, m # 0,

Gl(0,E,,m)] = {(p,E,m) : E— p—m = B}
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All the orbits are closed in A, hence the semidirect product is regular and Theorem 4 can be applied.

The set of singleton orbits is R
As ={(0,E,0) : E€R},

and the orbit classes of G are the following:

1. foreachl € R, [ > 0,

O} = Gl(p,0,0)];

@ = | i, B,0)};

EeR

3. for any m > 0,

03, = |J (Gl(0,E,,m)] UG[(p, Eo, —m)]).
E,eR

In the sequel we will exploit in detail only the third case, that presents some interesting physical features.
Let m > 0 and p,, = (0,0,m) € O3,. The stability subgroup
Gy, NH={(v,r,x) € H : v=0}

is isomorphic to R? and its irreducible representations are its characters. Explicitly, A, u € R define the

character of G, N H
(0,7, 2) > eATelhr

Now we observe that

1. ify € Ay, y #0, then yGlpm] # Glpml;
2. Glpm] # Glpm] ™Y

3. the characters of H are of the form
(v,r,x) — e,

According to Theorem 4, every irreducible representation of G living on an orbit class (5pm is equivalent
to one of the form U™* :Indg (D™*) where D™ is the representation of G, ,

Pm

(a,b,¢,0,7,2) — gilmetaz)

Moreover, the set {U™* : m,\ € R, m > 0} is a family of physically inequivalent representations of G.

To compute explicitly U™, we observe that the orbit

Glpm) ={(p,E,m) : E— % =0}

can be identified with P? using the map

2

P25 p e (p, ;)mm> € Clpm].

With respect to this identification the action of G on the orbit becomes
(a,b,¢,v,r,z)[p] = 6(r)p + mv

so that the Lebesgue measure dp on P? is G-invariant. We consider the section
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3:P*—G p— (0,0,0,%,0,0)

for the action of G on P2, The representation U™ of G acts in L?(IP?,dp) as

b

(U ) (0) = €l (P Tpatme) At (omamvans) £ (5(—p) (p — mv).

(ab,c,v,rz)

From the explicit form of U™? one readily gets that the angular momentum, i.e. the selfadjoint operator
that generates the 1-parameter subgroup of rotations, has only the orbital part, so that the elementary
particles in 2 + 1 dimensions have no spin. However, they acquire a new charge A\ which is not of a
space-time origin, but arises from the structure of the multipliers. If A 0, the two linear momenta do
not commute.

We add some final comments.

1. The characters of G* are -
G* 3 (a,b,v,r) > Bl ¢ T,

where E, 1 € R. The set V' of characters of K that extend to G* is
V ={(¢,0,0,0,2mn,2) — 2" : z€ T} ~T.

The group V is a closed subgroup of K = P2 x T and K, = R2. Applying Corollary 5, H%(G, T) is
isomorphic to R2. In particular, any T-multiplier of G is equivalent to one of the form

(@ by ), (Vv YY) o R+ 30V ARG a0
where m, A € R?, v = (v1.v2) and v/ = (v/1.0'3).

2. From the explicit form of the characters of G* one has that, for all E, u € R, the representation

ei(Eb-‘rur) Um,)\

(a7 ba C,V,T, LC) = (a,b,c,v,r,x)

is physically equivalent to U™?*. Hence the angular momentum and the energy are both defined up
to an additive constant. For the energy this phenomenon is well known in 3 + 1 dimensions, while it
does not occur for the angular momentum.

3. The admissibility condition (3.6) gives rise to two superselection rules that do not allow superpositions
of states with different mass m or with different charge A. However, there is no superselection rule
connected with the spin.
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6

Galilei invariant wave equations

According to the results of previous sections, a free elementary quantum object which is invariant under
the Galilei group is described by an irreducible unitary representation of the corresponding universal
central extension. The representation acts on a Hilbert space of square integrable functions over the
momentum space so that the vector states of the system are functions of the linear momentum and
energy. This description is unnatural when the object is interacting with an external field, which is a
function of space-time variables. In such a case one would like to characterise the states of the system as
solutions of wave equations, which are partial differential equations in the space-time variables. Usually
these equations are deduced from a Lagrangian which is invariant with respect to a suitable representation
of the symmetry group and the states of the system are regarded as classical (differentiable) fields. But in
doing so one hides the Hilbert structure of the theory and the mathematical problems connected with the
fact that state vectors are, in general, only square integrable and not necessarily differentiable functions.

To overcome this problem we describe in Section 6.1 vector states as vector valued distributions on
the space-time that are weak solutions of invariant local operators, called wave operators. These wave
operators are characterised by the below Theorem 5 and we use this result to describe the Galilei invariant
wave equations both in 3 4+ 1 and in 2 4 1 dimensions.

Section 6.2 is devoted to study the 3+ 1 dimensional case. For each elementary particle we find two classes
of wave equations. The first one is the usual Schrodinger equation, which is a second order differential
operator and which is not invariant with respect to the Galilei group, but only with respect to its universal
central extension. This fact reflects the true projective character of unitary representations associated
with Galilei invariant objects.

The main feature of the second class is that the wave operator is a differential operator of the first order
in the space-time variables as the Dirac equation for the relativistic electron. If the interaction with
an electromagnetic field is introduced on this latter wave equation by means of the minimal coupling
principle, the particle acquires an internal magnetic momentum with gyromagnetic ratio g = %, where j
is the spin of the particle. We notice that, if one introduces the interaction on the Schrodinger equation,

one does not obtain any coupling between spin and magnetic field.

Section 6.3 describes the 2+ 1 dimensional wave equations. In this case there are two kinds of elementary
particles that can describe physical systems. The first one does not admit wave equations at all, whereas,
for each particles of the second class, there is essentially only one wave equation of first order and such
that the vector space where the distributions take values has minimal dimension. The particles described
by this wave equation interact with an electromagnetic field as three-dimensional spin-1/2 particles.

6.1 Wave equations

In this section we briefly recall the main results on the wave equations, following the theory developed
in paper [11].



To begin with we recall some basic definitions concerning distributions, see [22] for a full account. Given
n € N, let D(R™) be the space of C* functions f : R" — C with compact support and D'(R™) the
corresponding space of distributions, that is, the space of (continuous) linear functionals

T:DR") = C, f=(T,f)
We recall that any continuous function ¢ : R™ — C defines a distribution Tj as

Tof)= | ola)f(x)dr,

where dz is the Lebesgue measure on R". In the following we identify Ty with ¢. Finally, the support of
a distribution T is defined as the smallest closed set supp 7" C R™ having the following property: for all
f € D(R™), if supp f Nsupp T = 0, then (T f) = 0.

In order to take care of the spin of the object we have to consider vector valued distributions. For any
m € N, we let D(R™)™ and D' (R™)™ be the m-fold Cartesian products of D(R™) and D’ (R™), respectively,

and we write
m

(T, f) = _(Ti, f:),

i=1
where T = (T4, ..., Tn) € D'(R")™ and f = (fi,..., fm) € D(R")™.

To give the definition of an invariant wave equation we replace, as usual, the Galilei group G by its
universal central extension GG. The group G is a semidirect product A x’ H, where H is a Lie group and
the normal Abelian factor A is R™, with n = 5 in 3 + 1 dimensions and n = 4 in the 2 + 1 dimensional
case.

It is natural to assume that spin is invariant with respect to translations and that it transforms according
to a representation L with respect to the action of the homogeneous part. Hence, we fix a finite dimensional
representation L of H acting on C™.

To simplify the notation, we extend L to a representation of G in a trivial way,
L(a,h) := L(h) aeR" heH.

We use it to define a geometric action of G' on D’(R™)™ in the following way: given g € G, for all
T € D'(R™)™, define AzT as the distribution

<A§T7 f> = <Ta f§> f € D(Rn)ma

where, for all f € D(R")™, B
(f9)(@) = L(9)' f(glz]) = eR",

and L(g)! is the transpose of the matrix L(g).

One can check that Ag7T is well defined and g — Ajg is a (differentiable) representation of G acting on
D'(R™)™, see, for example, [35] for definitions.

Since C™ is a complex vector space, we can also consider the adjoint representation L*, that is,
L*(g) =LE~")" 7E€G,

where L(g~')* is the adjoint (transpose and complex conjugate) of L(g~1). As above, we let
(AT, f) = (T, f7) aeR,

where -

(f7)(@) = (L) (@) f(glz])) = LG~ f(glz]) = eR™
The use of the transpose matrix is motived by the following fact. If 7' € D'(R")™ is the function ¢ :
R™ — C™ and g € G, then AgT is the function
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(AgT)(x) = L(g)p(g '[x]) xR,
and AET is the function
(AsT)(z) = L*(9)p(g '[z]) = eR™

With the above background the definition of an invariant wave equation can now be given.

Definition 16. An L-invariant wave equation is a family (D;)Y, of continuous operators on D'(R")™
satisfying the following conditions.

i) Forany T € D'(R")™ andi=1,...,N,

supp D;T C supp 7. (6.1)

11) For each i = 1,..., N, one of the following two conditions holds:
A5(D;T) = D;(AgT) geG, TeD R, (6.2)
AZ(DiT) = D;(AgT) geG, TeDR")™ (6.3)

i1i) The vector space of weak solutions of the system

DT =0,
(6.4)
DNT = 0,

contains a unique subspace H such that H is a Hilbert space with respect to a suitable sesquilinear
form (-,-),,, inducing a topology finer than the original one, and the action of A on H is invariant,
unitary and irreducible.

