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1 Maximum

Given the impact parameters r̂ := (d0, z0, t0) of a track in Perigee parametrization,
one can model the probability of the particle passing exactly through a point
r = (d, z, t) using a multivariate Gaussian distribution:

P (d, z, t) ∝ (detKr̂r̂)
− 1

2 exp

(
−1

2
rT K−1

r̂r̂ r

)
,

where r := r − r̂ and K−1
r̂r̂ is the impact parameter covariance matrix. In the

following, we will calculate the maximum of P (0, z, t), as we only consider the
track density along the z-axis in the vertex seeding. Since exponential functions
are monotonic, we can find the maximum by maximizing the exponent. Due to
the minus sign of the latter, the problem reduces to

rT K−1
r̂r̂ r

∣∣
d=0

→ min. (1.1)

To minimize a multivariate function, we need to identify its critical points. As we
will see in the following, the expression above corresponds to a convex quadratic
function. Therefore, it will have exactly one critical point which will correspond
to its minimum. To obtain the critical point, we need to solve

∇z,t r
T K−1

r̂r̂ r
∣∣
d=0

= 0.

Denoting the entry in the ith row and jth column of K−1
r̂r̂ as Wij and writing the

impact parameters as z := z − z0, we find:

rT K−1
r̂r̂ r

∣∣
d=0

= W11d
2
0 +W22z

2 +W33t
2 − 2W12d0z − 2W13d0t+ 2W23zt,

where we used the symmetry of the weight matrix (i.e., the inverse covariance
matrix). Noting that ∂z = ∂z, the conditions for the critical point read

W22z −W12d0 +W23t = 0

W33t−W13d0 +W23z = 0

Solving these equations yields

z∗ =
W12W33 −W13W23

W22W33 −W 2
23

d0

t
∗
=

W13W22 −W12W23

W22W33 −W 2
23

d0,

where we observe the symmetry of the variables as imposed by Eq. 1.1.
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2 Width in z-direction

We can find the width of the peak in z direction by fixing t = t
∗
and treating the

exponent as a function of z. Then,

− 1

2
rT K−1

r̂r̂ r
∣∣
d=0, t=t

∗

= −1

2

(
W22z

2 + 2(W23t−W12d0)z +W11d
2
0 +W33t

∗2 − 2W13d0t
∗
)

= −1

2

(
W22z

2 + 2(W23t
∗ −W12d0 − z0)z

− 2(W23t
∗ −W12d0)z0 +W22z

2
0 +W11d

2
0 +W33t

∗2 − 2W13d0t
∗
)

= −1

2
W22z

2 − (W23t
∗ −W12d0 − z0)z

+ (W23t
∗ −W12d0)z0 −

1

2
(W22z

2
0 +W11d

2
0 +W33t

∗2
) +W13d0t

∗

≡ αz2 + βz + γ,

where

α := −1

2
W22

β := −(W23t
∗ −W12d0 − z0)

γ := (W23t
∗ −W12d0)z0 −

1

2
(W22z

2
0 +W11d

2
0 +W33t

∗2
) +W13d0t

∗
.

Completing the square furnishes

−1

2
rT K−1

r̂r̂ r
∣∣
d=0, t=t

∗ = α

(
z +

β

2α

)2

+ γ − β2

4α
.

A comparison to a one dimensional Gaussian yields

σ =
1√
−2α

=
1√
W22

,

and thus

FWHM = 2
√
2 ln 2σ

= 2

√
2 ln 2

W22

.
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