A continuous operator on D'(R™)™ that decreases supports, that is, has the property (6.1), and which
satisfies condition (6.2) (resp. condition (6.3) ) is called an invariant wave operator (resp. *-invariant
wave operator).

The above definition is motived by the following observations. The need to define wave equations in
terms of N wave operators is in order to take care of the fact that the group A is bigger than the physical
space-time R* (or R?). Condition (6.1) is the requirement that the physical system be described by local
dynamical laws. Conditions (6.2) and (6.3) assure that the kernels of the operators D; are G-invariant.
In particular, the first one is natural from a geometrical point of view and the second one implies that
the formal Lagrangian functions

L) =Y [ BT de

are G-invariant. Finally, the system of equations (6.4) singles out exactly one elementary system, namely
the one described by the unitary irreducible representation U, where U denotes the restriction of A to
H. In the following, we say that the wave equation defined by the system (6.4) is associated with U.

Now we fix a G-elementary particle, described by a unitary irreducible representation U of G and we are
searching for wave equations associated with U. The following theorem gives a classification. To state the
result we wish to recall some facts. Since A is the vector space R, its dual is P = R".

The dual space P" of R™ can be split into a disjoint union of orbits of a family of points {p,}se; C P", that
is, P" = Use1Glps], where, for s # t, G[ps]NG[ps| = 0. Moreover, every unitary irreducible representation

of G is equivalent to one of the form Indg (ps ® m), where 7 is an irreducible unitary representation of
P

s

H, = éps N H acting on K. We denote by Homp, (Kr;C™) the vector space of continuous operators
from K, to C™ that intertwine the representations m and L, viewed as representation of H,,.

The representation U is thus of the form U = Indg (po ® 7) for some py € P* and some irreducible
PO

unitary representation 7 of Hy,, = G, N H.
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Theorem 5. For any p € P, let (M1(p), ..., Mn(p)) be complex m x m matrices satisfying the following
conditions

1. foralli=1,...,N, the map p — M;(p) is polynomial;

2. for eachi=1,...,N, one of the following two conditions is satisfied,
L(h)M; (™ [p]) L(h™") = M;(p) 5)
L(h)* M;(h~ [p])L(h™") = M;(p) 6)

for all h € H and p € P™;

3. there is unique, up to a constant, B € Hompy, (K;;C™), B # 0, such that
M;(po)B =0

foralli=1,...,N;

4. for any irreducible representation Ind% (ps @ ™) not unitarily equivalent to U and for all B €

Ps

Hompg, (Kr;C™), B #0, there exists an i =1,..., N, such that

Mi(ps)B 7é 0

Foralli=1,...,N, define the operators D; as
(DT, f) = (T, F ' M} Ff), (6.7)

where T € D'(R™)™, f € D(R™)™ and F is the Fourier transform. The operators (D1,...,Dy) are an
L-invariant wave equations associated with U.

The above theorem holds under two technical assumptions, which are always satisfied for the Galilei
groups. First of all, the G-invariant measure v on the orbit G[pg] defines a tempered distribution T, by
means of

(T, f) = / f() du(a),

Glpo]

see [22] for definitions. Moreover the representation L is at most of polynomial growth on Glpo] , that is,

IL(B@)II < CA+I[p*)  p € Glpol,

where C' > 0 and k € N are suitable constants, |p| is the Euclidean norm of p, [[L(3(p))|| is the usual
matrix norm and § is a section from G[pg] to H.

The proof of this result uses in a deep way the theory of quasi-invariant distributions, [7]. The reader
may wish to consult [11] for a proof. Here we stress only the following facts.

Remark 5. The condition that Indgps (ps ® m) is not unitarily equivalent to U implies that either ps # pg
or, if ps = pg, 7 is not equivalent to 7.

Remark 6. Equation (6.5) implies that, for all s € I, M(p,) € Hompy, (C™;C™) and Eq.( 6.6) that
M(ps) € Homp, (C™; (C™)*), where (C™)* denotes the vector space C™ endowed with the representation
adjoint to L. In both cases, M (p,) defines uniquely M (p) on the corresponding orbit G|ps].

The condition in item (3) of Theorem 5 implies that the space Homp, (K;;C™) is non-zero and this
is equivalent to the fact that L restricted to Hp, contains 7 as a subrepresentation. In the same way,
condition in item (4) has to be checked only for representations 7 that are contained in L.
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We close this section with some further observations. Since the unitary equivalence is stronger than the
physical equivalence, the equivalence class of U is not uniquely defined by the quantum system and,
hence, we can obtain different wave equations associated with the same elementary particle. This is not
surprising since, for instance, the Hamiltonian operator is defined only up to a constant and hence also
the Schrodinger equation. Obviously, the physical content of the theory has to be the same in all those
cases.

Due to the fact that the matrices M;(p) are polynomial in p, F~1 M!F f is in D(R™)™ for all f € D(R™)™,
so that Equation (6.7) is well defined and it implies that the wave operators D; are finite order differential
operators with constant coefficients, that is,

0
D: = ;CV oixy...0xy,’

where v = (v1,...,1,) is an integer multi-index and C,, are constant m X m complex matrices. Moreover,
since D; are differential operators, one can also prove [11] that the vector states of the elementary particle,
which are solutions of the wave equation, are in fact tempered distributions. Finally, the degree of the
polynomial M;(p) defines the order of the differential operator D;. It is always possible to reduce the order
of the corresponding differential equation D;T = 0 by adding auxiliary degrees of freedom, nevertheless,
in general, one obtains wave operators that do not satisfy Eq. (6.2) or Eq. (6.3). Therefore, it is of interest
to find representations L of H admitting wave equation given by first order differential operators. In this
case we say that the wave equation is of Dirac type.

In paper [11], the following stronger result is proved. If the two technical assumptions mentioned after
Theorem 5 hold for every orbit G[ps], s € I, then, every L-invariant wave equation (D1,...,Dy) is of
the form given by Theorem 5.

6.2 The 3 + 1 dimensional case

From Chapter 5 we know that the free elementary Galilei objects in 3 + 1 dimensions having physical
meaning are describe by mass and spin. Thus we fix the mass mg > 0 and the spin j with 2j € N and we

search for the wave equations associated with U(™04) = Indg (po ® D7), where pg = (0,0,mg) and D’
PO

is the representation of SU(2) acting on C%/*!, see Section 5.2.3 of Chapter 5 for the notations.

We define the Fourier transform between A = R? and A = P5 in a such way that it gives the following
correspondence between the multiplicative operators on D’(P?) and the differential operators on D’(R?):

p < iV
0
E — —i—
T o
(—)—Iﬁ
c 285'

The first step is to select a finite-dimensional representation L of H. In the final section of this chapter
we shall briefly present a method to obtain finite-dimensional representations of H. To choose among
them, we can consider two different kinds of constraints. The first one is that the vector space carrying
the representation L has a minimal dimension. On the other hand, we can require the wave equation to
be of the Dirac type.

We consider the first case. Let D7 be the irreducible representation of SU(2) acting on C?/*1 and extend
it to a representation L7 of H in a trivial way, that is, LY(v,h) = DJ(h). Define the mappings M; and
M; from P5 into the space of (25 + 1) x (24 + 1) matrices as

Mi(p, E,m) = (m —mo)l2j41
Ms(p, E,m) = 2mE —p?)Izj11.
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One can easily check that M; and Ms satisfy all the conditions of Theorem 5. Using relation (6.7), one
obtains the explicit form of the corresponding wave operators (D1, Ds):

.0
D1 = (255 — mo)Igj_H

o 2
D2 = <_28§8t +V ) I2j+1.

To show that the equations are the usual Schrodinger equation, consider a function ¢ € C°°(R?, C%+1)
such that

Di¢p =0
Do =0

in the sense of a distribution. From the first equation it follows that that

B(x,t,8) = e M%p(x, t)

where 1 is in C*°(R?* C%*1) and from the second equation one gets that 1 satisfies the Schrédinger
equation
Oy

__ 1y
za(x,t) = 2mOV P(x,1).

One has to consider two differential operators in order to assure the correct invariant property of the
wave equation (it is well known that the Schrodinger equation is not Galilei invariant). Moreover it is
clear that the dimension of C?*! is minimal.

Now we address the problem of finding a wave equation of the Dirac type. We consider first the case
7> % Let L7 be the representation of H, acting on

VI =C¥ g CUH g €,

given by
D/-Y(r) 0 v-TU-DIDi(h)
Li(v,h) = 0 Di(h) v-HDI(h) (6.8)
0 0 D (h)

with v € V, h € SU(2) and the matrices TU~Y7 and H7 are introduced in the below Section 6.4. We
notice that dim V7 = 65 + 1.

Let Dy and D5 be the differential operators

Dl = (1875 — mo)Iﬁj_H

IQj—la% 0 TU-Li.wy
Dy =i 0 Ly H-V
(TU-Di)*. v HI .V 2j2[2j+1%~

The above wave equation coincides, at least formally, with the one found by Hurley with Lagrangian
methods, [23]. Applying Theorem 5 one has the following result.

Proposition 11. The set (D1, Do) is a Dirac type L? -invariant wave equation associated with the Galilean
elementary particle of mass mg and spin j.

Proof. Using the notation of Theorem 5, we have that py = (0,0,mq), Gp, N H = SU(2), 7 = D’ and
K, = C¥*L. Moreover, the orbit G[pp] is isomorphic to P? and, under this isomorphism, the invariant
measure v on G[pg] is the Lebesgue measure that defines clearly a tempered distribution. Finally, the
representation L7 is at most of polynomial growth on the orbit G|[po]. Indeed, using the section

Glpo] > (p, E,m) — (mLO,e) cH
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one has that HLj(mLO, e)H < (14 C|p|?), where C is a suitable constant. Theorem 5 can thus be applied.

Define two functions M; and M, from P® to the space of (65 + 1) x (65 + 1) matrices as

Mi(p, E,m) = (m —mo)lej+1

mla;_y 0 -p- T(jfll)j
M;(p, E,m) = 0  mlyy, -—p-H
—p- (T(]*l)J)* —p-H 2]'2E[2].+1.

One can easily check that, for all T € D'(R5)%*! and f € D(R5)%*1
(DT, f) = (T, F*M!Ff), i=1,2.
Obviously the maps M; and M, are polynomials with maximal degree 1 and M; satisfies Equation (6.5).
We now show that My satisfies Equation (6.6). Indeed, it is enough to verify this on the set
2 ={(p,E,m) € P’ : m#0},

which is dense in P°. By means of an explicit computation one has that for all (p, E,m) € §2,

2
P 1%
E =(— 0,F——).
(0, 5,m) = (2, e)[(m, 0,5 2
Moreover, define for all a,b € R the matrix
(1]2]'_1 0 0
A(a, b) = 0 aI2j+1 0

0 0 2j2bI2j+1

The matrix A(a, b) is in the commuting ring of the restriction of L7 to SU(2) (observe that if h € SU(2),
then (L7)*(h) = L7(h)). Finally, for all (p, E,m) € §2,

2

My (p. B.m) = (L) (2, ) Alm, B = 2-)(LI)((= =€),

where we use the below Equation (6.12) to linearise the term proportional to %.

We now show that the conditions (3) of Theorem 5 are satisfied. Indeed, let B € Homgy (o) (C*+1; C5H1).
Then B is of the form ‘ 4 '

B(w) = (0, fw, aw) € C¥~1 ¢ C¥ ! g CHH
where «, 8 € C. Since M;(py) = 0, obviously M;(pg)B = 0, whereas, by an explicit computation, the

condition Ms(po)B = 0 is equivalent to 8 = 0. Hence, there is a unique B # 0, up to a constant, satisfying
condition (3).

Consider now condition (4). Let p, = (0,6,m) € P° and m an irreducible unitary representation of
Gp, N H = SU(2) such that

Indg (p ® ) is not equivalent to Indgs /gy (2)(Po ® D7), (6.9)

Ps

then, taking into account Remark 5,

1. if m # mog, then M (ps) = (m — mo)lej41 is clearly invertible, so that if B € Hompg,_ (KCy; COIHL),
B # 0, then M;(ps)B #0

2. if m = mg, then

a) if e £ 0,
moIQj_]_ 0 0
My(ps) = 0 moly 0
0 0 2j2€[2j+17

which is invertible, and, as above, we can conclude that the relation (4) holds with i = 2.
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b) if ¢ = 0, then, by Equation (6.9), 7 = D7’ with j' # j. Moreover, the fact that
HomHSU(2) (]CPS ) C6j+1) 7é {O},

implies that j = j — 1 and that the range of B is contained in the subspace C*~! @ {0} & {0}.
Hence My(ps)B#0if B#0. O

For j = } the vector space C¥~! reduces to the zero vector and the matrices TU~7 are the zero
matrices, so that the wave operator D5 is given by

This was found for the first time by Lévy-Leblond, [25]. The main difference with the case j > 1 is
that Dy is both *-invariant and invariant. From the mathematical point of view this phenomenon is a
consequence of the fact that the matrices H%, which are proportional to the Pauli matrices, satisfy also
the anticommutation relations

Nl
Nl

1 1
HPHP +HPHE = 30,

The case j = 0 requires small modifications. Let L® be the representation of H acting on C* & C given

by
o(h) v
0 —
L (Ua h) - ( 0 1) )
where v € V and h € SU(2). Let D, and Dy be the differential operators

.0
D1 = (1875 — mo)I4

(L2 Vv
Dy = o€ )
2 Z( v 25@)

The proof that (D, D) is a Dirac type wave equation for the spinless particle of mass my is the same as
the one of Proposition 11. Observe that in this case D5 is a *-invariant wave operator and the dimension
of the vector space carrying the representation is 4.

6.2.1 The gyromagnetic ratio

In the previous section we proved that with each elementary particle of mass mg and spin j there is
associated an L-invariant Dirac type wave equation (Dp, D2). We now introduce the interaction of the
particle with a given external electromagnetic field (E,B). We stress that (E,B) are not dynamical
variables and, obviously, can destroy the Galilei invariance. The interaction will be introduced on the free
wave equation by means of the minimal coupling principle. Taking into account that the variable £ has
no physical meaning the prescription of the minimal coupling is

—iV — —iD := —iV — ¢A(x,1)

.0 ) .0
vl iDy = vl qV(x,1)
0

6763

i— +— D5 =1

23
where V and A are potentials defined by (E,B) and ¢ is the electric charge. In doing so, for j > 0, the

wave equation becomes
DY = (iDs — mo)lsj+1
4 il2;1Ds 0 iTU-Yi.D
D" = 0 ilj1Ds  iH/ - D
(TU-VI)* . D iHI - D 252il5j41Ds.
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To explain the meaning of this equation, suppose that @ is a smooth function from R to C%*! satisfying
Di"® =0 and DI® =0,
in the sense of a distribution. From first equation it follows that
D(x,t,£) = e M8 p(x, 1)
Writing ¢ = (w, x,) with ¢ and x taking values in C?*! and w in C?*~!, the second equation gives

mow +iTY=17 . Dy = 0
imox +iH/ - Dy =0
i(TU=Y9)* . Dw + iH’ - Dy + 2j2iDytp = 0.

Solving these four equations in terms of ¢, using Equation (6.12) to compute the expression H,H} +
(Téjfl)J)*Tb(jfl)j, and using the commutation relations

[Daa Db] = _iqeachC a, ba c= 17 2a 37

one has
q

25mg

. 2

(i3 - Voo -5 HOB(O) ) =0 (610

The physical interpretation of this equation suggests that a quantum particle with spin j interacting

with an electromagnetic field acquires an intrinsic magnetic momentum with gyromagnetic ratio g = %

as deduced by Hurley, [23]. Although the form of the interaction between the particle and the electro-
magnetic field has its root in the relativistic framework, Equation (6.10) follows from Galilean covariance
requirements, as soon as one assumes the minimal coupling principle and the fact that the wave equation
is of the Dirac type.

The case j = 0 can be treated with similar calculations. The result is that the wave equation for the
scalar component is the usual wave equation for a spinless particle in the electromagnetic field.

6.3 The 2 4+ 1 dimensional case

From Section 5.3 of Chapter 5 we know that the elementary free particles in 2+1 dimension are described
by irreducible unitary representations of the universal covering group G of the Galilei group of the form

UmA = Indgpm (P X D™),

where p,, = (0,0,m), G,,, = R* x’ ({0} x R?) and D™ is the (scalar) representation of Gy, given by

(a,b,¢,0,7,2) — gllmetAz)

We show that, if A # 0, there are no wave equations associated with U™*. Indeed, from Condition (3)
of Theorem 5, with py = p,, and 7 = D™, it follows that the representation L of H, restricted to the
stability subgroup {0} x R?, has to contain the character

(0,7,2) > e®

as a subrepresentation. Due to the following Lemma, this condition implies that A = 0.

Lemma 12. Let L be a finite dimensional representation of H, then for allx € R, L(0,0, x) is a unipotent
operator.
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Proof. Let Lie (H) = R2&R® R be the Lie algebra of H and (e1, ea, €3, e4) the canonical basis. Define L
as the differential of L, which is a Lie algebra representation of Lie (H). Let I be an eigenvalue of L(ey)
and W the corresponding eigenspace. Since [e1, e4] = [e2, €] = 0, it follows that L(e;) and L(es) leave
invariant W, but [e1, ea] = e4, so that L(es) restricted to W has null trace and, hence, | = 0. O

For fixed m # 0, we are thus looking for wave equations associated with U™°. Since we are interested in
coupling the particle with an external electromagnetic field, we choose the representation L of the group
H in such a way that there are L-invariant Dirac type wave equations.

Let L be the representation of H acting on V = C? as

+ir :
La(v,ra) = (eo (%:&m@)) .

As a consequence of Theorem 5, the following result is obtained.

Corollary 6. Given m # 0, let D1 and Dy be the following differential operators

Then (D1, D3) is an Ly-invariant wave equation of the Dirac type.

The proof of the above corollary is very similar to that of Proposition 11 and we omit it. In paper [11], it
is also shown that the above wave equations are unique, if one requires the dimension of the space, where
L acts, to be at most 2.

If the interaction with a given external electromagnetic field (E, B,) is again introduced by the minimal
coupling, the computations of Section 6.2.1 can be repeated to yield the equation

(z’a —qV(x,t) — % (iV + qA(x,1))* F

ot L B.(x, t)) o(x,t) =0, (6.11)

2m
where ¢ is a smooth function from R? to C.

From a physical point of view, comparing Equation (6.11) with the corresponding three dimensional
equation (6.10), we see that the two dimensional elementary particles of mass m (recall that A = 0)
interact with the electromagnetic field as three dimensional spin-1/2 particles with spin down (L-
invariant wave equations) or spin up ( L_-invariant wave equations). Notice that, since the spin of a
2 + 1 dimensional particle has no physical meaning (in particular for the representation U™ is zero),
the gyromagnetic ratio can not be defined.

We stress that this result depends on the minimal assumption on the dimension of the vector space
carrying the representation L and it will have to be checked experimentally. This minimal hypothesis in
the choice of L holds also for the relativistic Dirac equation whose nonrelativistic limit gives rise to the
known gyromagnetic ratio %

6.4 Finite dimensional representations of the Euclidean group

To close our treatise we consider the finite dimensional continuous representations of the covering group
E(3)* of the Euclidean group E(3) in three dimensions. The group E(3)* is given by the semidirect
product of the vector group R3 and the Lie group SU(2) acting on R? in the usual way. It is evident that
E(3)* coincides with the homogeneous factor H of the universal central extension of the Galilei group in
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3+1 dimensions, as define in Section 4.1 of Chapter 4. Finite dimensional representations are needed in
constructing Galilei invariant wave equations. Hence, in the following, let H = E(3)*.

Since H is simply-connected, its finite dimensional representations are in one to one correspondence with
the representations of its Lie algebra. One has that Lie (H) is the semidirect sum of the Abelian Lie algebra
R? and the simple Lie algebra su(2). Due to the fact that Lie (H) is neither compact nor semisimple, it is
very difficult to obtain a complete classification of the representations of Lie (H ). Nevertheless George and
Lévy-Nahas, [17], reduce the problem to the one of solving a non-linear matrix equation, see relation (6.13)
below. In the following we briefly describe their results.

Let H = (H;, Ha, H3) be the usual basis of su(2) and denote the elements of Lie (H) as (v,1), with
v,1 € R3, instead of (v,1-H).

For each j € %N, let d’ be the irreducible representation of su(2) labeled by j and let
H’ = (id’ (Hy),id’ (H>),id’ (H3))
be the corresponding Hermitian generators.

For all j,k € %N, the dimension of the vector space
Wl,k,j = HOmSU(2)(R3; ,C((C2j+17(C2k+1))

is one if |k — j| < 1, whereas it is zero in the other cases. Hence, let T/ € W'*J be normalized in such
way that

T — HI
TiG-1) — (T(j—l)j)*
(6.12)
vy -Hivy H +v, - (TJ‘(J'*I))*V2 .TU-D5 — ij(vi Avy) - HI 4 j2vy - va,

where v - TU~VJ .= TU=Di(v). The explicit form of the matrices TU~1J can be found in [16]. The
relation (6.12) is fundamental for the problem of finding a Dirac type wave equation.

Let p be a finite dimensional representation of Lie (H). One can prove, [17], that p can be written, in a
suitable basis, in upper triangular block form of the type:

pr(1) Fia¥) <. Fun(¥)
p(v.1) = 0 P2.(1> fzn.(V>
0 0 . ;o))
The blocks on the diagonal are given by
pp(1) = @; (I, ® (1- H))

where 7, is the multiplicity of the j-representation in the p-block. The off-diagonal blocks are of the
form, with p < ¢, _ _ N
foa(V) = (fipa(V))ij = (Mijpg ® V- TY)i;

where M;; pq are Ny, X njq matrices. One has to determine these matrices in a such way that the following
non linear equation holds

Z’YijkMikMkj =0 (6.13)

k

where M;; = (M;jpq)pq is a block matrix (3,7, x Y-, njq) Whose elements are the matrices M;j pq
(M;j.pq = 0if p > q), and ~;;5 are known coefficients that can be found in [17]. We notice that in the
case N, = 1 for all 7, p, the matrices M;j 4 are reduced to scalars.

Applying this technique, one obtains the representation L7 introduced by relation (6.8), with 25 € N,
!
J = 5-
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A

Appendix

A.1 Dictionary of Mathematical Notions

This dictionary gives the definitions and the basic properties of most of the mathematical concepts which
are freely used in the book. No references are given since the material is standard. In this Appendix H is
a complex separable Hilbert space (see the corresponding item below).

Absolute value of an operator. The absolute value |A| of an operator A € B is the unique positive
operator |A| € B such that |A]? = A*A.

Adjoint of an operator. The adjoint of an operator A € B is the unique operator A* € B such
that (A*p, ) = (p, AY) for all ¢,¢ € H. The map B 3 A — A* € B is an antilinear map such that
(A*)* = A, |A*|| = ||A|| and ||A*A|| = ||A||?, that is, B is a C*-algebra.

Analytic function. Let M be an analytic manifold. A function f : M — R is analytic at the point
p € M if there is a chart (U, ) of M such that p € U and fo ! : p(U) — R is real analytic. The set
of analytic functions on M at the point p is a real vector space and we denote it by F(p).

Antilinear operator. An additive map A : H — H for which A(cp) = ¢Ap for all ¢ € H and ¢ € C
(where ¢ denotes the complex conjugate of ¢) is an antilinear operator.

Antiunitary operator. A bounded antilinear operator U is antiunitary if UU* = U*U = I, that is, if
U* = U~'. The antiunitary operators are the bijective antilinear functions U : H — H which reverse
the inner product, (Up, Uy) = (¢, ¢) for all p,¢ € H. An antilinear U is antiunitary if and only if it is
an isometry and a surjection. We let U denote the set of all antiunitary operators on H. The product
of two antiunitary operators is unitary. The set U can be equipped by the norm topology as well as by
the strong and weak operator topologies. In particular, the strong and weak operator topologies coincide
(cp. unitary operators).

Atoms of D. An atom of the set D is an element P € D for which the condition O < D < P, D € D,
implies that either D = O or D = P. They are exactly the one-dimensional projections on H. Any D € D
is the least upper bound of the atoms contained in it, D = Vp<pP. Since H is separable, any D can be
expressed as the least upper bound of at most countably many atoms contained in D (cp. weak atom).

Borel measure. Let X be a lcsc space. The Borel o-algebra B(X) of X is the o-algebra of subsets of
X generated by its open sets. A measure p : B(X) — [0, c0] which is finite on the compact sets is called
a Borel measure on X. Any Borel measure on X is necessarily o-finite, that is, X can be expressed as a
countable union of disjoint sets E,, € B(X) for which u(E,) < oo, and regular, that is, for any E € B(X),
w(E) =sup{u(K)| K C E compact} = inf{u(O)| E C O open}.

Bounded antilinear operator. An antilinear operator A is bounded if there is a constant M € [0, c0)
such that ||Ap| < M |¢| for all ¢ € H. The norm of a bounded antilinear operator A is given as
Al := sup {||A¢|l |¢ € H,|l¢ll <1} (< o0). The adjoint A* of an antilinear operator A is the unique
antilinear operator for which (¢, A*p) = (p, AY) for all p,v € H.



Bounded operator. A linear operator A : H — H is a bounded (linear) operator if there is a constant
M € [0,00) such that ||Ap|| < M ||¢| for all ¢ € H. The existence of such a constant is equivalent to the
continuity of A. We let B denote the set of all linear bounded operators on H. If H is to be emphasized,
we denote it as B(H).

Character. A character of a lesc group G is a continuous (group) homomorphism G — T. The set of
characters of G is a group under the pointwise multiplication. When G is an Abelian group the group
of characters of G is denoted by G and is called the dual group of G. The group G is a lesc group with
respect to topology of the uniform convergence on compact sets.

Compact selfadjoint operator. An operator A € B is compact if the closure of the set {Ag | ||| < 1}
is compact. The spectral structure of compact selfadjoint operators is particularly simple. Indeed, if A is
a compact selfadjoint operator, then A can be expressed as a norm convergent series (or as a finite sum)
A=>" AP, where \, # 0 for each n, P, is a nonzero projection (of finite rank) for each n, P, P, =0
for n # m, and A\, # A, for n # m. Moreover, the set of numbers \,, in the formula A =" A, P, is
the set o(A) \ {0}, where o(A) is the spectrum of A, and lim,,_,o, A, = 0, provided that the numbers A,
are infinitely many.

Connected component. A component of a point x of a lcsc space X is the union of all connected
subspaces of X containing x. If = is the identity element e of a lcsc group G and G, is the connected
component of e then, G, is a closed normal subgroup of G.

Connected group. A topological group is connected if it is connected as a topological space, that is,

if it is not the union of two nonempty open disjoint subsets. A topological subgroup is connected if it is
connected with respect to the relative topology.

Cauchy-Schwarz inequality. The Cauchy-Schwarz inequality states that, for any two vectors ¢, 9 € H,

(o, ) < lloll 1]l -

Equality of operators. Given two operators A, B € B, acting on a complex Hilbert space H, A = B if
and only if (p, Ap) = (p, By) for all p € H.

Exponential map. Let G be a Lie group. The exponential map exp is the unique analytic map from
Lie (G) to G such that

1. for all X € Lie (G), the map
R >t — exp(tX)

is a group homomorphism of the real additive line into G}
2. for all X € Lie(G) and f € F(G),

d f(exp(tX) B
dt |t=0

In particular, if G is a matrix group, so that X € Lie (X) is a matrix, then

o0

1
exp(X) = EX".

n=0

Fréchet-Riesz theorem. The Fréchet-Riesz theorem assures that for each bounded linear functional
f:H — C there is a unique ¥ € H such that f(¢) = (¥, ¢) for all ¢ € H.

G-space. Let G be a lesc group. A lesc space X is called a (lesc) G-space if G acts on X by means of a
continuous map, called action
GxX>(g,2) —glx]e X
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such that

elx] =z forallz e X
(9192)[z] = g1[g2[z]] for all g1,92 € G, z € X.

In particular, for each g € G the mapping X 3 x — g[z] € X is a homeomorphism.

Let x € X. The set G, = {g € G|g[z] = =} is a closed subgroup of G, the stability subgroup at z, and
the set G[z] = {g[z] € X |g € G} is the orbit of the point z.

Haar measure. Let G be a lcsc group. A left [resp. right] Haar measure on G is a Borel measure which
is invariant with respect to the left [resp. right] action of G on itself given by

g[h] :==gh forall g,h € G (resp. [h]lg:=hg).

A theorem of Andre Weil assures that left and right Haar measures exist and are unique up to a positive
multiplicative constant. If the left Haar measure is also right invariant, the group is called unimodular.
The Galilei group and its universal extension both in 3 + 1 and 2 4+ 1 dimensions are unimodular.

Hilbert basis. A (Hilbert) basis (§n)ner is a collection of mutually orthogonal vectors in H, (£,,&m) =
Opn,m for all n,m € I, such that their closed linear span lin {{,,} = H. Moreover, for all ¢ € H, it holds

p= Z (€n,p)&n  Fourier series

nel

||<,0||2 = Z |(€n, 0)|?  Parseval formula.

nel

The cardinality of the index set I is the dimension of H. Since H is separable, I is either a finite set or
countable.

Hilbert space. A complex Hilbert space H is a vector space H over C with an inner product (-, -), linear
in the second argument, such that H is complete with respect to the norm

el :== v {p,0) ¢ €H.

A Hilbert space H is separable if it has a countable dense subset. In this book by Hilbert space we mean
a complex separable Hilbert space.

Invariant measure. Let X be a G-space. If y is a Borel measure on X then the image measure g(u) of
u under the mapping x +— g[z] is defined as

9(n)(E) = p({z : glz] € EY})
for each F € B(X). In an equivalent way, g(u) can be defined by the equality

/X F(@)dg(u)(z) = /X f(gla])du(z)

for all f € C.(X), where C.(X) is the set of continuous functions with compact support.

The measure p is called invariant if 4 = g(u) for all g € G. The invariance of p is equivalent with any of
the following conditions:

£

=

=
I

g(p)(E) for all E € B(X);
b) u(K) = g(p)(K) for all K C X compact;

¢) [ Flglal)dn(z) = [y f(@)du(x) for all f € Co(X).

If G is a unimodular and X is a transitive G-space such that the stability subgroup is also unimodular,
then X admits an invariant measure, unique up to a positive multiplicative constant.
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Irreducible unitary representation. A unitary representation U of a group G acting on H is irre-
ducible if the null space and the whole space are the only invariant closed subspaces. The Schur lemma
assures that U is irreducible if and only if the only operators in B commuting with all Uy, g € G, are the
ones proportional to the identity.

Lcsc space and group. A topological Hausdorff space is called locally compact second countable (lesc)
if each point has a compact neighborhood and it satisfies the second axiom of countability. A lcsc group
is a topological Hausdorff group with a lesc topology.

Lie algebra. A (real) Lie algebra g is a vector space over R endowed with an antisymmetric bilinear
mapping (Lie bracket) g x g 3 (X,Y) — [X,Y] € g satisfying the Jacobi identity,

[X,Y], 2] + [[Y, Z], X] + [[Z, X], Y] = 0.

Lie algebra homomorphism. Let g; and go be two Lie algebras. A (Lie algebra) homomorphism
f 191 — g2 is a linear function which preserves the Lie bracket, that is,

F(X), F(Y)]y = £ (X, V)
An isomorphism of Lie algebras is a bijective homomorphism.

Lie algebra of a Lie group. Let G be a Lie group G. A vector field X € D;(G) is left invariant if the
following condition holds. For all g € G and f € F(G),

X(f7) = X(1)?
where f9 is the function defined by f9(h) = f(g~'h), for all h € G.

Left invariant vector fields form a subalgebra Lie (G) of the Lie algebra D;(G) and Lie (G) is called the
Lie algebra of G. A standard result of the theory of Lie groups assures that Lie (G) is isomorphic to the
tangent space T.(G) of G at the identity e by means of

Lie(G) 2 X — X, € T.(G).
In particular, Lie (G) is a finite dimensional vector space.

Lie Group. A lcsc group G is a (real) Lie group if there is a (real) analytic structure on the set G,
compatible with its topology, which converts it into a (real analytic) manifold and for which the group
operations (g,h) — gh and g — g1 are analytic. If G is a Lie group, then G, as a topological group, is
an lesc group.

Lie group homomorphism. Let G; and G be two Lie groups. A (Lie group) homomorphism w : G —
G is a group homomorphism which is also an analytic mapping of the manifold underlying G; into the
manifold underlying G5. A (Lie group) isomorphism is a bijective Lie group homomorphism such that
the inverse is a Lie group homomorphism, too.

A Lie group homomorphism 7 : G; — G4 defines a Lie algebra homomorphism 7 : Lie (G;) — Lie (G2)
defined in the following way. Given X € Lie (Gy), 7(X) is the left invariant vector field on G

F(G3) o X(f o).
The following converse result holds.

Theorem 6. Let Gy and G2 be connected Lie groups and f : Lie(Gy) — Lie(G3) a Lie algebra ho-
momorphism. If Gy is simply connected, then there exist one and only one Lie group homomorphism
w: Gy — Gg such that = f.

Lie groups and Lie algebras: main theorems. There are two results due to Sophus Lie about the
structure of Lie groups.
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Theorem 7. Let g be a Lie algebra. Then there is a connected, simply connected Lie group whose Lie
algebra is isomorphic to g.

Theorem 8. Let Gy and Ga be Lie groups and Lie(G1) and Lie(Gz) the corresponding Lie algebras.
Then Lie(G1) and Lie(G2) are isomorphic if and only if G and Gs are locally analytically isomorphic,
that is, if there exist two open neighborhoods Uy and Uy of the identities in G1 and G2 and an analytic
diffeomorphism f of Uy onto Us such that for any g,h € U; we have that gh € Uy if and only if

f(g)f(h) € Uy and, if this is the case, f(gh) = f(g)f(h).

Lie subgroup. Let G be a Lie group of dimension n. An (algebraic) subgroup H of G is called a Lie
subgroup (of dimension m < n) if the following condition holds: for all hy € H, there is a chart (U, )
of G such that hg € U, p(hg) = 0 and (U N H) is the intersection of the open set ¢(U) C R™ and
an m-dimensional vectorial subspace of R™. In this case, there is on H a unique real analytic structure
compatible with the relative topology such that H is a Lie group and the canonical immersion i : H — G
is analytic.

A Lie subgroup H is always a closed subgroup of G and its Lie algebra Lie (H) is a Lie subalgebra of
Lie (G). Conversely, any closed subgroup of G is a Lie subgroup. We notice that in the literature there
are different not equivalent definitions of Lie subgroup. Our definition is strong enough to assure that a
Lie subgroup is always closed in GG, compare with the definition of regularly embedded Lie subgroup of
[39].

Manifold. Let M be a lcsc space. A chart of M is a pair (U, ¢), where U is an open set of M and ¢ is a
homeomorphism of U onto an open subset of R™ for some n. The number n is the dimension of the chart.
Different charts on M have the same dimension. A real analytic structure on M is a set {(U;, ¢;) | € I},
I an index set, where for each ¢ € I, the pair (U, ¢;) is a chart of dimension n on M such that U;,U; = M
and for each i,5 € T the map ¢; o ;' : ©;(U; NU;) — ¢;(U; N U;) is a real analytic function. We say
that M is a (real analytic) manifold of dimension n if a real analytic structure is defined on M.

Measurable function. Let X and Y two lcsc space. A map f: X — Y is called measurable if, for all
EcB(Y), fY(F) € B(X).

Norm of an operator. Let A € B be an operator. The norm of A is defined as | A|| := sup {||4¢]|| |¢ €
H, |l¢ll < 1} and it satisfies ||AB]|| < || Al || B]|, for all A, B € B, that is, B is a Banach algebra.

One-dimensional projection. A projection P is one-dimensional projection if it is a projection on

a one-dimensional subspace of H. If ¢ € H,¢ # 0, then P = Plp], where P[]y := 25’ z; @, for all
1 € H. Clearly, Plp] = P[¢] if and only if ¢ = ¢ for some ¢ € C, ¢ # 0. We let P denote the set of all

one-dimensional projections.

Operator order. For any A, B € B we write A < B, and say that A is contained in B, if B — A is
positive. The relation < is an order on B, and it makes B a partially ordered vector space. We recall that
B is an antilattice, that is, any two elements A, B € B have the greatest lower bound A A B in B if and
only if A and B are comparable, that is, either A < B or B < A.

Orthogonal vectors. Two vectors ¢, € H are orthogonal, ¢ L 1, if {p,7) = 0, and a set £ C H is
orthonormal if the vectors ¢ € K are mutually orthogonal unit vectors.

Polarization identity. The polarization identity (p,v) = i Zi:o " ||+ i"¢||, ¢, € H, connects the
inner product and the norm of a Hilbert space H.

Positive operator. An element A € B is positive, A > O, if (¢, Ap) > 0 for all ¢ € H. Positive operators
are selfadjoint. We let BT, or, equivalently, B;", denote the set of all positive operators on H.

Projection operator and the projection lattice. An operator D € B is a projection if D = D? = D*.
We let D denote the set of all projections on H. When the order on B is restricted on D, D gains the
structure of a complete lattice with the zero operator O and the unit operator I as the order bounds,
O<D<TJforall DeD. The map D — D+ := I — D is an orthocomplementation and it turns D into
a complete orthocomplemented orthomodular lattice.
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Projections and closed subspaces. The set D of projections on H stands in one to one onto corre-
spondence with the set M of closed subspaces of H. If D € D, then its range D(H) := {Dy|¢ € H}
is a closed subspace. On the other hand, if M C H is a closed subspace, then H = M @& M=, where
M+t :={yp € H|yp L& for all € € M}. Hence, each o € H can uniquely be expressed as ¢ = oy + @pre,
with oy € M, @pn € M*. Then Dy : ¢ +— @ is a projection, with Dy (H) = M. The cor-
respondence D +— D(H), or, inversely, M — Dy, is a bijection, and it preserves both the order
(D1 < Dy < Di(H) € D2(H)) and the orthocomplementation (D(H)+ = DL (H)).

Quotient space. Let G be a lcsc group and H a closed subgroup. The quotient space G/H is the set of
equivalence classes of G with respect to the following relation

g1 ~ g <= there is an h € H such that go = g1h

The quotient space G/H, endowed with the quotient topology, is a transitive G-space with respect to the
action

algl =919, 9€G, geG/H

where ¢ denotes the equivalence class of g. In particular the stability subgroup at é is H.

Section. Let G be a lcsc group and X a transitive G-space. Let x, € X, a section is a map ¢: X — G
such that ¢(z,) = e and ¢(x)[z,] = = for all € G[z,]. A result of George Mackey assures that there
exists always a measurable section.

Selfadjoint operator. An operator A € B is called selfadjoint if A* = A or, equivalently, if (p, Ap) € R
for all p € H. We let B,. denote the set of all selfadjoint operators on H. If A € B,. there is a spectral
measures IT4 : B(R) — B such that IT4([— || A||, ||A]]]) = I and , for any ¢ € H,

(o, Ag) = / vdITA ().

Semidirect product. Let A, H be two Lie groups and assume that H acts on A in such a way that

1. for all h € H, the map a — h[a] is a group homomorphism;

2. the map (a,h) — hla] from A x H to A is analytic.

The product manifold G = A x H becomes a Lie group with respect to the composition law
(a,h)(a’,h) := (ahld']),hh’) (a,h),(a’,h') € AX H, (A1)

The group G is called the semidirect product of A and H and it is denoted by A x’ H. The groups A and
H are canonically identified with closed subgroups of G is such a way that

ANH = {e} (A.2)
AH =G (A.3)
hAR™! C A. (A.4)

(Equivalently, Eq. A.4 says that A is a normal subgroup of G). Conversely, given a Lie groups G and two
closed subgroups A and H such that Eqgs. A.2-A.4 hold, then G is (isomorphic to) the semidirect product
of A and H with respect to the canonical action of H on A given by

hla] = hah™*,
which is the inner action.

Simply connected group. Let X be a manifold. A path is a continuous map p : [0,1] — X. The
space X is said to be simply connected if the following condition holds. For all paths p and ¢ such that
p(0) = ¢(0) = z and p(1) = ¢(1) = y there is a continuous map = : [0,1] x [0, 1] — X such that
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Z(0,t) =p(t) tel0,1]
Z(1,t) =q(t) te][0,1]
Z(s5,0) =2 s€]0,1]
Z(s,1)=y s€]0,]]

A Lie group is simply connected if it is simply connected as a manifold.

Spectral measure. A (real) spectral measure (or projection valued measure) is a map II from the Borel
o-algebra B(R) of the real line R into the set B of bounded operators on H such that

II(X) e D forall X € B(R),
I(R) =1,
(U X;) =Y I(X;),

for all sequences (X;);es of disjoint sets in B(R) (with the series converging in the strong, or equivalently,
in the weak operator topology). Equivalently, a map IT : B(R) — D is a spectral measure if for each unit
vector ¢ € H, the map X — (¢, II(X)y) =: II, , is a probability measure.

Strong operator topology. The strong operator topology on B is the weakest topology with respect to
which all the functions B 3 A — Ap € H, ¢ € H, are continuous. A net (A;);ez of bounded operators
converges to an operator A € B strongly if lim A;o = A for all ¢ € H.

Tangent space. Let M be a real manifold of dimension n and p € M. A tangent vector at p is a linear
map L : F(p) — R which is also a derivation, that is, L(fg) = L(f) g(p) + f(p) L(g) for all f,g € F(p).

Topological group. A set G is a topological group if it is an abstract group and a topological space with
the Hausdorff topology such that the group operations (g, h) — gh and g — g~! are continuous.

Topology on U. The set U of unitary operators is a closed subset of B in the weak operator topology.
However, when restricted on U the weak and strong operator topologies coincide.

Torus T. Let T = {z € C||z| = 1} denote the set of complex numbers of modulus one. It is a multiplica-
tive Lie group. We call it the phase group or the torus.

Trace class operators. An operator T € B is of trace class if there is a basis K of H such that
Y eex (& |T1€) < oo, where |T'| is the absolute value of T We let By denote the set of all trace class
operators on H. If T € By, the series Zwe,c (p, Tp) is absolutely convergent and the number tr [T} =
> ek (9, Tep) is the trace of T' € By (the definition of trace class operator and trace is independent of the
choice of the basis ). The trace is a linear functional on B; and tr[AT] =tr [TA] forany A € B,T € B,
(this means that B is a *-ideal of B).

Trace norm. The function T+ [T, := tr[|T] is a norm, the trace norm on By, and it turns By into
a Banach space. For any A € B,T € By, |tr[AT]| < ||A]|||T||, and ||T|| < ||T|,. The dual space B}
of (B, ||-]|;) is isometrically isomorphic with the Banach space (B, ||-||), the duality being given by the
function B 3 A — f4 € BY, where the functional f, is defined by the formula fs(T) := tr [AT] for all
T € B;.

Transitive G-space. Let G be a lcsc group and X be a G-space. If for each x,y € X thereisa g € G
such that g[z] = y, we say that X is a transitive G-space. If © € X, then the orbit G[z] = G and the
map G/G; 3 g +— glx] € X is a homeomorphism of G-space, where G, is the stability subgroup of G and
G /G, is the quotient space.

Vector field. Let M be a manifold. A (real analytic) vector field on M is a map p — X, that assigns
to each point p € M a tangent vector X, at the point p such that, for all f € F(p), the function
M > p— X,(f) € Ris analytic.

Given a vector field X on M, the map X : F(M) — F(M) given by

X(f)(p):Xp(f)a pEM,fEf
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defines a derivation, that is, a linear map on F(M) such that

X(fg)=X(flg+ fX(9),  frgeF(M).

Conversely, any derivation on F(M) is of the above form and the correspondence between vector fields
and derivation is one to one. The set of all vector fields (or derivation) is a real vector space denoted by
D (M) that becomes a Lie algebra with respect to the following Lie brackets: if X, Y € Dy (M), [X,Y]
is the vector field given by

[ X Y)() = XY (f) = Y(X(S))
von Neumann theorem. The following result is due to John von Neumann.

Lemma 13. Let G be a lcsc group and M a second countable topological group. Let m : G — M be a
group homomorphism. Then m is continuous if and only if it is measurable.

Unit vector. We say that ¢ € H is a unit vector if ||p|| = 1.

Unitary operator. An operator U € B is unitary if one of the following equivalent conditions is satisfied

1. UU*=UU=1
2. U is bijective and (U, Uh) = (p,v) for all ¢,v € H, that is U=t = U*;

3. U is surjective and ||Uypl| = ||¢|| for all ¢ € H.

We let U denote the set of all unitary operators on H. See Section A.2 of Appendix A.1 for further
details.

Unitarily equivalent representations. Unitary representations U and U’ of G in Hilbert spaces H
and H’, respectively, are unitarily equivalent if there is a (linear) isometric isomorphism V : H — H’
which intertwines the representations, that is, VU, = UéV for all g € G.

Unitary representation. Let G be a lcsc group. A unitary representation of G in H is a map G 3 g —
Uy € U such that

1. U. =1,
2. Ug g, = Ug, Uy, for all g1, g2 € G;

3. the map g — U, is continuous from G into U endowed with the strong (or, equivalently, weak)
topology.

Lemma 13 and Proposition 12 of A.2 implies that g — Uy is continuous if and only if, for all p,¥ € H,
the function G 3 g — (@, Uy9) € C is measurable.

Universal covering group. Let G be a connected Lie group. There is unique (up to an isomorphism)
simply connected Lie group G* and a (Lie group) surjective homomorphism ¢ : G* — G such that the
kernel of § is a discrete central closed subgroup of G*. The group G* is called universal covering group
and ¢ the covering homomorphism.

Upper and lower bounds of operators. Let C C B,. We say that C is bounded from above if it
has an upper bound, that is, a B € B such that C < B for all C € C. If By is an upper bound of
C and By < B whenever B is an upper bound of C, then By is the least upper bound, and we denote
By =sup C, or By = VC. Similarly, one defines a lower bound and the greatest lower bound inf C, or AC.
Let (A;)iez C B, be an increasing net, that is, A; > A;, when i > j. If the set {A; |7 € 7} is bounded
from above, then it has the least upper bound A. Moreover, the net (A;);c7 converges to A both weakly
and strongly. A similar statement holds for decreasing nets which are bounded from below.
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Weak atom. An element AP, 0 < XA <1, P € P, is called a weak atom of the set of unit bounded positive
operators O < E < I and any such operator E can be expressed as the join of the weak atoms contained
in it, that is, E = Vap<gAP (cp. atoms of D).

Weak operator topology. The weak operator topology is the weakest topology on B for which all the
functions B 3 A — (p, Ay) € C, v,v € H, are continuous. A net (4;);cz of bounded operators converges
to an operator A € B weakly if lim (p, A;90) = (@, Av) for all p,¢ € H.

A.2 The group of automorphisms of a Hilbert space

In this appendix we briefly recall the mathematical properties of the set Aut (H) of automorphisms of
a Hilbert space H. We recall that an automorphisms U of H is either a unitary operator or antiunitary
ones, that is, Aut (H) = UUU.

The main properties are stated by the following proposition, whose proof is the same as the one of
Lemma 5.34 and Lemma 5.4 of [36].

Proposition 12. The set Aut (H) is a group with respect to the usual composition between operators and
it becomes a second countable metrisable topological group with respect to the strong operator topology.
In particular, U is the connected component of the identity of Aut (H). Finally, for a Borel space X, a
function f: X — UUTU is measurable if and only if for all v, € H the map X > x — (¢, f(z)y) € C
is a measurable function.

We define T := {2 | z € T}. Clearly T is a closed central subgroup of Aut (H) and it can be identified
with the phase group T.

Let X be the quotient group Aut (H)/T. Its elements are the equivalence classes
[U] :={U" € Aut (H)|U" = zU for some z € T}
and we let 7 : Aut (H) — X, U — #(U) := [U] be the canonical projection.

We endow X with the quotient topology (we recall that = C X is open if and only if 771(Z) is open
in Aut (H)). The following corollary summarizes the basic properties of X and its proof is an easy
consequence of the above proposition.

Corollary 7. The group X is a second countable metrisable topological group and its connected component
Yo of the identity is U/T. In particular, 7 is a continuous open group homomorphism.

Finally, we recall that a function s : Xy — U is a section for the canonical projection 7 : U — X if
mos=[I]. If s is also a measurable function, it is called a measurable section.

The following result will be frequently used in the sequel, see Theorem 7.4 of [36]:

Proposition 13. There is a measurable section s : Xy — U for the canonical projection w such that s
continuous in a neighborhood of the identity and s([I]) = I.

A.3 Induced representation.

Here we briefly recall the definition of induced representation for semidirect products with normal Abelian
factor and its main properties (we refer to [36] for the proof).

Let G be a Lie group such that G is semidirect product of A and H where the normal factor A is Abelian.
The dual group A of A has a natural structure of a manifold that converts it into a Lie group.
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1

The action of G on A, a — g[a] = gag—", induces an action of G on Az glx], which is defined through

the following formula: R
glz)(a) :=2(g7[a]), a€ A,z € A, g € G. (A.5)

This action splits A into the orbits G[z] := {g[z]|g € G} of its points z € A.

To simplify the exposition, we assume that each orbit of Ais locally closed (that is, the semidirect product
is regular ) and there is a G-invariant measure on each orbit.

Given zq € A let
G:po = {g € Glg[mo] = xo}

denote the stability subgroups at xy and
Sy, =Gy, NH.
so that G,, = A x’ S, . Let p an G-invariant measure on the orbit G[zo].

Given a unitary representation D of S, acting on a Hilbert space K, define the unitary representation
zoD of G, as
(zoD)(ah) = x,(a)D(h) (A.6)

that acts on the same Hilbert space K.
We are now ready to define the unitary representation of G unitarily induced by x,D.
Let ‘H be the Hilbert space L?(G|x,], i1, K) and fix a measurable section for the action of G on G[z,).
For each g € G we define the map U, acting on L*(G[x,], i1, K) as

Uy f)() = (2o D)(c(x) " gelg™ [2])) f(g™ " a]), (A7)
where f € L*(G[z,], i1, K).

One has that g — Uy, is a unitary representation of G, which is denoted by U = Ind gT (z,D).

We observe that since g = ah and the action of A on A is trivial, that is, alz] =z for all z € A, we may
choose the section ¢ such that it take values on H only, that is, ¢(z) € H for all z € G[x,]. With this
choice U takes the following form for any g = ah:

(Uanf)(@) = x(a) D(e(w) " he(h™ [2]) f (R [2]), (A.8)

The following fundamental results concerning the above construction, known as the Mackey Machine, are
then obtained [36]:

Theorem 9. 1) The induced representation Ind ga‘ (zoD) s irreducible if and only if D is irreducible.
2) Two induced representations Ind gT (zoD) and Ind gﬁ (x1D) of G are unitarily equivalent if and only

if there is an h € H such that G,, = hG,, h™' and the inducing representations g — (z,D,)(hgh™")
and g — (£1D1)(g) of Gz, are unitarily equivalent. 3) Fach unitary irreducible representation of G in a
Hilbert space is equivalent to an induced one.

74



References

Ao

o o

10.

11.
12.
13.
14.

15.
16.

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

32.

. V. Bargmann, On unitary ray representations of continuous groups, Ann. Math., 1 (1954).

. V. Bargmann, Note on Wigner’s theorem on symmetry operations, J. Math. Phys. 5, 862 (1964).

E. Beltrametti, G. Cassinelli, The Logic of Quantum Mechanics, Addison-Wesley, 1981.

S.K. Bose, The Galilean group in 2 + 1 space-times and its central extension, Comm. Math. Phys.
169, 385 (1995).

S.K. Bose, Representations of the (2 + 1)-dimensional Galilean group, J. Math. Phys. 36, 875 (1995).
J. Braconnier, Sur les groupes topologiques localements compact, J. Math. Pures Appl. 27,1 (1948).
F. Bruhat, Sur les représentations induites des groupes de Lie, Bull. Soc. Math. France, 84, 97-205
(1956)

P. Busch, M. Grabowski, P. Lahti, Operational Quantum Physics, Lecture Notes in Physics m31,
Springer Verlag, Berlin, 1995, the second corrected printing 1997.

G.Cassinelli, E.De Vito, P.Lahti, A.Levrero, Symmetry groups in quantum mechanics and the theorem
of Wigner on the symmetry transformations, Reviews of Mathematical Physics 9, 921 (1997).

G. Cassinelli, E. De Vito, P. Lahti, A. Levrero, Symmetry Groups in Quantum Mechanics and the
Theorem of Wigner on the Symmetry Transformations, Rev. Math. Phys. 9 921 (1997).
G.Cassinelli, E.De Vito, A.Levrero, Galilei invariant wave equations, Rep.Math.Phys. 43, 467 (1999).
E.B. Davies, Quantum Theory of Open Systems, Academic Press, London, 1976.

P.AM. Dirac, The Principles of Quantum Mechanics, Oxford University press, 1930.

P.T. Divakaran, Symmetries and Quantization: Structure of the State Space, Rev. Math. Phys. 6, 167
(1994).

G.B. Folland, A Course in Abstract Harmonic Analysis, CRC Press, Boca Raton, 1995.

I.M. Gel’fand, R.A. Minlos, Z.Ya Shapiro, Representations of the Rotation and Lorentz Groups and
Applications, Pergamon Press, Oxford (1963).

C. George, M. Lévy-Nahas, J. Math. Phys., 7, 980 (1966).

A.M. Gleason, Measures on the closed subspaces of a Hilbert space, J. Math. Mech. 6, 567 (1957).
S. Gudder, P. Busch, Effects as functions on projective Hilbert space, Lett. Math. Phys. 47, 329
(1999).

A.S. Holevo, Probabilistic and Statistical Aspects of Quantum Theory, North-Holand, Amsterdam,
1982.

A.S. Holevo, Statistical Structures of Quantum Theory, Lecture Notes in Physics m67, Springer
Verlag, Berlin, 2001.

J. Horvath, Topological Vector Spaces and Distributions, vol. I, Addison-Wesley, Reading Mas-
sachusetts, 1966.

W. Hurley, Phys.Rev D, 3, 2339-2347 (1971).

J.M. Jauch, Foundations of Quantum Mechanics, Addison-Wesley, 1968.

J.M. Lévy-Leblond, Comm. Math. Phys., 6, 286 (1967).

G. Ludwig, Foundations of Quantum Mechanics, Vol. I, Springer Verlag, New York, 1983.

G.W. Mackey, Induced representations of locally compact groups, I, Ann. of Math. 55, 101 (1952).
G.W. Mackey, Unitary representations of group extensions, I, Act. Math. 99, 265 (1958).

G.W. Mackey, Unitary Group Representations in Physics, Probability, and Number Theory, Addison-
Wesley Publishing Company, Inc., 1978, 1989.

L. Molnér, Z. Péles, | -order automorphisms of Hilbert space effect algebras: The two dimensional
case, J. Math. Phys. 42, 1907 (2001)

L. Molnéar, Characterizations of the automorphisms of Hilbert space effect algebras, Commun. Math.
Phys. 223 437 (2001).

C.C. Moore, Extensions and low dimensional cohomology theory of locally compact groups. 11, Trans.
Amer. Math. Soc. 113, 64 (1964).



33.
34.
35.
36.
37.
38.
39.

40.

41.

C.C. Moore, Group extensions and cohomology for locally compact groups. IV, Trans. Amer. Math.
Soc. 221, 35 (1976).

L. Schwartz, Application of Distributions to the Theory of Elementary Particles in Quantum Mechan-
ics, Gordon and Breach, New York, 1968.

G. Warner, Harmonic Analysis on Semi-Simple Lie Groups I, Springer-Verlag, Berlin, 1972.

V.S. Varadarajan, Geometry of Quantum Theory, second edition, Springer-Verlag, Berlin, 1985.

J. von Neumann, Mathematische Grundlagen der Quantenmechanik, Springer, Berlin, 1932.

U. Uhlhorn, Representation of symmetry transformations in quantum mechanics, Arkiv Fysik 23, 307
(1962).

V.S. Varadarajan, Lie Groups, Lie Algebras, and Their Representations, Springer Verlag, New York,
1984.

E.P. Wigner, Gruppentheorie und ihre Anwendung auf die Quantenmechanik der Atomspektrum,
Fredrick Vieweg und Sohn, Braunschweig, Germany, 1931, pp. 251-254, Group Theory and Its Appli-
cation to the Quantum Theory of Atomic Spectra, Academic Press Inc., New York, 1959, pp. 233-236.
E.P. Wigner, Unitary representations of the inhomogeneous Lorentz group, Ann. Math., 40, 149
(1939)

76
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N=1{0,1,2,...}

R

C
T={ze€C||z|=1}

H
0,0, ...

<'v'>

[¢] ={cp|ceC}
Ply]

M ={M C H | M closed subspace}

dim(M)

B

B, — {AcB|A* = A}
B;FZ{AEBHAZO}
B,
B17T:{T€B1|T*:T}
Bf’TZ{TEBl)T|TZO}
U {UeB|U-!=U"}
U

T={zI]|z€T}

S={TeB,|T>0,t[l] =1}

E={EcB|O<E<I}
D={DeB|D?=D*=D}
P={PecD|dimP(H) =1}

Aut (S)

Aut,(P)
Aut (P)
Auto(P)

Aut(E)

1. Sets of Numbers
real numbers
complex numbers
2. Hilbert space notations
complex separable Hilbert space
elements of H
inner product of H
projection on [¢]
dimension of M € M
3. Sets of Operators on H
bounded operators
bounded selfadjoint operators

bounded positive operators
trace class operators

unitary operators
antiunitary operators

state operators
effect operators
projection operators

4. Groups of automorphisms

state automorphisms

superposition automorphisms

vector state automorphisms
transition propability zero preserving
bijective functions p: P — P

effect automorphisms

o4

[\

6, 71

2, 67

2, 67

[\

2, 66
70
69

2,71

6, 72
7, 65
13

3, 69
2, 69



S(H, M)

m:UuU— X
m:U— X,
s: X —-UUU
s: Xy —U
c:G— X
o:G— X
T:HxH— A
z:GxG—-T

77 : Hx H—R"

F :Lie(H) x Lie (H) — R

0:G* =G
p:G—G
c:G—G

G

G*

G
G=Ax"H
A

H
g=(a,h)€CG
A

Gy

Glx]

v

K
L?(Glx],v,K)
D

xD

effect | -order automorphisms
effect sum automorphisms
effect convex automorphisms
D-automorphisms

5. Some mappings

canonical projection
canonical projection

a section for 7: UUU — ¥
a section for 7 : U — X

a symmetry action

a (unitary) symmetry action
an A-multiplier of H

a T-multiplier of G

an R™-multiplier of H associated with
a closed R™-form F

a closed R™-form

covering homomorphism
p(v,g%) = 0d(g")

a section for p

6. Groups

a symmetry group

covering group of G

universal central extension of G
semidirect product

normal closed Abelian subgroup of G
closed subgroup of G

an element of G

dual group of A

stability subgroup of G at = € A
orbit corresponding to G,
G-invariant o-finite measure on G|x]
Hilbert space

Hilbert space of functions
representation of G, N H acting in K
representation of G, defined by
(xD)ah = .Z'aDh

representation of G induced by 2D
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13, 73
13, 73
73
20

18
20
18
20
19
20
21
22

23
22
23
24
25

21
21
24
30
30
30
30
30
30
30
30
30
30
30
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H?(G,T) quotient group corresponding to the group of
T-multipliers of G

H?(G*,R) vector space of the equivalence classes of
the R-multipliers of G*

H?(G*,R);s a subspace of H?(G*,R)

Lie (H) Lie algebra of H

H?(Lie (H),R") quotient space corresponding to the set of

closed R™-forms

7. Notations related to the Galilei group in 3 4+ 1 dimensions

V= (R3,+) velocity transformations
SO(3) rotations in R3

G, =V x' SO(3) homogenous Galilei group
(v,R) € Gy an element of Gy

SU(2) covering group of SO(3)
G5 =V x'8U(2) covering group of Gy
(v,h) € G§ an element of G§

T, = (R? +) space translations

7= (R, +) time translations

T =T, x7T;

(a,0) e T an element of 7
G:=Tx'G, Galilei group
g=(a,b,v,R) a Galilei transformation
G*=T x' G} covering group of G

g* = (a,b,v,h) an element of G*
5((a,b,v,h)) = (a,b,v,5(h)) covering homomorphism G* — G
G =TR>x"(Vx'SU(2)) universal central extension of G
g=(a,b,c,v,h) an element of G

Lie(7) = R* Lie algebra of 7

Lie (V) = R3 Lie algebra of V

Lie (SO(3)) = s0(3) Lie algebra of SO(3)

Lie (Go) = R?® @ 50 (3) Lie algebra of G

Lie (G) = R* @ R3 @ s0(3) Lie algebra of G

Lie (G*) = R* @ R3 @ su (2) Lie algebra of G*

Lie (G) =

R @ (Lie (7) @ (Lie (V) @ su (2))) Lie algebra of G
8. Miscellaneous

Dp(ty,t2) the time evolution operator of the frame F
P the dual group of the additive

group R”, n=2,3,4,5

order on B,

E>E—FEl.=I-EcE

least upper bound w. r. t. <

greatest lower bound w. r. t. <

> <IN
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exact, 22 gyromagnetic ratio, 61

G-space, 66
transitive, 71 Haar measure, 67

Hilbert basis, 67

action, 66 Hilbert space, 67
geometric, 54

algebraic charge, 24 invariant measure, 67

analytic function, 65 isolated system, 44

atom, 65
weak, 73 Lie algebra, 68

automorphism homomorphism, 68
D-automorphism, 10 of a Lie group, 68
effect |-order, 8 of the covering group of the Galilei group, 37
effect convex, 8 Lie group, 68
effect sum, 8 homomorphism, 68
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quantum mechanics, 18 Lie theorem, 68
state, 5 local dynamical laws, 55
superposition, 7
vector state, 7 Mackey machine, 74

manifold, 69
Borel measure, 65 measurable function, 69

. . multiplier, 21
Cauchy-Schwarz inequality, 66

central extension, 24

character, 66

closed R"-form, 22
exact, 22

non isolated system, 44
norm of an operator, 69

observable, 4
closed subspaces, 70 operator, 66

connected component, 66 absolute value, 65

covering group, 21 adjoint, 65

of the Galilei group, 36 antilinear. 65

antiunitary, 65

derivation, 72 compact, 66

distribution, 54

tempered, 56 effectj 3
. . equality, 66
dynamical evolution, 43
d ical state. 43 local, 53
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one-dimensional, 69
selfadjoint, 70
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Galilean relativity, 44 upper and lower bound, 72
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equivalent, 72

induced, 32, 73, 74
irreducible, 68
physically equivalent, 24
projective, 21

unitary, 72

Schur lemma, 68
section, 25, 30, 70
semidirect product
normal subgroup, 70
regular, 74
spectral measure, 71
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state, 2
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symmetry action, 19
equivalent, 20
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tangent space, 71
temporal evolution, 33
topological charge, 24
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strong operator topology, 71
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trace norm, 71
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universal central extension, 24

universal covering group, 72
covering homomorphism, 72
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left invariant, 68
von Neumann theorem, 72
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